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Finally we remark that there is no difference between the case & =1
and the general one but for the fact that there is no need to subdivide
the zeros with |y | > 1/8 in (10).
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1. Introduction. K. Mahler assigned the measure

d
M(8) = [[max{1, 6,1}

{1

to the algebraic integer 6 of degree d with conjugates 6, ..., 8; D. H.
Lehmer conjectured that there is a constant ¢ > 1 so that M (8) < ¢ implies
that 6 is a root of unity. While Lehmer’s conjecture remains unproved,
there hag been significant progress in giving lower bounds depending on
the degree d for M (6). Recently E. Dobrowolski [1] has shown that there
exists a positive eonstant ¢> 0 such that M(0) < 1--e{loglogd/logd)®
implies that 8 is a root of unity.

In this note we follow Dobrowolski’s ideas and obtain a somewhat
simpler proof of his result coupled with an improvement on the constant.

TerOREM. If ¢ < 2 then for all sufficiently large d the inequalily
M(6) < 1+e{loglogd/logd)®

implies that the algebraic inieger 8 of degree d i3 a rool of unily.

Our main tool is an estimation of a Vandermonde determinant which
is constructed. so as to have a large integral divisor. If M (8) is too small,
this Vandermonde vanishes, proving that ¢ is 2 root of an algebraic integer
of lower degree.

2. Proof of theorem. Suppose = is a positive integer and « is a complex
number. Define the (column) vectors

vo(a) = (1, a, 0% ..., @Y

* This material is hased npon work supported by the National Bcience Founda-
tion under Grants M(CB79-0311 and MCH79-03162.
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and
1 & 1) 4o ~1) pe1-i )
vla) = 77 g Pol®) =((S)“ Se) e (7 @ )

(as usnal we get (f) = 0 if k is an integer < 1).
Now suppose @ = (G, gy .3 Gp) 18 a0 m-dimensional vector of
complex numbers and 2 = (f fy ..., Ty) I8 an m-dimensional vector
”
of positive integers. Put # = 3'r, ané define the (confluent) Vandermonde

fu=l
determinant ¥ (a;7) to be the # by n determinant whose colamns are the
vectors v,(e;), where 1 << j < m and 0 < i< 7 —1; the ordering of columns
ig irrelevant. The following is well-known [2].

LevMA 1. The determinant Via;r) = F []{a,—a;)"", where the product
i<q

i¢ over oll ordered pairs (4,]) satisfying 1<i<j<m m
Next note that

n-1

st = 3 (5] 1oy

i

=1
2
<max(t, loy* 3 (i) < w4 max(1, ).
Jommy
Thus from Hadamard’s inequality we obtfain the fo]lowing'.'
Lemya 2. We have
m
[V, r}P< n max (1, lajl)”'i-"n";. B
. i .
We now prove the theorem. Suppose that 6 is an algebraic integer
of degree d and that 0y, ..., 6 are its conjugates, considered as ecomplex
numbers, with

[]
= [[max@, 1)

fl

M = M(9)

Put p, =1 and let py, Py, --., P, denote the first ¢ primes.
Now let & be a positive integer and define

o = (8o, 6fv, ..., 630, 61, 67, ..., 63 ..., OF, O]s, ..., OF%)
and
o= (kKy...p B 1,1, ..., 1)
(here the first d elements are k, and the remaining sd elements are 1).
With this choice of ¢ and », and # = (k-+5)d, Lemma 2 yields
- TE< R IEE+0) 4Dy D+ D
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where ¥V = V{a, ). In terms of logzrithms the mequality becomes

(1 20k +P1+Ds ...+ )log M 4-d (B -1-s)logn = 2log | ).
a
Put f(z) H (2—8;) and note that if p is prime, then. f(zi’) = f(2)F

(mod p) amd hence FUOF) =1(6,)" =0 (mod p).
Thus p? divides the integer
d

Hf(ﬂ.f") —H[ (67 —0,).
{=1

i=1 §=1
Now ¥ is an integer divisible by
' d

I f[ (872 — 0,1,

i1 j=1

1<h<s;

L
hence V* is divisible by []pi™ and either V = 0 or
=1

{2) _ 2log |7 > Qdk;: logp;.
. =1
Uombining (1} and (2) yields: If ¥ # 0 then

2dk S‘ logp; —d{k*+s)logn

2k > logp; —(k2+s)logn
(3) log M2 — it

2n(k +’21pj) Hkts) (k- > ;)
= F=

We may assume d> 4 and put # = logd, then choose k = [r/logr] and
¢ = [{r/logr)?/2]. The prime numbher theorem yields

]
Zlngpj = slogs(1+0(1)),

=

Doy = Istlogs(1+o(1)).

