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On weak restricted estimates and endpoints problems for
convolutions with oscillating kernels (II)

by
W. B. JURKAT* and & SAMPSON (Syracuse, N.Y.)

Abstract. Throughout we consider K (1) = ¢4%/|tP, 0 >0, a # 1,b <1 and
¢ eR. Hore we consider for fixed A, u the function

Mk, py Ky = M4, p) = S;IIJ]{M ¥ (@)] > 2}
n

«wover all “charactoristic” functions yx, with complex signs (i.e. y, is a measurable function
for whiel |yu| = Lon B, |xul = 0 off B and |B| < p (¢ > 0)). We first note that
1
. di
[ B sy | < f 'mz‘ = cﬂl_b:

-

and so if out~—Y < 4 then M (A, p) = 0. And 8o wo assume throughout that A< oy pr—b
for some congtant o), independont of 4 and g (but may depend on K). Under these
conditions (A < ¢;u!=?) we estimate M (A, u) within constant factors from above and
below.

This paper i§ a continuation of part I [3] where we estimated the function
B(A, u) within constant factors from above and below. For fixed 4, u > 0 we set

B w) = swp [ 1@ Kx @) da,
X ¥p
where the sup is taken ovor all “characteristic” functions xs, x, With complex signs.

§ 1. An interpolation theorem with respect to the kernel. Here we
prove the analogue for M of the corresponding theorem for B given in
part . Again wo congider a decomposition of the kernel

I == Iy - Ky
and mako use of the decreusing resrrangement K* of I (if it exists), so
that
I
supU.K(w)x,,(a;)dm‘ = [K*nat (@eR'icR).
Xp 0

* The work of this author was supported in part by a grant from the National
Science Foundation.
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We also make use of the (distributional) Fourier transform

R (o) =fa?,"“'"K(y)dy.
Now let m, (4, p) = supm, where m > 0 and

m

1
™ e t > A2
K (m) mO )t > A2u;

if no such m exists set m, = 0. In our applications m, can easily be deter-
mined explicitly. See also the remark given later.

THEOREM L. If XY exists and K, is bounded then we have the Jollowing
estimates:

H"
M, p) < 42 Bl of [ BT (W@t < a2,
0

and
M (4, p) < 4pd Bl +my (2, p)

generally.
Furthermore,
3

Mty =0 if [E'®a@<2.

0
Proof. Consider,

= {n: |Hxy, ()] > 4}
u #
and note that |Kuy,|< [ E*(t)dt and i [ K*(f)d < A then B = @ and
[] []
|E| = 0. Also note that

B = {{Exg,| > 23 < {E g, > A2} U{E gl > 2/2}
= Ly UL,

and we estimate |Z,| noting that

1K o 1,18 < Il o
And since

"
gl < [ K (1) a8
[

e ®

lm On weal resiricted estimates and endpoint problems 1218

“
go that F, must be empty if f Ki#)dt < Al2. Now in case |H,| > 0, say
0
[By| = m, wo sce that
m(A2) < f}.KlW[ - Ifm (E1%7,)

< [ a4yl ()] f G (1)
[

hence A2 < K7™ (m) and m < m, (4, u). This completes the proot.

To clarify the meaning of m, and also to interrelate M with B we make
the following observations.

Remark 1. We have the following estimates for 1< g<< oo, 1/q+ 1/g
=1:

m<2 L, mit<ag L,

where
I = supaifo: |Ky(@)] > A} = sup MK (1).
iA>0 >0

Proof. Use the upper estimates
m . m m
[ EX @ <Ky, [ Ei@)a<( [ 1at) supt (o)
0 0 0 >0

and compare with the lower estimate mai/2u.

Remark 2. We have B(m, u) > mi whenever 0 < m << M (4, p).

Proof. Since there is a sel H < {|Kxy,| > 1} with |E| = m, the
result follows by integrating.

Our examples will show that the “right” decomposition of K in
Theorem 1 gives sharp estimates for all 1,u. On the other hand, the
same estimates algo follow from those for B using Remark 2.

§ 2. Upper estimates for M. From now on (as in part I) we consider
the kernels

a
Pl

—Tﬂu— (0 #:teR) with G>0,a#1,b<l.

