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A sum theorem
- for A-weakly infinite-dimensional spaces

by

L. Polkowski (Warszawa)

Abstract. In this note we shall establish a hereditarily closure-preserving sum theorem for
A-weakly infinite-dimensional spaces. The applications of this theorem to the closed mappings
defined on A-weakly infinite-dimensional spaces are given in [5].

Our terminology and notation follow [2]. Let us recall that a normal
space X is said to be A-weakly infinite-dimensional (abbrev. A-w.i.d.) if for
every sequence (4, By), (4,3, By),... of pairs of disjoint closed subsets of X
there exists a sequence Ly, L,,....of closed subsets of X such that, for each
positive integer i, the set L; is a partition between A; and B; in X (meaning
that there exist digjoint open subsets U;, ¥; of X such that 4, = U;, B, < V]

and X\L; =U;uV¥), and () L, =@. It is manifest that every closed sub-
i=1

space of an 4-w.i.d. space is A-w.id.

We begin with the following obvious lemma (cf. the proof of Lemma
1.2.9 in [2]). ;

Lemma 1. Let F be a closed subspace of a hereditarily normal space X
and A, B a pair of disjoint closed subsets of X. For every partition L between
ANF and BAF in F with F\L = G U'H, where disjoint open subsets G, H of
F are such that AnF < G and BN F < H, there exists a partition ' between
A and B in X with X\ L = M U N, where disjoint open subsets M, N of X ar
such that Ac M, BN, MnF=G and NnF =H. :

The next lemma deals with countable families of partitions.

Lemma 2. Let F be a closed subspace of a hereditarily normal A-w.id.
space X and (A;, B,), (A,, B),... a sequence of pairs of disjoint closed subsets
of X. For every sequence L, L,,..., where L; is a partition between A; " F
and B, F in F for i =1, 2,..., such that (\ L; = O, there exists a sequence

i=1
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Ly, Ly,...,where L, is a partition between A; and B, in X for i =1, 2,..., with
the properties: v
W) LAF=L fori=1,2,..;
o0

@) N L=0.

Proof. By Lemma 1, for each positive integer i, there exists a partition

23

S; between A; and B; in X such that S; " F = L;,. By hypothesis, F ~ () §;
i=1
= (@; by the normality of X there exists a closed Gyset P such that
FcPcX\(\ S Let X\P=U Z;, where Z; is closed in X for j
i=1 j=1

=1,2,..

We decompose the set of positive integers into disjoint infinite subsets
Ny, N,,... (cf. LevSenko [4]). For each positive integer j, the subspace Z; is
A-wid., and thus there exists a sequence {Ji}.n, Where J, is a partition
between A, " Z; and BynZ; in Z; for each keN , with the property that
(N Ji = ®. For each positive integer j, the subspace PU Z, is the discrete

keN;

union of the subspaces P and Z;, and hence (S, P)uJ, is a partition
between 4, N (Pu Zj) and By n(Pu Z)) in P U Z, for each ke N;. By Lemma
1, for each positive integer j and each keN,, there exists a partition I
between A, and B; in X such that

Ln(PUZ)=(SinP)ul,.
It follows that LnF =L for i=1,2,..., so that we have (i). Clearly,

N L; =@ and the lemma is proved.
i=1

We now pass to our sum theorem. In this theorem the notion of a
hereditarily closure-preserving family appears; let us recall that a family
{As}ses of subsets of a topological space X is said to be hereditarily closure-
preserving if for every family {B,},s, where B, = 4, for every seS, we have
U B, =SLE)S B;. Let us note that every locally finite family is hereditarily

seS
closure-preserving.

"TueoreM 1. If a hereditarily normal space X can be represented as the
union of a hereditarily closure-preserving family {F.s of closed A-w.id.
subspaces, then the space X is A-w.id.

Proof. Let (4;, By), (4,, By),... be a sequence of pairs of disjoint
closed subsets of X. We have to show that there exists a sequence
Ly, L,,..., where L; is a partition between 4; and B; in X for i=1, 2,...,

such that (| L; = Q.
i=1

For each T< S, we let X = (J F,. We consider the set & consisting of

seT
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pairs (T, {(Ur,, Vrdlizi) where TS and the sequence (Ur, Vi),

\Ur,2: Vr,2),... of pairs of open subsets of X, satisfies the following
conditions:

1) UpinVe; =0 for i=1,2,.;

(2 AnXycUr;, and BnXpcW,; for i=1,2,.;

@ 0 Ur V) =1

We now define an order < in & as follows:

('a {(Ur,, VT,i)}igl) < (T: (WUris VT.’i)}ii-l) if and only if T<T,
UpynXp=Ur;and Vpyn Xyp = Vp for i=1, 2,... If a subset o of the set
& ordered by < is linearly ordered, then the pair

(T(s2), {(Urgatpis Vacar)}iz)s
where
T()=U {T3 (T’ (U, VT,.')}@:)E-P[},
Uriay,i = U {UT,i: (T, {(UT,i: VT,i)}iil eﬁi}
and
. Vi = U {VT,i: (T, {(Ur,, VT.I‘)}IZI)EM} for i=1,2,.,

satisfies conditions (1)<3) with T= T(&/). Thus, by the Kuratowski-Zorn
lemma, there exists an element (T, {(Uzgi> Veg 2 1) maximal in & ordered
by <.

