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A dense subsemigroup of S(R) generated
by two elements

by

S. Subbiah (Amherst, N.Y.)

Abstract. S(R) denotes the topological semigroup of all continuous selfmaps of the real numbers
where the binary operation is composition and the topology is the compact-open topology. As the
title of the paper indicates, we prove that S(R) contains a dense subsemigroup which is' generated
by two elements, It is still an open problem to determine whether or not the same is true for S(RY)
for N>1 where RY denotes the Euclidean N-Space.

1. Introduction. S(X) is the semigroup of all continuous selfmaps of the
Hausdorff space X. When X is locally compact, S(X) is also a topological semi-
group in the compact-open topology. It has been known for some time that
various S(X) contain dense subsemigroups which are finitely generated. Schreier
and Ulam in 1934 [5] showed that S(IY) contains a dense subsemigroup generated
by five elements, where I¥ is the Euclidean N-cell. The same year Sierpifiski [6]
showed that S(J) contains a dense subsemigroup generated by four elements. Tn 1935,
Jarnik and Knichal [2] produced dense two-generator subsemigroups of S(J). Much
fater, Cook and Ingram [1] produced a class of spaces containing all the Euclidean
N-cells such that for each X in that class, S(X) contains dense subsemigroups
generated by two clements. A few years later, the present author independently
rediscovered the same result [7]. The number of generators cannot be reduced any
further unless X is a singleton. In [7], the present author also proved that S(RY)
_contains dense subsemigroups generated by three elements where RY is the Euclidean
N-space. In other words, there exist three functions in S(RY) so that one can approxi-
mate any function in S(RY), to any desired degree of accuracy, on any compact
subset of R¥, by composing only these three functions. For some time we felt that
+wo functions would not suffice and, in fact, this has been conjectured in [4]. However
it turns out that the conjecture is false at least in the case N = 1. In this paper we
prove the following

THEOREM. S(R) contains a dense subsemigroup which is generated by two el
ements. )

As we mentioned earlier, dense two-generator subsemigroups of S(I) have
been produced before. But, so far, one of the generators has always been injective
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but not surjective and the other surjective but not injective. In this paper we produce
a dense subsemigroup of S(I) generated by two elements, one of the generators is
a homeomorphism of I onto I, the other is neither injective nor surjective.

The compact-open topology is the same as the topology of uniform convergence
for S(I). For S(R), it is the topology of uniform convergence on compact sub-
sets of R.

2. The semigroup S, of all continuous onto selfmaps of I. In 1938, Knichal [3]
proved that there are two increasing homeomorphisms 60y, 0, of I which generate
a dense subsemigroup of the group of all increasing homeomorphisms of . In 1970,
Young [8] proved the following .

THEOREM (2.1) (Young). There exists an increasing homeomorphism ¢ of I such
Jhat @ and j generate a dense subsemigroup of the homeomorphism group of I, where
t(x) = 1—x for 0<x<1,

In the same paper, Young produced a dense subsemlgloup of Sp() generated
by two elements.

DermvITION (2.2) (Young). The function f is defined as follows:
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Taeorem (2.3) (Young). The functions f and ¢ generate a dense subsemigmuﬁ
of So(D).

Let us denote the interval (0, 1) by J. Now f|, is not in S(J). We modify f to
a.function g such that g|, e S(J) since eventually we want to study S(J). This func-
tion g, together with ¢ will still be able to approximate all the elements of So(D)-

DermviTioN (2.4). The function g is defined as follows:
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LemMA (2.5). The homeomorphism j can be approximated by finite compositions
of ¢ and g.

Proof. The proof of Lemma (3.5) in [8] goes through with f replaced by g.

We invoke Theorem (2.1) and obtain the

COROLLARY (2.6). Every homeomorphism of I can be apprommated by ¢ aml' g.

PROPOSITION (2.7). @ and g generate a subsemigroup of S(I) whose closure
contains So(I).

Proof. Welet (g, g> denote the semigroup generated by ¢ and g. Given >0,
we define s as follows

(1.1)
% in [0, % & 1-3
{ﬁnear in [%, 351 )
B(x) = {1—%¢ forx--= 573
llmear in [3%, 1]
1 for x =1

where &, = min[e, 2]. Then % is a homeomorphism of 7 and so he{p, gy by

Corollary (2.6). It is easily verified that

[(hg) (xX)—f ()I<he <e for all x in 7.

Hence fe ((p a>.
Since fand ¢ generate a dense subsemigroup of So(7), we see that So(7) = ((p, a>.
‘We now consider the continuous selfmaps of J. We let So(J) be the semigroup

of continuous onto selfmaps of J. The compact-open topology for S(J) and So(J)
coincides with the topology of uniform convergence on compact subsets of J.