K1) =

By ¢y, 04, ... we denote suitable positive constants which depend only
on ¢ and b and we use ¢ generically. We again consider (as in part I
K, (1) = K@) for [tj<w, KY =K for [t|=>w, K,, =K for u<[f|<v
and K, = 0, KXY =0, K, , = 0 elsewhere. Thus K, and K, are made up
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by choosing one to be K, and the other one being K*. Accordingly, we
distinguish between the four cases
@ b>1—af2,b>0
(ID) b>1—a/2,b< 0 (implies a > 2),
(ITI) b<1—a/2,b> 0 (implies a< 2),
(IV) b<1l-—a/2,b<0.
Let me begin by defining the function M (4,4). In case (I) for
M (A, u) > 0 we set
1) = min (@140, u(1A)ED (1)), B> 0
and M =pd™?, b =0 and a =2,

In case (IX) for M (4, u) > 0 we sct

(2) M= min(p (1/A4)40=0)) (1 [2)eletd-D)
In case (IIT) for M (4, p) > 0 we set
(3) M = min(u@-e=tPaa=nk (4 2)10),

And in case (IV) for M (4, u) > 0 we set M ==

THEOREM 2. If M (A, u) > 0 then M (4, u) < ¢
constant c.

Proof. The most direct way to do Theorem 2 is to use Romark 2
and our estimates in part I for B(4, ). In [3], Theorem 2, we proved that
B}, p) < 6B(4, ) where B was defined ag follows.

In case (I):

B(ﬂ, y) — min(l,ul“b, [Ml_b, Z(a-&-b—l)/alu(l—b)/a’ [u(a-kbml)a A(l»-b)/a)_
In case (II):
E(l, lu) — I.m"n((lﬂ)(u+b-2)/(a—2)’ A(u»kb«l)/a‘u(l—b)/a’ M(a-kb—l)/aﬂ(l-—b)/u)'
In case (IIX):
E(A, u) = min(l,ul"’ Hll«() (lﬂ)(Zmamb)/(ﬁ—a)).
To do caso (I) wo have for 0 < m < M(Z, x) (using Romark 2) that

I (1, u) for some positive

1 ¢
m< 5 Bm, 4) < — B(m, p)

< % 1fnin(m‘u;1“”7 luml‘b, m(a+b-l)la#(1-b)/a M(l,m-!-b-»-l)/a ,m,(l—l))/n);
hence A < eu'?, mP < (¢/A)u, mA-DVa (0fA) ut=0e, latb=1la & (g 2) latb=Vla,

Thus, for > 0 we get M(Z,,u < oM (A, ). Wlule for b =0 (a0 = 2) we
get our result and hence the proof of case (T) is complate.
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To do case (IT) we note that for 0 < m < M (A, 1) we oot
I g
m ?;{' i ()@= @to-1ia, 0 -Dla | fa+d-1)a mti=Dia)

and so it follows that

(R, p) 5 02 MG M ) < A0V, M (A, p) < eArl0=aly,
But note that AC-DPuC-e=0b « ¢1,00-1 jmpliog that 4= < ¢ A, but
in this case

I3
[E*d < op' <2
0 .

and henee (A, g) = 0. And Tienee M (1, u) < eM (4, u) and now case (I0)
is complete.
Now for case (1II), we note for 0 << m < M (4, u) we get

[
m< — min (mu'=?, pm! =0, (m p)E-o-tie-a)

and the proot of case (TIX) is complete.

§ 3. Lower cstimates for J. From the Proposition of part I one gets
directly the following:

CUoROLLARY. Assume 0 < < p, T> 8, A< 6,070, Then

M (2, p) = eymin(T, T 571);
Sfurthermore, in case a-+b > 1, even the stronger estimate
M (4, p) = cud™ 1Imn(T ety

Tolds.

THROREM 8. If =0 3 044, then M (A, p) = 6.8 (1, u),
¢y indepondent of A and u.

Proof. Lot us begid with ease (I). Now from (1) it follows (we agsume
A = ‘”1-»(1)

J Ay o) oo p(pAy00O=0 g ple-Dlakd=1) oy und A3 1,
ﬂ(/’l, ‘u) . ?/,L(l/ﬂ)"’l(”'}‘b"”l) it ){(a-—l)/(u.rb——l] < u and A<1

for some constant

a1l
TRy p) == (A if A=) oy and AL (D> 0).
Let me udd that the case where A6-@+-1 % 1 and 2 3 1 never comes up,

Since
Ao=Dlarb= 5

5 — Studia Mathematica 74.3
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implies
(B < (1[04
but for 4> 1 that implies
(A1 < (Ljapato=) o=
and that contradicts the agsumption that i< u'™?.

In this case a-+b > 1 and hence from the Corollary we get ¢ AT
< 6 < min(7, p)and

M4, p) = eudé™ min(T, T** 677

for some congtants ¢,, ¢;. We wish to take d as small as possible (in order
to maximize M (2, g)) and s0 we choose § == ¢~ AT" with ¢ to be determined.
Thus,
(4) M (A, ) 3= eoa(p/A) T~0min (T, i~ T*~7Y).
TIn order for such a é to exist wo need that

AT <min(T, w)  or A< eI and T p(p/d).
Hence for b > 0 we get
(8) 0 MO0 T < 0y (u[A),

thus in order for such a T to exist we need 4 € ¢,u* ™ for some constant o -

In estimating M (4, ) from (4) we have two cases to counsider
T2 oAt or T'<< A~ T2, Lot us fivst assume T2 cA'T*%*
and that implies

(6) T > o(1/2)e>-D
(note a2 +b—1 > 0 here). So in this case we have that
O(1/2)@+0=D < g, (u 1)

and that implies that ‘
7 00y AO—Natb-1) (b>0).