It follows from the maximality of (To, {(Ur,,i, Vr,.)}2:1) and Lemma 2
that Xp =X, and thus we conclude the proof by letting I,
= Xp\MUrgi Y Vpy) for i=1,2,...

The first result along the lines of Theorem 1 is due to Levienko [4],
who proved, under the additional assumption that the space X is countably
paracompact, shown to be redundant by van Douwen [1], the contable sum
theorem: if a normal space X can be represented as the union of a sequence
Fy, Fy,... of closed A-w.id. subspaces, then the space X is A-w.id. Let us add
that the following locally countable sum theorem was proved by Leibo [3]: if
a normal weakly paracompact space X can be represented as the union of a
locally countable family of closed A-w.id. subspaces, then the space X is A-
wid. The assumption that the space X is weakly paracompact, however,
permits us to reduce the case of locally countable families to the case of
countable families.

We close this note with observing that Theorem 1, along with the
countable sum theorem, yields the following corollary. Let us recall that a
family {4,}.s of subsets of a topological space X is said to be o-hereditarily
closure-preserving if the family {A,},cs can be represented as the union of
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countably many subfamilies each of which is a hereditarily closure-preserving
family of subsets of X.

CoRroLLARY 1. If a hereditarily normal space X can be represented as the
union of a o-hereditarily closure-preserving family {A;}es of Fo-sets in X and
A, is A-wid. for each seS, then the space X is A-w.id.

The author would like to express his gratitude to Professor R. Engelking
for his valuable advice,

He also thanks Dr R. Pol for some helpful remarks.

References

[11 E. van Douwen, Mild infinite-dimensionality of X and BX\X jor metrizable X
manuscript.

[2] - R. Engelking, Dimension Theory, Warszawa 1978.

[3] L M. Letbo, On closed mappings of infinite- a’tmemmnal spaces, Soviet Math, Dokl. 199
(1971), pp. 533-535,

[4] B.T. Levienko, On atrongly infinite-dimensional spaces (in Russian), Vestnik Moskov.
Univ. Ser. Mat. 5 (1959), pp. 219-228.

[51 L. Po.]kowski, Some theorems on invariance of infinite dimension under open and closed
mappings, Fund. Math, 119 (1983), pp. 11-34.

X,

Accepté par la Rédaction le 9.2.1981

icm

Some theorems on invariance of
infinite dimension under open and closed mappings

by

L. Polkowski (Warszawa)

Abstract. We discuss here the invariance and the inverse invariance of three classes of
spaces: A-weakly infinite-dimensional spaces, S-weakly infinite-dimensional spaces and spaces
which have the transfinite dimension trind under three classes of mappings: open mappings
with finite fibres, closed mappings with finite fibres and open-and-closed mappings with no
fibres dense-in-themselves ; finite-dimensional spaces, countable-dimensional spaces and strongly
countable-dimensional spaces also occasionally appear in our paper.

Our terminology and notation follow [7] and [8]. We shall quote from
[7] and [8] all the necessary theorems of general topology and dimension
theory. Similarly, we shall quote from [9] when the transfinite dimension
trInd is concerned.

1. Definitions. We start with the definitions of the most important
notions to be used in the sequel.

1.1. DeFiNiTION. Let X be a space and A, B a pair of disjoint closed
subsets of X ; a closed subset L of X is said to be a partition between A and
B if there exist open subsets U, V of X which satisfy the conditions

.AcU, BcV, UnV=0 and X\L=UulV.

1.2. DeriNITION. A normal space X is said to be A-weakly infinite-
dimensional (abbrev. A-wid) if for every sequence (4, By), (43, By),... of
pairs of disjoint closed subsets of X there exists a sequence L, L,,..., where
L; is a partition between 4; and B; for i =1, 2,..., with the property that

Y

- 1.3. DerivimioN. A Tychonoff spade X is said to be S-weakly infinite-
dimensional (abbrev. S-w.i.d) if for every sequence (A;, By), (41, Bs),... of
pairs of disjoint functionally closed subsets of X there exists-a sequence
Ly, L,,... where the functionally closed subset L; of X is a partition between


GUEST




