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On the existence of unitary representations
of commutative nuclear Lie groups

by
WOJCIECH BANASZCZYXK (Lb6ds)

Abstract, A proof is given that if I'ix a diserote subgroup of a nuclear space X,
then the quotient group X /I' admits sufficiently many continuous characters.

Tn many situations nuclear spaces seem to be a more adequate gener-
alization of finite-dimensional spaces than are normed spaces. Indeed,
many important facts concerning finite-dimensional spaces remain valid
in nuelenr spaces but not in infinite-dimensional normed spaces. An example
of this kind iy given in the present paper.

Let us considler the following property of a topological vector space X':

(%) Tf I is & diserete subgroup of X, then the guotient group X \r

adwits sufficiently many continunous characters.
(The terminology is explained below.) Every finite-dimensional space X
gatisfios (x), which. iy trivial, and no infinite-dimensional normed space X
satigtios (x), which has been proved in [1]. We shall prove here that every
nuclear space X satisfios (x).

Wae begin with some notation and terminology. N, Z, R, C will denote
the sels of positive integers, integers, reals and complexes, regpectively.
Vector spaces will often be regarded as additive topological groups. If 4 is
o subset of a veetor space X, then G4 will denote the group generated by 4,
and span.A —the lincar span of 4. The distance from a point u to a set A
will be donoted by d(u, 4). For a topological veetor space X the conjugate
space will bo donoted by X*.

Liob 1 bo o voal T ilbert space, and 1et ty, <., 44, € . Then Gram (4, ...
vovy 1hy) Will denote the Geam determinant of the veetors ty, .., . 1L 1
in m-dimonsionul, and i JC is o diserete subgroup of B which spans W,
then K is wh abelian froe group with o linearly independent genorators
Uy ooy thyy 0l Gho mumber Gram (v, ..., u,) does not depend on the choice
of gonerators; we denoto {this pumber by Gram K. A subgroup K of a Hil-
borti space will be ealled r-disoreto il [Ju— w| 3z v for any distinet u, w € IC.

Lot ¢ be w topologieal group. By & character of G wo mean. a homo-
morphism of ¢ into the multiplicative group {z & C: 28 = 1}. ' We say that G
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admits sufficienily many continuous characters if for any 1+ ¢ ¢ @ there
is a continuous character y of @ such that yx(g) # 1.

By a unitary representation of G we mean a homomorphism
V: G—U(H) into the group of unitary operators on some Hilbert space H.
V is called faithful when ker V = {1}. A representation V is called strongly
(uniformly) continwous when it is continuous in the strong (uniform) topo-
logy on U(H).

Levwma 1. If K is an r-discrete subgroup of B* which spans R, then
Gram K = #"n"

Proof. Choose any generators u,, ..., u, of K, and let

P ={f tpuys 0 < 1y, ...,tn<l}.

k=1

Let m be the n-dimensional Lebesgue measure on R", and B — the Dall
lull < /2. We have

Gram K = Gram (uy, ..., %,) = m*(P),
and
m(P)=m(Pal) (B+u) =m(J [Pn(B+u))
= Y m(PaB+u) = Y m(P+u)nB)
=m (U [(P+u)nB]) = m(BnlJ (P+u)) = m(BrR") = m(B)

where all the sums are taken over all u e K. As can easily be seen, m(B)
> ™%~™, which completes the proof.

Lews 2. Let By and By be real Hilbort spaces, and let T': By 1,
be an infinite-dimensional linear compact operator. Let 2= ... Ay ...

be the full sequence of positive eigenvalues of the operator (T*T). Then for
any neN and any Uy, ..., u, c H,

?

Gram (Tuy, ..., Tu,) < 22 ... A2 Gram (uy, ..., Uy) e
We omit the proof of this well-known fact,

Luvovra. 3. Under the assumptions of Temma 2, suppose that A, < 6~**
Jor keN, and let L be a discrete subgroup of H, suoh that dimspanl

=n<< oo, gpanLinkerT = {0}, end T(L) is & 1-discrete subgroup of Wy,
Then we can choose generators w,, ooy Wy of L such that

dwgs span{wh, ) =k for == 1, vy M

Proof. Choose any generators Uy «oey U, Of L. Sinco spant nkerT
= {0}, the vectors Tu,, ..., Tu, are lineaxly independent generators of the
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1-diserete group Z'(L). Thus, according to Lemma 1,
Gram (Tuy, ..., Tu,) = GramT (L) = n~".
On the other hand, from Lemma 2 we obtain
Gram (Tuyy <oy Tu,) < A o0 A2 GLam (g, -.vy th,,).

