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Note also that a sequence {x,} in X converges to u iff it converges to u in p-
) topolc;gy fﬁr a]{@pe@’, or equivalently, the numbers p(x,, u) converges to
zero for all pe?. For x, yeX, x # y iff there exists some pe# such
p{x, y) > 0. : ! -
Now we shall present an extended form of Theorem 3.

THEOREM 4. Let X be a Hausdorff topological space and # a Jamily of
pseud_cwfmetrics which generate the topology on X. Let T: X —X be
mapping such that for each ueM and ped there exists an open s hera
Sy (u, r, () such that x, yeS,(u, r,(u) with p(x, y)> 0 implies wphere

p(Tx, ) <p(x,y) and Tx, TyeS,(v, r,(v)
Jor some veX. If lim T"ixeM for some xe M and
i—+ oo

) inf p(T", T"*1x) = 0

n>0
holds for every pe P, then the set of fixed point of T is non-void.

Proof. Let p be any member of 2. If i

. If in the proof of Theorem 1
rep{ztif:e d (x, y) by p(x, y) and r(u) by r,(), then by (7) we may chooscwz
positive Integer m such that p(T™x, T™"'x) < 4r,(u) and (as lLim T"x = u)

T™x, T"*'xe§,(u, r,(u). e

(mFollgvgng 'argqments given iI} the proof of Theorem 1 we obtain that
p g, u) = 0. Since pe# was arbitrary, it follows that p(Tu, u) = 0 for all
pe?. Therefore, Tt =u and the proof is complete. ’

'
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Weak-chainability of tree-like continua and
the combinatorial properties of mappings

by

T. A. Moebes (Houston, Tex.)

Abstract. In 1951, R. H. Bing mentioned the question of the existence of atriodic tree-like
continua which are not chainable. In 1972, W. T. Ingram constructed an example of an atriodic
tree-like continuum with positive span which is not chainable. A. Lelek introduced the notion of
weak chainability and characterized it by the property of being a continuous image of a
chainable continuum. A. Lelek introduced the concept of span and proved chainable continua
have span zero. The question of Ingram’s example of 1972 mentioned above being weakly
chainable was mentioned by W.T. Ingram in 1976.

We present a theorem in this paper that gives sufficient conditions for a continuum
expressed in terms of inverse expansions in finite trees mnot to be weakly chainable. Since
Ingram’s example given in 1972 was obtained as an inverse limit on simple triods, our theorem
is applied to show that this example is not weakly chainable. The argument given is not span
dependent but' does, however, depend upon the combinatorial properties of the bonding maps
of the inverse system in question.

1. Introduction. In 1972, W. T. Ingram [1] constructed an example of an
atriodic. tree-like continuum with positive span. This example in [2] answered
the question mentioned by R. H. Bing [1] of the existence of -atriodic tree-
like continua which are not chainable. A. Lelek [4] introduced the notion of-
weak chainability and characterized it by the property of being a continuous
image of a chainable continuum. A, Lelek [5] introduced the concept of span
and proved chainable continua have span zero (p. 210). The question of the
continuum given in [2] being weakly chainable was mentioned by W.T.
Ingram in [3]. In this paper we give a theorem that gives sufficient
conditions for a continuum expressed in terms of inverse expansions in finite
trees not to be weakly chainable. Since the continuum given in [2] was
obtained as an inverse limit on simple triods, our theorem is applied to show
that the example given in [2] is not weakly chainable. The argument given is
not span dependent. The argument does, however, depend upon the com-
binatorial properties of the bonding maps of the inverse system in question.
The bonding maps between consecutive factor spaces do not necessarily have
to be identical for the main theorem in this paper to apply.

This paper makes use of the results given in 1963 by J. Mioduszewski
[6] for a compact metric space to be a continuous image of another one
expresséd in terms of inverse expansions in polyhedra. This paper also makes
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use of the results given in 1966 by Whittaker [7](*). The theorem used from
[7] states that if fis a continuous real valued function that does not change
sign, f(0) =f(1) =0, and f consists of a finite number of strictly monotone
pieces, then there exist continuous mappings @(t) and ¥ (t) from [0, 1] onto
[0, 1] such that

1) B(0)=0,8() =1, (0 =1, y(1) = 0, and

2) f{B@)} =f{¥ @)}, for each t in [0, 1].