§=1

Substitution in (3) yields

(2kslogs —(k=+5)log(d (k+5))) (1 +o(1))
2(k+s)(k+s2ogs/2)

_ (2r%/(logs)2—(3/2)%/(logr)?) (1 40 (1))

a 2_1( R )
2 \logr | \ 4 (logr®

logr \? log logd \®
=2 (T"_) (L+o(L)) = 2( Oigog ) (1+o(1)).

(4) logM >
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Suppose ¢ < 2 and
logdl < ¢(loglogd/logd)®.

Then for sufficiently la.rge d, inequality (4) implies ¥ = 0 and hence
oFi = 6 for some &, 4,4, k. I 4 =£ k&, say ¢ < k, then there is an automor-
phism o of Q(6,, s, ..., 0;) such that of; = 8, = 6F#*5. If [6,] 1 then
o™6; approaches 0 or co as m — co. This is impossible and henee 16;] = 1.
Conjugation. of the equation 0F¢ = 7% shows that all of the f; have absolute
value 1, hence they ave roots of unity, by Eronecker’s theorem. If p,
= Py = P, then 6,/8; is a pth root of unity, and M{6) = M (5%) whers
f7 is an algebraic integer of degree d/p. For each d > 1 there exist only
finitely many algebraic integers @ of degree d satisfying M (6) < 2. Thus
there exists a function H(®) > 1, such that if M(O) < H(®) then & is
a roob of unity, and then V{a,r) = 0. Hence there exists & monotonically
decreasing funetion & (@) such that if log M (&) < G(6), then V(a,») = 0.
By what we have shown, we can choose G(8) = ¢(loglogd/logd)® for all
sufficiently large d. Now if @ has degree d and log M (@) < G{8), then
either & is & root of unity or there exists a prime p such that O has degree
dfp and log M(67%) =log M (0) < &{d) < G{d/p).

This completes the proof by induction. We have tried improved
estimates of the Vandermonde and variations in the choices of its column
vectors. While we can improve the error term in

M(0) > 142 (loglogd logd)*+o((loglogd log d)),

if & is not & root of unity, none of the changes improves the constant 2
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Courbes définies sur les corps de séries formelles
et loi de réeiprocité

par

J. C. Dovar et C. Touisr (Tunis)

Introduction. Soit &, un corps algébriguement clos de caractéristique
queleongue, Rim et Whaples ([57]) ont montré gue pour les corps de fone-
tions définies sur kb = %,((T)) il n'y a pas en général de loi de Téciprocité.
(On dit que la loi de réciprocité est valable sur le corps % si Pour tout
corps de fonctions d’une variable K sur %, ’application norme résiduelle
induit Pisomorphisme:

(%, LiK):OKINGL - Gal (LK)
pour toutes les extensions abéliennes finies I de K, ol O désigne le groupe
des classes Q'idéles et ot N = N, est la norme.)

En fait, les corps qu'ils considdrent sont des corps de fonctions de
courbes dont le genre est strictement positif et qui ont ,,relativement
bonne réduction” mod T, i.e. dont la courbe rédmite est encore de genre
strictement positif ([8], corollaire du théoréme 2).

Le but de ce travail est de montrer que si X est uue courbe régulisre,
compléte, irréduetible, définie sur % et dont la jacobienne a ,,trés mau-
vaige réduction” mod 7, ie. la réduite mod T est de fype additif, alors
Ia Joi de réciprocité est valable pour le corps de fometion %(X).

Plug précisément, en combinant un résultat de Ogg [4] avec un
résultat de Rim et Whaples [5], on obtient:

THGORBME, Soit X wune courbe algébrique, fmeducmble, Iisse, compléte,
définie sur unm corps de séries formelles k = ko((T)) otv g est un corps algé-
briquement olos de caractéristique nulle. 8% la jacobienne de X a ,4rés mau-
vaise réduction’” mod T alors la 1ot de réoiprocité est valable pour le corps
de fonetions #(X). :

Nouns montrons méme que dang la situation conszdéree, ceclt esh le
seul cas oft la loi de réciprocité est valable.