Hence from (4) we get that

ATy
() M2, ) >

ey

2b+a—2 > 0).

Now in the cases where 2b+4a—2 =0 and b> 0, then from (7) and
since
U= cca).(awl)/(cwb—l)

these cases are completed.
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Now we are left with the cases where 2b+a —2 > 0. And we wish to
select the smallest admissible T'. So it follows from (5) and (6) that
o(L[APME+DD < g (uf7) 0,
Now if 1 < 1 we choose
T = 6(1 /l)ll(a+b-l)
and hence from (7) woe get
pA~
Mk )2 e framyamsmy = ow (LA

for A< o', AO-NEH-N <y and 1< 1. Now if A>1 we choose T
= ¢A¥¢-Y and henee we get

-3

ou
M2 1) Z Jarramamy = (LT,

for A< e, AO-VEH-D <y and 4> 1.
On the other hand we could have that T < eA~ 7?9 and hence

T < (ofayHe+=n,
But by (8) in order for a T'to exist we need A <C 1. And since we already did
the case where
Ala=1)/(a+b-1) <p,
we can assume here that
l(a-l)/(a—}-b—l) > u
that implies
(1 /207D >y faye,
And we can select the largest admissible ', i.e. T = ¢(u/4)"®, then from (4)
M (2, p) = e(p]A) (A~ = o(u[Ay,
for A ou'b, A D@t 5 yang A< 1.
Now to do the ease where b = 0 and ¢ = 2. Now we need that oz A
and T = ¢;4. And we get from (4) that
M (4, u) = e(u/l)ymin(T, eA™)
and wo choose I' = ¢A~! and hence
M(A, p) = cur™
for A< e,u and A< 1.
Now we do case (IT). Hence from (2) we get
. W(L[Ayl-b) it 2
M(AS Iu) = Ha+b—1) .
p(djayte it 2
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4

And from (4) we get that
M, ) = coy()2) T~" wnin (T, cA-1IP=40)
as long a8 A< e, M7 and T°< ey(u/d). Thus, T3 (A)e,)' " and T
= (Afogu) ™. And since A < ¢, 7, that implies
(Aeg) 0= = (A [e,)" "

for some constant ¢;. ITf we first assume that 2 = 1 und c¢hoose T < eAV0-b)
then

M, u) > o(u)A) A-Y0"Dmin (cAHO-0), g1=13e=a-bii=0))

= g(#/A)1—«11/(1—-b)1—12_(2«::—-(1)/(1-—))) = Gﬂﬂ_“/“"b)_

Now if A < 1 then we ean choose T' == ¢(1/4)*+2=% and henece
M (A, ) 2 ¢(pA)(L/2)~ @t "Dmin (A= e+b=1 3=V atb=D) o g p-allwtb-y,

Now this case is finished.
Now to do case (IXI). Hence from (3) it follows (we assume A < p'~b),
when a-+b > 1: ‘
o y(z'“"’b)’b 2la=2)/b it Ha=Diat+b-1) < py
(A p) = (/)M it u< }'(a'—l)/(a+b—-1), i<,

whena--b<< 1:

; { (u 2 it

(4, p) AR
2 1 'u(2—a—-b)/bl(a—-z)/b if

U< ;L(a—-l)/(a-H'—l)7 <1,
when a-+b = 1:
(3, ) = woin (W)W, 37 (w/A)").
Note as we argued earlier the cagse where AG-VW@H-1> , gnd Ax1
never comes up.

First we assume that a--d > 1. And so both (4) and (5) hold in this
case. Now suppose we first assume that 7' > oA~ 1%~%~* ynd henece that -
implies (6) (i.e. '3 o(L/AVE+0~1), And go in order for o T to oxist we
need from (5) and (6) that o(1/A)@+0=Y < o, (4 /AV", Thus the largest T
admissible in this case would be T' = ¢, (4/A)" and henco

M(l, m > G‘u;rz (M/A)(z—a-zb)lb — aﬂ(z—a-b)/bz(u—«z)/b

i 2@ gy and A< ogut~0. Otherwise, T < eA™'T*~*~% and hence
this implies that T < o(1/A@+-Y and g0 from {5) in order for a T [to

icm°
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exist we need that ¢(1/4)V@+0=Y > ¢, (4 /1), And so here again we choose
T = oy{u/A)™® and we get that