Throughout this paper if f and g are functions fog(x) and fg(x)] will
be used: interchangeably.

Throughout this paper the term mapping refers to continuous function
and d denotes the ordinary distance function in the plane. A continuum is
said to be weakly chainable if it is the continuous image of a chainable
continuum. For inverse limits, the conventions of [2] are used.

The example given in [2] and how it satisfies the hypotheses of Lemmas
I and II of section 2 and the main theorem of this paper, Theorem 1 of
section 3, is given in sections 4 and 5 at the end of this paper.

2. Results concerning property W— U. In this section, certain lemmas are
developed which are used to prove Theorem 1 in section 3.

Thn:oughout this section Y; and Y, denote finite trees, {G,}f.,, pel®,
p>2, is a sequence of points lying in ¥;, G, G, lie in an arc V lying in ¥,
such that no point of {G,}’-5 lies in ¥, and ¢ is a positive number which is
less than $min{d(G;, G): i #j}. Also throughout this section X, and X ;
‘denote [0, 1], f denotes a mapping of X, onto X;, g denotes a mapping of
onto Y;, &; denotes a mapping of X, onto ¥, and @, denotes a mapping of
X; onto Y; such that the diagram D defined by

x, & x,
%) 19
Y &y,

is is-commutative. Also throughout this section I 1> {2, ..., I, denote
mutually exclusive closed intervals lying in Y; containing Gy, G, ..., G,
respectively, such that if m and n are in {1, 2, ..., p}, then d[I,, I,]>e.

DEP:INITIOl\‘I 1. Suppose that v is a positive integer greater than two and
{P;}{=1 is a finite sequence such that for each i, 1 < i < v—1, Ps P;y,. The
statement that {P,}., has property W—U (property W—U extended) means
. there is a positive integer k, 1 <k < v, and two sequences of positive integers

(*) This theorem was known earlier: T. Homma, Kodei Math. Seminar 1 (1952), pp. 13~
16; see also R. Sikorski and K. Zarankiewicz, Fund, Math. 41 (1954), pp.'339—344.
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{a()}i=1 and {b()i=1({ad}i=o and {b(}i-o) where is a positive integer

greater than one, such that each of the following is true:
 Loa()=k-1,b)=k+1,
(1. aQ) =k—1, b(1) =k+1, a(0) =k, b(0) = k.,)
2. la(i+1)—a(@) = b+ 1)—b@ =1 for 1< i <t-—1,
2. la(i+1)—a@) = b({+1)-b) =1 for 0<i<t—1)

