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A remark on finite-dimensional P,-spaces
by
J. BOURGAIN* (Brussel)

Absteact. It is shown that finite-dimensional P;-spaces contain 1% (7)-subspaces,
where m iy proportionul to the dimension of the P;-space.

Iniroduction. Let us recall that the Banach-Mazur distance 4(E, F)
of two normed linear spaces B and F of the same finite dimension is
given by A(H, F) =it {|T| |T-|; T: B - F is a linear isomorphism}.

Wo say that X is a P,-space provided for any Banach space Y in
which X embeds isometrically, there exists a projection P from ¥ onto X
with [P} < 4. As is well known, the space Y in the above definition may
ag well be replaced by the space I®. The characterization of P,-spaces
is a rather old and still unsolved problem. One may hope for an affirm-
ative solution to the following question, dealing with the finite-dimensional
vergion of the problem:

Does there exigt for all A< oo some constant ¢, < oo such that
4(B,1°(@) < ¢, holds, for any P,-space B of dimension d%

In [4], the existence is shown of a function d(2,m, &) so that given
a P,-space H, dim (H) > d(A, m, &), one can find a subspace F of E with
dim (F) = m and A(F,1°(m)) <1-+s.

Our purpose is to show the following fact which, taking into account
a related observation of [4], will improve the above result.

THROREM 1. Given A< oo, one can find a constant ¢ = ¢; < o©
such that given a finite-dimensional P;-space B, there exists a subspace F'
of B satisfying dim(F) = m > ¢"'dim(B) ond A(F,1°(m)) < c.

Proof of the result. We recall that if 7: X — Y is an operator between
Banach spaces X and Y, then T'ig (p, q)-absolutely summing if there exists
a constont M < oo such that

DI (@) P}'? < M sup (3 1wy ayr)

=1 =<1 =1
holds, whenever (#;),«icn 18 @ finite sequence of vectors in X.

* Aangesteld Navorser, N. . W. O. Belgium, Vrije Universiteit Brussel, Plein-
laan 2, 7, 1050-Brussels.
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The infimum over all possible values of M is the (p, ¢)-sumiming
norm and is denoted by m,,(T).

If only sequences (%), Of fixed length n are considered, the
infimum over all M for which (%) holds is called ngf(),( T).

‘We will use here the following result due to Tomezak-Jaegermann [6].

Iemma 1. If T is @ rank n operator, then my,(T) < 2a{")(T).

‘We now show the following

LeMMA 2. There exists o constant B> 0 such that whenever B is an
n-dimensional subspace of L' and P is a projection onto H, then =")(i*)
> BIP|~Wn, where i: B - I* is the injeotion.

Proof. If I denotes the identity on B, then I = Pi and thuy I*
= i*P*. Therefore, by Lemma 1,

Vi = my 5 (I*) < 7y 5 (%) |P¥| < 2|1Pl|#f (6") -
This proves the lemma for § = }.

The next step is the proof of the following

Lemma 3. For all A< oo there ewists a constant y = y, > 0 such that
if B is a A-complemented n-dimensional subspace of L'(u), then there are
Sfunctions fy, ..., f, in B satisfying

(#%) Jifdlan<1l A<i<n) and [ max|fy|du> yn.
1<isn

Proof. Take y, = °A~*, where § is as in Lemma 2. Under the hypo-
thesis of Lemma 3, we deduce from Lemma 2 that a{)(i*)> A~"n,
‘which means that there exist # functions g, ..., ¢, in L¥(u) for which

n hid
D Ii*(@)lP > Fa-nsup 3 Ker, I,

il 4]

where the sup is taken over all f e I* (u) with |f|| < 1. Remark also thab

n K
sup X' Ko I = || Y],
. dea) Yo ]
Fori =1,...,m let fye B satisty ||f],<1 and * (@)l = gy fi> - We

also can find scalars ay, ..., a, with 3 |a,)* =1 and
i

2 @l = 2 el @l = [ 3t 5]
i

de=]

Now by the Schwartz inequality,

Duontd= [ Yagdau< |/ S ipr
i I3 i

wf"/Zl“ﬂzlfi fdu.
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Therefore, combining the above inequalities,

(Jy/ Dt ifirau) > a=n.
On the other hand,
Pl <maxif) Y,
11 1

and hence, again applying the Sehwartz inequality,

JY/ 3 5 < max s Sadt [ 15400
< ([ maxfy auf™.

We conclude that [ max|fidu> f°A~*n = pn, as required. Our final
i

objective is the following.