Ienco
Gram (thyy ..y Uy) 32 07" (0)) 2 27,

because n!

2 mme" Lot uYy ...,y € (spank)* be defined by uf(u;) = &
for ¢,§ = 1, .v0ym We have :

Giram (ufy ..oy up) = [Gram (uy, ..., w,)]"* < n=%
Trom Lemma L ocasily follows the existence of a w* e G{u}}f.., such that
0 < Jlw*|* < nlGram (uy, ..., up)]"";

henee [w*f < n~' Let w, e L be any clement for which w*(w,) =1 (if
w (L) == pZ for some p == 2, 3, ..., then we would take w*/p instead of w*).
Then d(uw,, kerw*) = uw*|~* = n, and LI = Zw,® L, ,, where L, , = Ln
A kerw*, Obviously T'(L,,,)is a 1-discrete subgroup of 7' (kerw*). Applying
the above argument to the group I, ., we shall obtain some w,_, € L, ,
and & subgroup L., < L,.,, such that d(w,_,, spank, ;)=n—1 and
Jiney = Ty yOL, g Proceeding by induction, we shall obtain elements
Wy «ooy Wy, Which satisty the desived conditions. m

Lemma 4. Under the assumptions of Lemma 2, suppose that Jy, = ¢~ *k~*
for k&N, and let X be a subgroup of s, suoh that spanKnkerT = {0}
and T (K) is o l-discrete subgroup of B,. Choose an arbitrary feEB\K,
put d == d(a, K) and t == min(L/4, d/2). Then there is an f, € B~ such that
Il < 8, fo(K) = Z, and f,(a) & (b1 —1) 2.
" Proof. Consider the sets

B, = {fel): flu)eZ}
for w ¢ X, and the seb
W, o= (e HY's fa) e {y L—1>+2}.

Lot 13 bo tho ball |f] <5 8 in X ; we shall prove that for cach finite subset
J e IC the intersection
Bal,n () T,
is not empty. d ‘ N

To do this, choose any finite subset J < K. El{here are 11near1y indepen.-
dent tyy «..y t, € K with L = G{ugda = J. By Lemma 3 we can choose
generators w,, ..., w, of L, such that

@10y spanfwh) = b for k=1, m

7 = Sludla Malh, 76.2
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Leb ey, ..., €,,; be the system obtained by orthonormalization of the vec-
tOrs Wy ...y Wy, 6. We may write

{3
wy = Zw’“’g‘ for k=1,...,n,

i==l
and
n--1
a = 2 a;e;.
(1)}
‘We may assume that wy, >0 for & =1,...,n; then

Wige = & (wy, spaO{W} ) =k for k=1,...,n.
Ag can eagily be seen, there is a w, € L guch that if
n+1

o—wy =b = Z b6y

gl

then |b;] < wy/2 for i =1, ...,n. Obviously b > d. Now there are two

possibilities. If |b,,,| > @/2, then the mapping
By o uwst|b, | (u, €,0),
where (%, é,,,) is the secalar product, obviously belongs to
BaF,n(\F,< BnF,n N T,.

uels uaJ
If, on the other hand, b,.,| < d/2, then, taking b’ = 2 h.e;, we mush

have Hb’ll > /2. There is & linear functional % on, ,spanL sueh that |7 <1
and »(b') & <& L —1>. Let h; = h(e;) for¢ = 1,..., n. As can easily be seen,
there is an f, e R such that fiwy €2, | f]——hl\ < wil, and

n
Jbat Dby e <ty 11

F=2

Next, there is an f, e B such that fiw,, +fuwes € Z, |fy—hy| << gty and

.
Fytfabat Dby e Kty 1~

Fowad

Proceeding by induction we shall find fi,...,f, e B such that
Fbit oo S, € G 11,

It
Zf,.w,ci €eZ for k=1,...,9,
i=1
and

il <wi' for i=1,...,n.
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Let f be the linear functional on Hpu,n.{oi}@j;i, defined by f'(e;) = f, for
s dy ey iy and f'(e, ) = 00 Then f/(0) e, 1—1> and /(L) < 2.
Ience

Jr(@) = " (bt wg) = f'(b") - f (wy) € <ty L—1) 2.