3. Py = Py for 1Si<t, and
(3 Pa(i) = Pb(i) for 0 \<\ i < t,)
4, a(i)<b() for L<i<y,
(4. a() <b() if a@® #k#b(d),0<ist, and,) .
(5. a(i) = b() if and only if al) =b@H) =k, 0<i<t) -
If the sequence {P;}’=, has property W— U, (property W— U .extende_)
then P, is called the starting point, Py is called the .left—ﬁmshmg point, 1.-",,(,). is
called the right-finishing point, {a()}-1{a@}i=0) 15 c.allfed the left-winding
sequence, and {b(i)}i=1 ({b(D}i=o) 18 called the right-winding se-quence. .
Lemma 1. Suppose 1y and I3 are mutually exclusive close.d intervals lying
in Y, such that Q, is in I, g[I1] is a subset of I, anfi q[I’z’] is a subset o_fI.,,.
Then if P, and P, are in X, f(Py) =f(Py), @;(Py) is in I}, and @;(Py) is in
% then h=k, 1 <h, k<p. ‘ 7 .
Proof. Suppose h # k. By hypothesis, d[&; (F(P)), g(Qj'(Pl))] < 4¢ and.
a[g(8,(P2), B (1 (P)] < 3o Since f(P)=1(Pa), d[9(0,(P), 4(2)(P)]
< ¢. However, g(@;(Py) is in I, and 9(,(Py)) is in I, which contradicts
d(l,, I} > ¢. This completes the proof of Lemma L
Remark. The statement of Lemma I remains true if X; and X; denote
any interval of real numbers. Lemma I requires that we assume only
Js-commutativity on the set {P,, P,} with respect to the diagram D.
DerFinion 2. Suppose {P;}I-, is a finite sequence such that for each
i, 1<i< V-1, P, # P;,,. The statement ‘that {P;}/=; has genera.hz'ed pro-
perty W—U with respect to two sequences of positive integers {a(i)}i-, and
{b(i)}{~, means that ‘
D) a@)=k b(l)=k 1<k<Y, )
2) laG+1)—a@l & bG+1)—b@) =1 for 1<i<t—1,
3) Py = Py for 1<ist,
) < b() for 1 i<t '
‘;f)t‘;'l(el)sequ(czlce {P;}I-, has generalized property w-U th'h respect to
{a()}i=; and {b()}i=, then P is called the‘ starting point, Fa(n is callc‘(ii tge
Lifinishing point, Py is called the R-finishing point, {.a_(i)}i=1 is called the
Lwinding sequence, and {b()}iy is called the R-winding sequence.
Lemma II. Suppose -
. 1) {Q;}; is a finite set of points ly_ing in an arc»DH wh?ch is a subset of
Y, 01 <Q3 < ... <Q,, inthe order from D to H, ¢(Q) is in {G;}{=1, 1 <i
<n, and g(Q) #g(Qisy) for 1 <i<n—1,
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QI I, .., I,y and I, are mutually exclusive closed intervals lying in

ﬁHzand containing Qy, Qs ..., Qu-y and Q,, respectively. Also, if e is in
{ ;1}, n} and g(Q.) =G, for u{l, 2, ..., p} then g[I,] is a subset of I,
and if x is in DH and g(x) is in I, u in {1,2, ..., p}, then t i in
11,2, ..., n} such that x is in I, tho %o P then there exists o in
, <3}) There is a finite subset (P}, of X, such that m3>3

y<Py<..<P, P=0, P,=1, 0=f(P,) =f(P i< me1,

H n » - » JO 1< -

1) £ 10 and - o L] = (R S ST

4) O;(Py) is in I} and for each i, 1 <i<m, 9,(P) is in L"} I3,
=1

5) If &;(P) f's m II,’,, I1sogn 1<<ig<m, then 9;(P.y) i; not in I,
6) If Gy(Pyisin I, 1<vo<n, 1<i<m, xis in X, such that P, <v;c
. n
<Pusfor1<i<m—1, and @(x) isin | I, then Dy(x) is in I, U I, where
PR ’ =
QJ(PH,) is in I, 1< v, w< n, (note w =11J+1 or w=v—1)
g(o)j;hgn g)lthere are two mappings @ and Y from [0, 1] onto [0, 1] with
posml; X m;, )= 1,. YO =1,¢y(1) =0, an increasing sequence {t,}., of
postine m;V e(;s w.tth ty =0,. tk‘<f1, such that the sequence {f(p)}l., has
- SingyPOin:f(P»;»tt}‘: hl;f:ﬁgg};mg llllzoi)nt gPl), right-finishing point f(P,,),
arti AR W) = Y () = Py, and respectively, left-and right-
vimlzalmg sequences {a(i)}};l and (b))}~ where B(t,_;.1) =P ! vt i t)
= ,,g)f{)r 1each LI<i<k=1, and 1 <a(l), b(i) < m, and oo ¥
foote 1[) <;o§gk—1 and S is the sequence fo@(ty), ..., o Oty ens 1),
fm//(tk—h), cees (tx-1), foB(t) =foy(ty), SoU(temv)s v, FOU (tymni 1))
proper,;_ K ;/V_, J o a/z.(tz), fo u// (t‘.)’ then the sequence {g(Q)}"-, has gener(alizzed,
proper y - with L-ﬁn.lshz.ng point g(Quu); R-finishing point g(Q )
e g P “t’?th g’((Qi)i) L-winding sequence {a'(i)}}*}, R-winding sequ;xz;
i=13 a = i is i . ?
B (pogy) is in I, 1 <i <v}fl) :)nlzie rZ’(gjg)l‘;(’ii)i)ls_lri e iy ol where
) is In Lo 1 =5 where ©)(P,) = @,[@(t)]
Remark. Condition A) of the co i
n nclusion of Lem
assume only condition 3) of its h i i
_ ypothesis and that f'is a mappi
X;. Furthermore, since Lemma I requires that we a;)s?ll::i Oi)r)fl;on;tg

