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tels que:

En fait, {5 a alors aussi une infinité de podles simples en les s;—¢(s). T
serait intéressant de savoir si ce résultat est encore vrai si on impoge de
phus & {p de ne pas avoir de poles sur le demi-plan Re(s) > G saufens = 1,
ot méme d’étre méromorphe sur € avee un seul pdle, en ¢ == 1.

Enfin, le lemme 7 permet d’utiliser des exposants non entiers, donc
e limiter la possibilité de prolongement de la fonetion exp (Hy. ,). On ob-
tient par exemple :

THEOREME 3. Soit U B tel que U = U e que UUD soit ouvert
simplement conneze. Soit B une partie fonctionnelle finie de &(U), telle que
B = E. Alors il ewiste 2 ¢ T.N.P. tel que :

— UuZ est {a-maximal ;

— B(s, U) = B
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An improved upper bound for G(k) in Waring’s problem
for relatively small &

by

R. BALASURRAMANIAN and C. J. Mozzoort (Prineston, N.dJ.)

1. Introduction. In [3] K. Thanigasalam established the following

TeEoRES 1. 6(k) < 2[ds+114[4,+1] if k> 2 whers

1
A= —log(.?»k)log*lﬂ, A, = —log(Bk)log=8 and 0 = (I—I)

Tn this paper we improve this resulé by establishing the following

THEOREM 2. G{R) < [24,+4,—4] if k=2

Tor k<20 Theorem 2 is -established by comparison with known
regults. In partzcular, for & < k < 9 confer [6]; for 9 <% < 20 confer [4].

Tt iy easy to seo from the fact that 24,+ 4, is transcendental that
to establish Theorem 2 for & > 20 it is sufficient to establish

THEOREM 3. G(k) < 2(4,+3) 4 (4, +3)— {24+ 4) if b>20 where
2, and Ay are chosen such that A, —A, and Ay — 1y are integers, 2A5-- 24, < 14,
DA, + Ay is mamimal, and [A] = 4.

Theorem 3 is established by combining the admissible exponents
introduced in [5] with the cirele method construction introdunced in [4]
together with a careful estimation of the coefficients and the error terms
in the Taylor polynomial expansions of two relevant functions.

2. A proof of Theorem 3. Let
3 a ’
B8 BT2 hs (61, 990 in [5])

() FO) = prp e
and let '
(2) g = A+8—4 and s =A,+3—%.

By the construction presented in [4] to establish Theorem 3 it is
gufficient to show

—1 1/ 1 -
(3) _ f(sg)-l- (Zk l)f(s)<§_(2k—-1) 1f k> 20,




iom

By direct calenlation it follows that it is sufficient to show if % > 20
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(4) A RO T A (B 0 A, () 6T T < P2k R
where
(5) Ay (F) = B —3E -+ 17 3-6F,
(6) Ay(k) = 4%* 10K — 3k 17k -+ 2,
(7) A(k) = —3F-18%2.
Clearly,
() AR T < A0 () [ om0 < (— 3541
3%k )\ 6k A :
Let .
_ A(A+L) | AA4D(A+2)
) P ) = (1 4+ 2 4 ZEEER),
(1) Rk, 2) = 07 —P(k, 4),
(11) 8k, 1) = BRI, 7).

Tt is easy to see (since A, < 6 and 1, <5)

Sk, %) _S@o, 8y T :
k;_ < (k; )<—3 it k> 20.

(1) R(k, 3) =

=

Hence
1 . 1 :
{13) Aﬂ@(“ﬁ“)R(ka Al)'}'AE(k)(EE)R(k’ AT i Ex>20.
By direct calculation it folows that

(14) (k)( )P(L I)+A, (Ia)( L )P(]a A3)

= A B+ AR+ Ak A+ =2 A +£t_g‘ + ‘E;.:O "*'“é]:il';

where the A, for 4> 4 are funetions of 4; and 1,.
']?]:Ee hypotheses imply that 3<<4, <6 and 4<1,<5. These in-
equalities and the fact that 24,1, < 14 imply

(15) A,<1, (16) A.<2, {7 A4
(18) 4,<1/3, 19) 4,<
(21)  Ap<217,  (22) Ay,

A
&
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Theorem 3 now follows from (4), (8), (18), (14), (18), (16), (17), (18),

(19), (20), (21), (22).
We would like to express our sincere appreclatmn to Professor

R. 0. Vaughan for calling our attention to [4].

References

{11 H. Davenpork, On sums of positive integral b-th powers, Amer. J. Alath. 64 (1942),
Pp. 188-198,

{2] H. Davenport and P. Exdds, On sums of positive infegral k-th powers, Apn.
Math. 40 (1930), pp- 533-536.

3] K. Thanigasalam, On Waring's problem, Acta Axith. 38 (1980), pp. 141-135.

{41 — Rome new estimaies for G(k) in Wering's problem, ibid. 42 (1982), pp. 73-T78.

[5] R. C. Vaughan, Homogencous addilive equations and Woring's problem, Acta
Avith. 33 (1977), pp. 231-253.

{81 — A survey of some imporiant problems in additive number fheory, Soc. Math.
de France. Astérisque 61 (1879), pp. 213-222,

{71 — The Hardy-Litlewsod Meihod, Cambridge University Press, 19281.

INSTITUTE FOR ADVANCED STUDY
Prinecton, N.J. 08540, 11.8.A,

Received on 30. 8. 1982
and in revised form on 20. 1. 1983 ’ (1316)



