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On domination and extensions of Banach algebras
by
V. MULLER (Praha)

Abstract. Tho paper studies connections between the domination property in
a Banach algebra and existence of an extension with given properties. Two examples
of Banach algebras are exhibited giving negative answers to problems of Zelazko.

Introduction. The concept of domination in commutative Banach
algebras was introduced and studied by W. Zelazko in [4], [5] and [6].
We say that w is dominated by vy, v, ..., v, (Where u, vy,...,0, are el-

ements of an unital commutative Banach algebra 4) if |uz| < K- Z’ |v;5]
for some constant K >0 and for every = e 4.

A unital Banach algebra B is said to be an isometric extension of A
if there exists & unit preserving isometric isomorphism from A into B.
In this case we consider 4 as a suba.lgebm of B and write 4 < B.

If A< B, uo,. ,?) ed and v = 2,'0 b; for some elements b; € B,
f=
then |uz| < (max|by)- 21”-:-’”]’ so that w is domm&ted by 94y ..., 9,. The
1<isn

converse statement ig true in some particular cases ([1], [6]) but not in
general ([2]). In the present paper we extend the result of [2].

In Section I we exhibit an example of a commutative finite-dimen-
sional Banach algebra A with e;, é,, ¢; € A such that e, is dominated by
q, €3 and ¢, ¢ ¢, B¢, B in any commutative algebra B without topology
containing A as a subalgebra. This gives a negative angwer to Problem 4
of [6] and also simplifies the example of [2].

In Section IT we give an example of a unital commutative Banach
algebra A with w, v, w € A such that % is dominated by », w and dist (%,
VB - wB) = |u|, in any isometric extension B of A. This gives
a negative answer to Problem 6 of [6]. (Problem 6 of [6] was raised in
this weaker form: Let A be a commutative Banach algebra, # € 4 and I
an ideal in 4. Let 2 be approximately dominated by I, i.e. for each & > 0

there exist elements @y, ..., @, € I such that oz < Y‘ |22+ elz| foralle e 4.
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Doeg this imply that « e I in some isometrie extension B of A, where
I is the smallest ideal in B containing I9)

All algebras considered in this paper are commutative, complex
and with unit.

I. In this section we exhibit an example of & unital commutative
Banach algebra 4 with e, €5, ¢; € 4 such that ¢, is dominated by e,, o
and if ¢ is any commutative algebra (without any topo]og,y) cont.mmmg
A a8 a subalgebra, there are no b, ¢ e O sutisfying e, == beg-- 0ey.

10

CongrrucTIoN. Blements of 4 will be of the form « == 3 ¢, where

frd
Agy <o vy Ao are complex numbers, 6y, ..., &9 form o basis of 4 and e, is
the unit. Multiplication in 4 is defined by

10 10 10
(Zﬂff%) (2#}%‘) = Z Aiay6.65,
j=0 =0 1,j=0

where the multiplication of the basis elements ¢; is given by the table

' €o ‘ 2} €y Cy l €y 6 6 € €y €y ey
€g (2 [ €y €y €4 [ [ €y 29 [2) €10
¢ 6 € by b
e | & 0 eg 0 619 0
6 | e 6 —€, 0
e | ey ey PR ¢y
s es 6y 0 —€y9 0 0
€ €q €y €10 0
e e VT
s €3 0 0 0
) €9
€ | €10

10 10
Clearly 4 with the norm | 3'4e] == 3|4 is & Buanach algebra.
10 feml) L)
Let @ = 3 Xe;. Then
=)

les&] = |Ayy -+ Ageq -t Ay g -1- Agey| == |Ag| -} |A4) -1- [A5] -+ 1Agl 5
[ea®| = |Ayeq+ Aabg-t Agyo] = |Ag| -+ 1Aa] I~ | 4q],
lea®| = |Agey -+ A0 — Ageyg] == [Ag] -t [Aul-I- |2s],

hence |e,@| < |6y0]+ |egw| for every @ e A and ¢, is dominated by 6, e;.
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Suppose now that there exists a commutative algebra B (without
topology) containing A4 as a subalgebra and elements b, ¢ € B such that
&y = e;b+ege. Then

0 =-(6;—eyb —e50) (e, +esb - e40)

= €164+ b (0165 —56,) +-0( 6160 — €304) — b26y65 — 026504~ be €264+ €565)

= €7,

o contradiction.

. LmMMA. There ewists a unital commutative Banach algebra A with
generators w, v, w, Gy, (8 = 0,1,2, k =1,2,...) such that

(1) [w] = o] = |w] =gzl =1, |zl =ty l =% and |agzu®| =1
(k=12..)

(2) g pypm =0 (5,0 =0,1,2, k,m=1,2,...);

(3) @y W viw’ =0 (s =0,1,2, r+it+j>k);
(4) w is dominated by v, w;
( )mo ku’"loiwf—iallkurw Yw? —ja, Wt =0 for v, 4, =1, r+

mo,ku’ Y —jay g wiTt =0 (r,i= 1, rd4i = k1),
Py U Gy T =0 (7,021, ri = k1),
—ia,l_k'ui‘lwf——ja W =0 (4,i2 1, i4j = k1),
@yt =0, a0 =0.

Remark. Notice that the formulas of (3) are of the same kind.

We may state them as follows:

ray W o ! —day W0 —ja, P = 0
for »,4,§ >0, r+4+j = k+1, i-+j > 1 with the convention that when-
ever occurs an expression with a negative exponent, the corresponding
term should be taken to be 0 (by the way the term is then multiplied by 0).
We shall use this convention in the sequel.