o . .
mmutativity on the set {P;, P,} with respect to the diagram D, Lemma II
H]

rcquires that W€ assume Oﬂly utat .V.‘ y o m
£-Commu W'
v . % 1V1 n the set {Pl}lgl lth

Proof. First, a proof of A) fs i
X given. Let F be a pi ise li
E))éal]] eo?to [0, 1] such thz?t for each i, 1 <igm; Il);(:;?)w.l-.s;’(l;’n;a;nglaep olf
o fP.}")'( rerz;?hvalue of. F is in {f(P,')}}'Ll, and such that F"{OF{P"}E}“c
: alt ; ,; L olﬁtp t}here is rsuch a piecewise linear map F having the pro;l)e:‘zt1
- Pufzy = {PJiL, follows Sthesi pat
PO (P = (R e Olows fom - the - hypothesis

ma II requires that we

icm

233

Weak-chainability of tree-like continua

By a theorem of J. V. Whittaker [2, Th. 1, p. 1], there exist two
mappings @ and ¥ of [0, 1] onto [0, 1] such that 3O =0, B(1) =1,
Y(0) =1 and (1) =0, and for each t in [0, 1], F[9(®1=F[¥ ()]

Let t; < 1 be the first number £ in [0, 1] such that @(1) = ¥ (1). There
exist a positive integer k > 2 and a finite set T={ty, tz, .., 1} of positive
numbers such that

1) tl = 0: .

2) t,4q is the first number t in [0, 1] after ¢, such that t < tg, @(t) is in
(P, and @(1) # D), n<k—1.

It follows from the properties of & and ¥ that

1) If ¢ is in [0, 1] and t <tg then B() < (1). Since F~'oF({P}/z1)
= {P}r, and F(@()=F(y() for each ¢ in [0, 1], it follows that if
1< n<k, then ¥(t,) is in {P}jt;. v

Since 1) F(B (1) = F((9)) for each ¢ in [0, 1], 2) F(P) # F(P;4y) for i
in {1,2,...,m},3) Fisa piecewise linear map, and 4) if tis in [0, 1] and
t < tg then @(r) <y (t), we now prove that if @(tg) = ¥ (tg) = x, then F(x) is
a local extrema value of F. Suppose that F(x) is not a local extreme value of
F. 1t follows from the fact that F(x) is not a local extreme value of F and
from 2) and 3) above that there is an interval I < [0, 1] containing x such
that if y, and y, are two numbers in I then either F(y,) < F(y2) or F(yz)

< F(y,). Since @ and y are continuous functions, there is a number t; in
(0, 1), t, < tg, such that both @(t,) and Y (t,) are in I. Since t; <tg, a(ty)
< (). Thus, F[@(t)] < F[y ()] or F [D(t,)] > F [y (t5)]. However by 1)
above F[D(t;)] = F[¥(t;)]. This contradiction implies that F(x) is a local
extreme value of F. .

Since by construction the set of -all local extreme values of F is a subset
of F{P},, it then follows from the fact that F(x) is a local extreme value
of F that there is an integer s in {1, 2, ..., m} such that O(te) = Y (tg) = P,.