Moreover,

U0 WA 0 =B << L | 2] =™

i1

" kil
- CNY e Y e .
e | Y™ g | Y <8
il el

We mny oxtend /7 to an f e By, with [f] < 3. Then

feBnal,n M1,
wed
minee J was an arbitrary finite subset of K, and the sets 7, and 7,
g ¢ A0, are wenkly elosed, from the weak compactness of B follows the
existence of an
jll Br" lﬂum r’} I"u’ L
nels
Turorin. Let 1M be a discrele subgrony of a veal nuclear space X. Then I"
i an al most covnlably generated abelian free group, and the quotient group
X1 adwits sufficiently many continuwous characters. Moreover, if the topology
of X e be defined by a family of norms, then X 1" admits o faithful wniformby
contiuOus f:mu't(w"// 9“(‘7)i'M("IN(J!‘I'iU’)’lv

S‘im'u / 'w a (1|,q(5w tio mlm.uup of \., Mld /1'0 ¢ l’ thele iva nelghbourhood U ‘
of zero sueh that U e 7' - {0} and (@, -- U ) n 1" = @, Then there is a continu-
ous seminorm p, on X, such that {e: p, (2) < i} < U, and the spaco X [p*(0)
with the norm. [[[w]lly = oy (e) is 1)1'(511111)91'(: space: Lebt By be the completion
of X /p 1(0). Sineo X s o nuclear space, there exists another continuous
seminori Py py oY, Kueh thatb if f, is the corresponding Hilbert space,
and s iy By - Ghe mwnml nuelear opemum, and i 4y = ... 242 ... 08
tho full anlwnm of positive ecigenvalues of tho oporator (T™*TY*, then
e e Y for ke N, We obtain the following eommutative - diagram:

e
, W "
X X

I, L

E 2%..,““). R 5

where g and g are the natural mappings.
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Since {#: py(2)<1} <= U and Un I = {0}, o(I") iz a 1-discrete sub-
group of B, and I' nkerep = {0}. We shall prove that

®

Suppose the contrary; then there are linearly independent @, ..., #, e I"
and non-zero ay ..., a, € R such that ¢(ayt+ ... --a,u,) = 0. Lot M
= §pan {#,}p.,; then dimM = n, but dime (M) < n. p(I' nM) is a 1-discrote
subgroup of @(M); therefore it is a group generated by m linearly inde-
pendent elements, where m < dimg(M) << n. Since I'nkergp == {0}, the
mMapping ¢lr~yr 82 monomorphism of the group I'm M onto the group
o(I'nM), but it is imposzible to map monomorphically Z* into Z™ with
m < n. The resulting contradiction proves (i).

As a discrete subgroup of a separable normed space Jy, the group
@(I") i a free abelian group with a separable set of linearly independent
generators, and, by (i), so is I.

Let K = o(I'). Since Ty = ¢, (i) implies that spanK nkerZ = {0}.
Next, T'(K) = y(I") is a 1-discrete subgroup of By. Let a = 3 (%,). By Lem-
ma 4 there is an f, e B} such that f,(K) < Z and f,(a) ¢ Z. The mapping

spant'n kerg = {0}.

X 3 pexp[2nifp(2)]

is then a continuous character of the topological group X, trivial on I
It determines a continuous character y of X/I", such that x([me]) 5% 1.
Thus, since z, e X\I' was arbitrary, we have proved that X//* admits
sufficiently many continuous characters.

Assume now that the topology of X can be defined by a family
of norms. Then we may assume that p, is a norm. For every a e Il ,\NI{
let x, be the character

B, 5 ursexp [2nif,(u)],

where f, is the functional constructed above, The Hilbert sum ¥ of the
characters y,, a € B,\XK, is then a uniformly continuous unitary repre-
sentation of H,, and ker V' = K. The mapping Vy is a representation of X,
and ker Vy = ¢~ (K) = I', because p, is & norm. Thus we obtain & faithtal
uniformly continuous unitary representation of X [om

Remark. If a topological group admits sufficiently mauny continuous
characters, then it also admits a faithful strongly continuous unitary
representation (the Hilbert sim of those characters). On the other hand,
there are groups of the form X/I', where 1" is a discrete subgroup of a nue-
lear space X, which do not admit any faithful uniformly continuous unitary
representations. For example, let X = RN and I" = {0}. Any faithfal
uniformly continuous unitary representation of RN would lead to an injec-
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tive continuous linear operator acting from R¥ to the Banach space of
all real measurable essentially bounded functions on (0, 1) (see [2], The-

orem J), which is impossible,
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