Proof. Let § be the free commutative semigroup with unit 1 and
zero clement 0 and with generators u, v, w, a,;, (s =0,1,2, k =1,2,...)
satistying conditions (2), (3). Let B be the I' algebra over § with the
norm defined by (1), i.c. B consists of formal linear combinations

2’ Z“,uvw’—}—z 2

r/4,d=0 8=0 k=l 0<r+it+i<k
where 1,;; and 4l are complex numbers and

ol = 3 Tl + 33 (sl + bl Bl o) < oo

r,4,=0 k=1 0<r+i+j<h

z
/"}Z)r,i,ja' o U w,
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Clearly B with this norm is a commubtative Banach wlgebra with unit,
Let I be the closed ideal generated by elements which are on the lefy
sides of formulas in condition (5). Denote A = B|I and for e B let
% = a+I e A. We prove that 4 satisfies (1)~(5) (with v, », w, a,  replaced
by @, T, W, Gyp,)-

Conditions (2), (3) and (5) are evident. Let & be an arbitrary element
of B. Then

)

(1) T = Wyt 2 Z' L dogs
I I X SN Rt

‘where

o0

1 P .

By = ) Ul v,
7,7, fm=0
0 = P 1 it ast=Lond |0 i =1

Bryii = /'Lga,%'—l,i,ja'o,kur oid - #5;,)r,i~1,1“1,ku v -} /J’Ic,)r,'i,j——la’z,laur”lw]
(the A’s and u’s are complex numbers; if some exponent is negative,

the corresponding term is taken to be 0). It is clear from the definition
of the ideal I that

00

%y = [@ola+ 2 2 @ i1
ey R B 2 AR

3

Fola = D Vgl

2,4, fm0
B pisigla = |00, -+ 7‘7“1’%71,)1',%—1,]'""‘ Bl el i < B
and
[T k2,000 = |M§c‘{)k,o,0|-

This implies condition (1).
We prove now that % is dominated by 7, @ with the constant K = 3.
Let us notice that we have for x of form (1)

[Fal, = &4+ 2 (&1, 8.5

Jeyrstyd
%3, = [o®|4 -+ 2 %5t
kyrtrd
and
o — T e o
(W] 4 == ||, -1 2 e, %1 4 -
Ty,
Further,
o
_ - = o g
[Zoily = [ZeTly = |BoWly = |Folyg = 2_, P 9] -

48,0

©
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Thus it is sufficient to prove [yul, < 3(|70l,+ |F®l,) for ¥ =@y, ;,
1<r+i+ji< kb+1.

Congsider the following cases:

(1) If r+44j = k+1, then yu = yv = yw = 0.

(2) r+i+j < k—1, then [gal, = [0, = 104 = [Flg = lph 14l +
+70 WIcrz—l 7| "I"kl/ukrz,;p 1‘

(3)Letr+i-+f = &, ¢+ j>1. Then y = ag, ,u Lot oy gt w4
+yay 1"V ti= (a /3, ¥ are complex numbers; if »r =0 (i =0, j = 0) we
put a =0 (f =0, y = 0)). We have

78l = it{la—(r+1)2|+ B |8+ i|+ Bly+3v),
[79l4 = iniP,(5),
seC
where
Py(8) = la—rd|+k|f+(1+1) 6|+ Ky +5d],
[7®|, = inf P,(s),
el
‘where
Py(e) = la—re|+E|f+iel -y +(§+1) .
Choose &, ¢ € €. Pubting » = ¢ we get |Ful, <P,(8)-+(k+1)|5]. Anal-
ogously |7, < Py(e)-+{k-+1)|e|. This gives
7] 4 < 3(P1(8)+Pa(e) -+ (kB +1) (10| + le])
for every 6,eeC.
Assame that |6] = |e¢|. Then
|B+(2-+1) 8]+ B +da| = (i+1)[ 6] —ils] = 18] = 1 (18] +[el),
hence P(8)+P,(e) = k(0] + le]).
The same inequality can be proved also for |6| < le|. Thus
7] 4 < 3(P1(8) +Ps(e)) + 3k +1) (2/k) (P1(8) +Ps(e))
K 3(Py(8)+Ps(e))
for each 4, & € €, hence 7|, < 3(}JU|A—,- |7 4).
(4) i =j =0,y = aw,,u*"", then [7&|, = |a| and it can be proved
casily that
701y = la| 1@, @8], = lal(1/k) [@,,%"4 = [a] = |74
This completes the proof.
TuEorEM. Let A be a wnital commutative Banach algebra satisfying

conditions (1)—(5) of the previous Lemma. Let O be any isomeiric ewlension
of A. Then there are no b, ¢ €0 such that |u—bv—ewlp <1 = |u|,.
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Proof. Suppose on the contrary that ¢ is an isometric extension
of A, b, ¢ eC and |u—bv—ow|y = @ < 1. Choose an integer & such that
%= max(|blg, lelg) and d°(L+2k?) < 1. Then we have (we use the con-
vention about negative exponents)

(% — b — 0w0)* (@ 3+ 0y 1, b+ @y 1,0)

Q i i+] (70 (k—al) Temid ot pnd |
= S [b (=1, j ) Gort '’ -
oscitI<R+1
(D) (7 et

+( ___1)i+j—1(3.:7) (Jk:lz) %‘k%k—i—j-m7)1@014]

= 6 e (o — 1 —j -t-Lag " Ioted —

I e e Vi
A NGk —1—j--1)!

O=iHI<Te4-1

. i _ . gl d o fel
_@al.kuk 4 H—l@i le___ja,2’kulc b j}-l,uzwj —]

o i
- a’O,ku *

Thus
la'o,h'“'hfo < lu—bv— GWVEI g 1 @y g b @y ol
L @ (L+25%) < 1.

At the same time |ay,u"y = |ag,u", == 1, u contradiction.
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