Prorosirion 4. For all y> 0, there ewists a constant & = 6,> 0
suoh that if fi, ..., f, are functions in an L'(u)-space satisfying (+x) stated
above, then there exist a subset {gy, ..., g} of {f1y..-1Ju} ond @ projec-
tion Q from L'(u) onto B = [g,,...,¢,], satisfying

1. m = én,

2. AP, P(m) < 67,

3. Q1< o

This result is stated in [1] in a slightly different version and an indep-
endent proof iy algo due to G. Schechtman [6]. We proceed in two steps.

LuvMA 6. If fy, ..., . are funciions in an L' (u)-space satisfying (#x),
then there enist a subset {gyy ..., gn} Of {f1y .., fu} ond disjoint u-measurable
seis A; (L<j<m), satisfying

1. m = §yn,

2'4f lgldu=ty for j =1,...,m.

j :
Proof. Oonsider the following convex cone in I*(n)
K o= {(al, vy )3 @2 0 (1< i< n) and fm?,xailfilg %yZai}.
i
Remark that for (ay, ..., a,) € K
,_}_j lay 11 2 max {| %’j a;—nl, yn—ty g a) = hym.
A separation argument yields us therefore some (by, ..., b,) in the unit
ball of 1™ (n), satistying
2 b, }Z'a‘bi +3yn, whenever (ay,...,a,) K.
i [
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Define J = {i =1, ..., %; b; > 0}, for which card (J) 3= kyn. Take {gy, ...
vy O} = {fit 4 € I}. Since the only member of K supported by J is
the 0-vector, we find that :

f maxa;|g;l 2 %yZa,- for all positive scalars @y, ..., .
9 i

We now apply a result of Dor (see [2], Proposition 2.2) in order to obtain
disjoint p-measurable sets Ay, ..., A, such that

[lglap> 4y for
Ay

Proof of Proposition 4. By Lemma 5, it suffices to prove Prop-
osition 4 replacing (++) by the following stronger property:
(% * %) There ewist disjoint u-measurable sets Ay, ooy Ay 80 that

flfi|d,“ =y
A;

j=1,..,m.

We now claim that there exists & subset D of {1, ..., n} so that
(i) card (D)= mym,
() [If;ldu< %y for each ie D, where 4; = J4;.
‘ =
In order to show that, consider a system ¢ (1 < i < n) of independent
{0, 1}-valued functions of mean {y. Define further the following functions:

o) = D ult),

&ty 0) = D y(t)4y(w)  for

J#i

(b, w) = D u(t) &t ©) Ifil(@)-

i

Ci=1,,n,

A straightforward verification shows then that

[emas = pm [ v, @)dtudo) < & yn.

Thercfore, one can find some # such that

and

4
() =iyn  and L(t))»;fw(t,a))y(dw).

I we take J = {i =1,...,m; 4(t) =1} and B; = U A, for cach
1ed we get Jad gl

4\
ard (J) > & and = — .
card(J) > zyn  and  card(J) = yA}JBf |fildp

ied By

e ©
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Let D= {ied §I}f Mildu < 3y). Then eclearly card(J\D)< } card(J)
and henee eard(D) > § card(J) > 4yn. This proves the claim.

FI?;blgc {01, T gn} = {fi; © € D}. It remains to show that F is a comp-
Temented ' (m)-isomorph. The argument is contained in [2], but we repeat
it here for the sako of completeness. Let (6;);.p be the I'(m) unit-vector
basis and define the operator

U: M) >Tm) by  U(f) :Z(fngnfi)ei'
teD d;

Obviously, |U|< 1. I we take @, = U(f,), then

‘}l-; aw:“ mj%;]%’ afm't(])‘ ?‘%[U/j[ Imj(j)[— Z Ia‘il Imt(.’)l

1€ 4,9eD,istf

= DNal [151= 1wl [1f1> 1y 3 lail.
JeD Ay 1€l A;, ieD

Thus if V: '(m) -1 (m) is given by V(x,) = ¢, then [V] < 2/y. Finally,
define W: B(m) -~ T by W(e) =f;.

Since WVU is the identity on F, we find that 4(F, B(m))
< WU VI W < 2/y. Moreover, @ = WVU ig a projection and |Q|| < 2y,
completing the proof of Proposition 4.

Proof of Theorem 1. Combining Lemma 3 and Proposition 4,
we find for fixed A< co gome 8 = §, > 0 such that:

If B is a A-complemented n-dimensional subspace of L'(u), then B has
o subspace B such that

(i) dimF > édim B,

(ii) A(F, ¥ (m)) < 67!, where m = dim F,

(iil) I s 6 -complemented in L*(u).

The claim stated in Theorem 1 is then simply obtained by dual-
ization.
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