A, 1) = 6 (uIDTP = o(u[3) ([ 2)0=D = o(uja)He

if AN 5 A< eutt and A< 1.
Now to complete cage (III) with a--b < 1. ¥rom the Corollary it
follows that '

) M (A, u) 2 ein(T, ca~ 2-a-b
)

and once again (5) holds. Tirst we assume T < oT*~%~'}-!, Henco T
> ¢M0=e=Y (a4 b< 1) and also M (4, u) > oT. And now by (5) in order
for a T to exist we need that eV~ < ¢,(u/A) and so we choose T
= 04(p /)" the largest admigsible 7 and hence

M@y p) = e(ufay®

for 24-DIH=0 < 1y and A < out~?. Next wo assume that T > eT*-a-b -1
and hence ' < oA =2=9(g 4 b < 1). And in order for a T to exist here we
need from (B) that c,AY0~9 < eal-e-9 gand hence 1< 1. Now we are
left with the case where u < A®~Y(@H=1 and o that implies AY0-a-0)
> (/A" and so wo select T' = o(u/4)"* and hence from (8) we get,

M(l, M) > er! (‘u//l)(z'“"b)/b — -0/1,(2—“‘1’)/03(“"2”

for p < A@-Matd~D 3 < o=t and 1<1.
Now to do the case where a+b = 1. And so from (5) and (8) we
get with T = o(u/A)"? that

)

(e[ it a<1
M(A =e
(4y w) A1,

Fhulat

And now the proof for case (ILT) is complete.

Now to do ease (IV). Wo begin with the case where a--b < 1. Now
onee again (8) holds but since b < 0 this forces T > o(A/u)~" and T' 3 cAV-0),
And s0, sinee M (2, u) > e,Tmin(L, A~ T4 on letting T— oo, which is
admigsible here, we got that M (A, p) = oo.

Now for the case where a-+b > 1 wo get that

M (4, p) 22 eaud™ T~Pmin (T, eA~1 I2~4-b)

and once again 7'z eA0-Y and T3 ¢(Afu)~". And since 1—b > 0 and
2—a—2b> 0 wo again let T->o0 and got our result that M (A, p) = oo,
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Filtres: mesurabilité, rapidité, propriété de Baijre forte
par
MICHEL TALAGRAND (Paris)

Résumé. On montre que contrajrement i ce qui se passe pour la propriété de Baire
ily apeu d’espoir do caractériser la mesurabilité des filtres par des conditions de rapidité.
On étudie ensuite divers aspects de la propriété de Baire. En particilier, sous hypotha-
80 du continuy, il existe un filtre ayant la propri¢té de Baire forte qui n’est pas mesurable.
‘On étudio enfin quols sont les filtres tels qu’il existe une suite d'ultrafiltres convergent
selon co filtre. Do fagon surprenante, ils pouvent 8tre relativement réguliers.

Le but de ce travail est de compléter et de préciser un travail préeédent
{4], dont on conserve la terminologic eb les notations. Pour simplifier on
appelle filtre sur Nun filtre propre, ¢’est-d-dire contenant les complémentai-
res de parties finies do N. On appelle m la mesure canonique de K = {0, 1}V
= P(N). Un filtre, étant un ensemble de parties de N, est done un sous-en-
semble de K, on peut ainsi parler de filtros mesurables, ot définir diverses
propriétés topologiques pour les filtres.

1. Mesurabilité et rapidité. Le Théordme 17 de [4] montre qu'un
filtre non-mesurable F posséde des parties ayant “peu” d’éléments, an
geng suivant: I sotisfait

(1) 8i (L,) est nne partition de NV en ensembles finis telle qu'il existe
un réel @ > 0 avee 3a*n < + oo, alors, pour tout « il existe v € I avee
card (I,No) < acardl,.

Le probléme est posé de savoir si cette propriété entraine la non-mesu-
rabilité de F. Nous allons montrer que sous hypothése du continu (HO) il
n’en est rien. Disons qu'un filtre I est dichotomique si pour toute partition
{J,), e N en engembles & deux éléments, il existe @ € ' avee card (J, N)
<1 Vn. Il est facile de voir qu'nn tiltre dichotomique satistait (1).

Tursorim L (IO, L ewiste un fillre dichotomique mesurable.

I2idée est do montrer quiun filtre non measurable satisfait des condi-
tiony analogues & (1), mais assez différentes pour qu’on puisse los nier sans
nier lu dichotomie de F.

Provosreion L. Soit p,,, k, dows suites dentiers, (I,),,, des sous-ensem-
blos deur & deun disjoints de N, avec pour 1< p,,, card Il = k,. Supposons
qu'il existe un a > 0 aveo

Slt——aynpa< + oo,
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