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On a theorem of Lebow and Mlak for
several commuting operators

by
J.JANAS (Krakéw)

Abstract. A result of Mlak concerning the spectral radius of an operator in a Hil-
bert space is extended to several commuting operators.

Let H be a complex Hilbert space. Denote by L(H) the Banach
algebra of all bounded linear operators in H. For an n-tuple of pairwise
commuting operators T,..., T, with the Taylor joint spectrum o(T%, ...

-y I) contained in the open wunit hall B = ¢* (B={zel" 2] <1})
we d(denote by

M(ET) =T — 251’{, Ec OB
i=] °

the topological boundary of B,
Note that M (&, T) is invertible for every &edB (by the speetral

" mapping theorem for o(T,, I

The operator-valued function I/ (¢, 7)~" plays the role of the Fredholm
resolvent for the above system 71, ..., T,. In fact, it is easy to prove that
for every function f holomorphic in B and continuous in B (the closure)
we have the equality

FTys ey L) = [ I(E DY (8) (8,

B

where (&) is the (n —1, n) differential form given explicitly by Henkiny
see [6] for the definition.

Let us recall some definitions and notations. Denote by U
=={# e C, |2| <1} the open unit dise. For »>1 and a0 let

Ar = {f, J: U-C is holomorphic and [ |7 (1 —Je2)* dwdy < +oo}.
(#2

For feA™ let fifI5, = [IfI°(1 —le))°dwdy. The space A ig called the
[

Bergman space and has been mvestigated in detail by Horowitz [2], [3]
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Let o be the surface Lebesgue measure on dB. We define the Hardy
space

= {f, f: B—C iy holomorphiec and sup f{f(wz)]”do(z)< 00}.

HP(B) I<r<l anr
By using the polar coordinates it is easy to check thg following
PrOPOSITION 1. We have g € H?(B) iff for every Ae 0B the function
2:(w) = g(Aw, ..., Lw),w e T, belongs to AP, n > 2.
Now let us recall the Hardy inequality. Let h e H*(U) and h(z) =
= Zockz’“; then %} lepk™t < 400, see [1]. Now we ghall give an anal-
k=

oguous inequality for g e A",

ProrosrrioN 2. If g e A" (n = 2) and g (2) =

Sa 2k, then %l%lk_"
< +-o0. .

Proof. Denoten —2 = a. Following the proof of the Hardy inequality
given in [1] we first assume that a, >0, Vi Now

) = Yaymsinmb, 0<r<1.

m=1

Tmy(re
Hence

0 o
D m 7, < (1)2) f lg(re®)|d0.

m=1

Multiply both sides of the last inequality by (1 —#2)% and integrate over
(0,1). Then. we have

Zm—la f ™ML =13 rdr < (112)lgl, -
m=1
But
1
[r™(1 —r2rdr > C,m'="  for a certain ¢, and m=1,2, ...
Thus
N ‘
(%) Cy D @™ < (112) gl

m=1

If g e AM* is arbitrary, then by Theorem 1 of [3] there exist 1y 5 € AP°
such that ¢ = g,9, and

(g, allgalle,o < Dallghy,e

icm
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10
ot
~

where D, does not depend on g. Let

?) = Zbkz’“, = chzk.
5 &

Then
= Efbﬂzk: G, = 2 legl2®.
] : %

also belong to 4** and 19s0z,0 = 1Gslloyer 8 =1, 2. Put H = ¢4G,. Then
H e A%, But

.
H = Z dy, 2",
%

Applying (x) to H we have

Gz 0 and o <&, Vk.

D k< Y @k < 0, =],
ke k
Since
1H e < 16l,oGalls,e = gl allgalle,e < Dallglly,as

and so the proof is complete.

Before we proceed further let us recall the above-mentioned result
of Mlak [5]. Let T be an operator in a complex Hilbert space H. Assume,
that (I —eT) e, y),2 e U, belongs to H'(U) for every 2,y € H. Then

7(T)<< 1, where (7T is the spectral radius of 7. Mlak’s result extends
an earlier theorem of Lebow [4]. Here is a generalization of Mlak’s theorem
o higher dimensions. Let Ty, ..., T, be a system of commuting operators
in H. First of all note that the followmg extension of the above result
is obvious.

n
IF (]Y(I—-ziTi)"lm, y) e HY(T™, then r(T)<1,i=1,...,n

Thls is immediate by Mlak’s theorem. But we also have the following
generalization:

PROPOSITION 3. Let Ty, ..., T, be a commuting systerm. of operators in
a complew Hilbert space H, 9L>2 Asswme that (M(Z T)™"m,y) < H*(B)
Jor every x,y e H. Then

o(Ty, ..., T,) = B,

where o(T, ..., T,) denotes the Taylor joint spectrum of T, ..., T,.
Proot. By Proposition 1 we have -

(M (2, T)"w, y) € H'(B) = V& e 8B, (I (£ wT)"a, y) A2,
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But it is clear that

¢(Tyy ..., T,) = B=YEec OB, r (2 £T)<1

Fix &ecoB and let T, = S&T,. We know that ((I—wTs) ™"z, y) e AV,

Suppose that there existya 4 e U and 4 € ¢(Ty). Put §; = 2T, We havo
1eo(8y) and ((I—w8) "»,y) e A2, Since

Z (":k 1) (wSE)’”m, 4/)

Jo==1

(T —wS)™a,y) = (

applying Proposition '2 we can write
. : nft+k—1 w‘ (T —
‘(k;'k ‘( 1 )S m,y)‘ 7‘;‘(70 ( )S{,a,,y)‘
<M,,< +oo,

Hence the sequence of operators

R = ‘S1k__n (n—l—h-—-l) g
LA n—1 |7%
k=1
is bounded in norm, ie., [Bjl< M < ~oo0,8 =1,2,.
Denote by £ the Banach algebra generated by S, and I. Then there
<xists 'a 7 eSp# such that #(S:) = 1. Hence [n(R,)| < |Rl< M,s
=1,2.

But on the other hand

) = S (T st = ()

k=1

X sv 8

>PEE = 3BT, s =1,2,...
k=1 k=1

‘This contradiction completes the proof.

Remark 1. It is clear that the same result also holds for an n-tuple
-of commuting operators in a complex Banach, qpace

Remark 2. Proposition 3 can be extended to more general domuing
in C% as a result of cerfain integral formulas, but this will be shown in
.another paper.

Note added in proof. Applying a method of Nikolski we have extended tlhe above
wesult to a more general context (to appear in Bull. Acad. Polon. Sci).
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