3. A subsemigroup of Sy(J) which is dense in S(/). Let
Soll) = {Ie S(): Aa, bl such that I(x) = x for all x ¢[a,b]}.

Lemma (3.1). S;(J) is. dense in S(J).
Proof. Let ue S(J). Given any £>0 and any compact subset K of J first
choose ¢, d in J such that K<[c, d]. Define / as follows:

x in (0,%0)
linear in [%c,c]

u(x) in [e, d]
Ix) = 3 .. . d+1
linear in [ 5 ~2—]

1%
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Clearly I € S;(J) and |u(x)—I(x)| = 0<e¢ forallx in [c, d] and hence for all x in X,
This shows that S;{J) is dense in S(J).

4. A dense subsentigroup of S(J) with two generators. Let § = g|; and ¢ = ol,.
Then both ¢ and ¢ are in S(J). We proceed to show that ¢ and ¢ generatc‘ a dense
subsemigroup of S(J).

LemMA (4.1). The semigroup generated by ¢ and § is dense in a subseniigroup
of S(J) containing Sy(J). :

Proof. Let /e 5,(J). Given any compact subset K of J and any ¢>0 we define

]’o at 0,
k(x)=41(x) in (0,1),
11 at 1

so that k € Sp(I) and ki, € Sy(J). Proposition (2.7) guarantees that there is a sequence
fisS2s o5 [y such that

W)= (fifs - f)@))I<e forall x in 7
where each f;e{g, ¢} and so

)~ fi I -‘-J?;.)(x)l<5

where f; = fil;€{¢, §} for each i. This proves the lemma.

Since S;(J) is dense in S(J) we have shown that {¢, §} generate a dense sub-
semigroup of S(J). This completes the proof of our main theorem since J is homeo-
morphic to R.

for all x in X

5. A dense subsemigroup of S(I) generated by two functions one of which is

2 homeomorphism of I. In Section 2 we showed that SO(I)CI<(E>. Actually we
have the following

THEORBM (5.1). The homeomorphism ¢ and the function g generate a dense siub-
semigroup of S(I). )
Proof. Let D = (5,-5). ‘We use the following notation:
0, ~0,iff 0, = h;0,h, for some homeomorphism ,, s, of I.
0, = 0, iff 0, approximates 0, .
In either case 0; € D implies 0, e D. We have

g m
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and so m'e D. This implies m* e D and so

m? !

/ -

for any [a, b]=I. Moreover, for sufficiently large k& we have

*

— |

a constant function. Hence D contains all the constant functions also. We look at

the non-constant functions. .
Let §eS(I) where Ranf = [a,b], 0<a<b<l. Then 0 = m;m,0 where

1y

1,

0,0

(a, 0}

We know m, € D. Now m,0¢eSo(IcD. Hence GeD. We have shown that ¢
and g generate a dense subsemigroup of S(J).

6. Conclusion. In [7] we showed that S(RY) has dense subsemigroups generated
by three elements. We have now shown that in the special case when N = 1 the
number of generators needed can be reduced to two. It is still an open problem
whether or not the number of generators needed can be reduced from three to two
when N>1.
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The axiom of determinateness iniplies > ‘has precisely two ‘
countably complete, uniform, weakly normal ultrafilters g

by
Robert J. Mignone * (Charleston, S. C.)

Abstract. A well known consequence of the axiom of determinateness is that over ws there
are precisely two w,-complete, normal ultrafilters. This can be strengthened to precise]y' two
w,-complete, uniform, weakly normal ultrafilters exist over ;. The proof is a modification of the
original proof of Martin and Paris. One apphcatlon of thls result shows that a theorem of ZFC,
due ‘to Ketonen, fails in ZF+AD.

§ 0. Notation and preliminaries. A familiarity with set-theory is assumed.
For the definitions of ultrafilter, x-complete, normal, fine, and other common set
theoretic notions the reader is referred to [2].

If A is a set, then 4 denotes the cardinality of A.

If x<A are cardinals, P,A = {asi: A<ux}.

A filter U over P, is called weakly normal if given any ‘f: P,A - Asuch that
{aeP,A: f(a)ea}e U, then there exists a y<A such that {aePl: f@<y}eU.
L1Lew1se a filter F over x is called weakly normal if given any [+ 3 = » such that
{mex: f(e)<o}eF, then there exists y<x such that {aex: f@W<y}eF.

A filter- F over x.is uniform if ae F implies @ = x.

Let %< p be regular cardinals. F an ultrafilter over Ais (%, u) ~regular if there
exists {X,: «ep}SF such that for every acx with '@ = %, then [} X, = 9.

aeqa

Let X, Y be sets and F, U ultrafilters over X, Y respectively. U is said to be
projectible onto F (denoted FLU) if there exists f: ¥ — X such that for all ac X,
aeF if and only if f (@) e U.

In [3] the following theorem is proved:

Turorem (Ketonen). ZFC. Let » <2 be regular cardinals and F a x-complete,
uniform ultrafilter over ). Then Fis (¢, A)-regular if and only if there is a weakly normal,
fine ultrafilter U over P,A projectible onto F.

" Let » be a regular cardinal and a < an ordinal. A set a<x is a-closed unbounded
in x, if

* This paper represents Chapter One of my Ph. D. Thesis (The Pennsylvania State University,

1979) written under the supervision of Professor Thomas Jech, to whom Tam grateful for his guidance
and knowledge of set theory.
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