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Abstract. The structure of the rings in the title is described. This generalizes results of Luh
and Perticani obtained for the appropriate classes of commutative and associative rings respectively.

In [3] Perticani has studied the structure of commutative rings with identity
in which every proper ideal is maximal. In [2] Luh has generalized these results
for non-commutative associative idempotent. rings. Precisely Luh has determined
all associative rings 4 with 4> = 4 in which every proper right ideal is maximal,

In this note we shall follow this line and consider the class of all alternative
rings in which every proper right ideal is maximal. Moreover, using methods of
the theory of artinian rings we can give a short proof of our main result. Throughout
this paper 4 will denote an alternative ring, (4, +) its underlying additive group,
and J(A4) its Jacobson-Kleinfeld radical.

The symbol @ stands for a group theoretic and the symbol [+] for a ring
theoretic direct sum respectively. For any prime p Z(p") denotes the cyclic group
of order p* and also the zero-ring on this group. A field means always an associative
commutative field.

For basic facts on alternative rings the reader is referred to [4].

THEOREM. A is a ring in which every proper right ideal is maximal if and only
if A is one of the following types:

(1) A is the ring direct sum of two rings which are division rings or splitting
Cayley algebras over fields.

(2) 4 is a division ring or the splitting Cayley algebra over a field.

(3) A is the 2x2 matrix ring over an associative division ring.

(4) A has an identity and an ideal I # (0) such that 1? = (0), A/ is a division
ring or the splitting Cayley algebra over a field, and I is a minimal right ideal of A.

(5) A is the ring direct sum of a ring Z(p) and a ring which is a division ring or
the splitting Cayley algebra over a field.

(6)A=[D0

Dol D an associative division ring.

GF(p) GF(p)
0

() 4 = |: 0 4], GF(p) the prime field of characteristic p # 0.
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8) A = Z(p)EZ(q) for primes p and q.

9) A = Z(p>) or A = Z(p) for some prime p.

(10) A4 is generated by one element a with defining relations pa = a*, p*a = 0,
p a prime.

(11) A is generated by one element a with defining relations pa = a® =0,
P a prime.

Proof. Let 4 be an alternative ring in which every proper right ideal is maximal.
Trivially A4 is an artinian (and noetherian) ring. Then by [5] and [6] J(4) is nilpotent
and if 4 # J(A4) then 4/J(A) is the ring direct sum of simple rings which are either
full matrix rings over associative division rings or Cayley algebras over fields.

Case 1. 4 # J(A).

a) If J(4) = (0) then A is the ring direct sum of full matrix rings over as-

iom

sociative division rings and Cayley algebras over fields. Since every proper right )

ideal is maximal, at most two direct summands can appear. If exactly two summands
appear, both have only the trivial right ideals. Hence (1) holds.

If 4 is simple then clearly either (2) or (3) holds.

(b) Assume J(4) # (0). Then J(4)* 5 J(A) since J(A) is nilpotent. Therefore
J(4)* is not a maximal ideal, hence J(4)* = (0). 4/J(A) bas an identity & Then
there exist an idempotent element e e A with e e & (¢ is a so called principal idem-
potent element). We consider the two-sided Peirce decomposition of 4 relative to e:

12 4= A11®A10@A01®A00

(cf. [4]). Since e is a principal idempotent one has A, gy, Ago SJ(4) and be-
cause of J(4)? = (0) and the properties of the Peirce decomposition we have that
Ayo» Aoy, and Ayo are ideals of 4. Since A;q 5 (0) (4 # J(4)!) our assumption
forces two of them to be zero.

Now if dgg = Ayg = Aoy = (0) then A = 4;, has an identity. 4/J(4) has
only the trivial right ideals, and J(4) is a minimal right ideal of 4. Thus (4) holds.

If Ago # (0) then 4 = A;,[+[do. Hence Apy & Z(p), and 4,, has only the
trivial right ideals, i.e. (5) holds. If 4y, # (0) then 4 = A1 ®Agy, and e is a right
identity of 4. A, is then a division ring or the splitting Cayley algebra over a field.
We want to prove that 4 is associative. First let ae 4oy, x,ye 4 11- Then

@)y=ay) = (@,%,3) = =(x,a,) = —(EQ)y+x(ay) = 0
because of Agy.dy; SAyy and 4, Ay = (0). Hence
13) (ax)y = a(xy) .
Then for z e 4,; we have ((ax)y)z = (a(xy))z and using again (13) we obtain
(14 a(x(y2)) = (ax) (yz) = a((xp)z) .

Now if au =0, a # 0, ue 4y, then from (13) one has that aR = (0) where R is
the right ideal of 4, generated by u. Since Ayy has only the trivial right ideals
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and ae = a, au = 0 forces u = 0. Hence (14) leads to x(yz) = (xy)z, ie. Ay, is
associative. This together with (13) yields the associativity of 4. Hence 4, is
a right vector space over the division ring 4;; = D and must have dimension one
since every subspace is a (right) ideal of A. Therefore (6) holds.

If A, # (0) similary 4 is associative, and

DD
+[37]
with a division ring D. Now for every subgroup H of (D,+) 00|52 right

ideal of 4. Hence (D, +) is a simple group, and (7) holds.

Case 2. 4 = J(4), i.e. 4 is nilpotent.

ay A% = (0). Then clearly (8) or (9) hold.

b) 4% s (0). Then 43 = (0). 4/4* is simple, hence A/4? = Z(p) for some
prime p. Since every subgroup of (4%, +) is an ideal of 4, (42, +) is a simple group,
(4%, +) = Z(g). Now p = ¢ for otherwise 4 = Z(p)|¥]Z(g) and 4* = (0). Thus
|4 = p®. If (4, +) = Z(p? then 4% = p4 and one can choose a € 4 with a* = pa.
Hence (10) holds.

If (4, +)=Z(p)®Z(p) then (4, +) = (4%, +)DZ(p) = (4%, +)®(a) and
(11) holds.

To finish the proof let us remark that the splitting Cayley algebra over a field
contains only the trivial right ideals (cf. [1]). Therefore it suffices to prove that
the rings of type (4) have the property that every proper right ideal is maximal,
Let 4 be a ring of type (4) We show that [ is the only proper right ideal of 4. Let
R # (0) be a right ideal of 4. If R=1 then R = 4 or R = I since A/I has only the
trivial right ideals, If RA7 then R n I = (0) since J is a minimal right ideal of A.
Hence R+1 = A. Let 1 be the identity of 4, 1 = r+i, reR, iel Theni= ri4i*
= rie R since i* = 0. Because of RnI=(0), i=20, hence 1eR and R= 4
follows contradicting RA 1.
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