We now prove that t, = t;. Suppose that 1, < tg. Now @ (t) = B(tp)
because otherwise t, is not the last number in T Thus, &(t) = S (tg) =V (tp)
= P, where s is in {1,2,..., m}. Let g be the positive integer, 1 <g<m,
such that y (t) = P,. Since @(t) <y (t) and {P,\n, is an increasing sequ-
ence, g > s. Let t, be the last number ¢ in (0, 1) such that f, <t <ty and
Y(t) = Pyyy. Since F-loF{P)r, = (P}, B(t)=P, for ¢ in
{1,2,...,m}. Now g =5 for otherwise t, is not the last number in-T. Thus,
since F[y(t)] =F[O(t,)], it follows that F(P,.,) = F(P) and this con-
tradicts the fact that F(P) s F(P,,) for iin {1,2,..., m}. Thus t; = tg.

From the properties of {t,}-; and the continuity of @ and it follows
that

M IfL<n<k, B(t,) =P, ¥(t) =P, B(t,+1) = Py and Y (tyry) = Pr
then |[L-M|=1and I-T|=1,1<LI, M, T< m. We now complete the
proof of A) by showing: .

) 1< h<k=1,if @(-4) = Py if Y (te—n) = P, and if S(t) =¥ (1)
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=P, 1<g,q,s<m, then the sequence §' =F(Pyy),..., F(P), F(P,y),...
coes F(P), F(Peyy)s -oos F(PY, F(Py1y), . F(Py) has property W—U with
left-finishing point F(P,), and right-finishing point F (Pp), left-winding
sequence {a(i)}-, right-winding sequence {b(i)}/~, with each a(i) defined as
the positive integer v such that @(t,_;) = P, and with each b (i) defined as the
positive integer u such that () = P, 1 <i<n.

That III) is true is shown by induction on h. Let h=1. Let the left-
winding sequence be a(1) = s—1 and the right-winding sequence to be b(1)
=3s+1. It follows by use of I) and II) that g =a(l), g = b(1), and the
sequence f(P,),f(P,+1), f(P,+,) has the property of statement III) being
satisfied for h = 1. Now suppose that h+1 is the least positive integer less
than or equal n for which III) is not true. Consider the sequence §'. Let

ﬂ(tk—(h+1))=Pg" Bte-n) =Py, Bt)=®)=Py, Y(ti-grsn) =P, and
Y(ti—w) = P,. Since II) is true for h the sequence F(Py),...
s F(Py), ..., F(Py), ..., F(Py), ..., F(P,) has property W—U with Ileft-

finishing point F(P,), right-finishing point F(P,), starting point F(P,), left-
winding sequence {a()}/,, right-winding sequence {b(i)}{., with each a(i)
=v(i) where @(f_;) =P, and with each b(}) =u(}) where Y(t,_,)
= P, | <i< h. Using II) it follows that |g—g'| = 1 and |g—¢'| = 1. Define
{a"()}12{ such that g = a”(h+1), and for each 1 <i < h, a” (i) = a(i). Define
{{J”(i)}?:f such that g =b"(h+1), and for each i, 1 <i<h, b"()=b().
Since fr‘om D), Py= B (ty—ns1y) < Y (te-ws+1) = P, and since P, < P, < ...
<P, it follows that g = a"(h+1) < b"(h+1) = q. Thus, since F [P+ y,]
= F[Pyns )], it follows that {a”()}}2} and {b”()}/Z{ are, respectively, left-
and rlgh.t-winding sequences for the sequence F{(P)}"~, to have property
W'— U with left-finishing point F (F,), right-finishing point F (P,) and starting
point F(P;). This involves a contradiction with the definition of h+1, and
III)' follows. Part A) of the conclusion of Lemma II then follows from IiI) by
let.tlng h =k and the fact @(t;) = Py, Y (t,) = P,, and F(P) = f(P) for each
iin {1,2, ..., m}.

The Proof of B) is given by induction on h. First let h = 1. Case 1 v(for h
= 1). Suppose @(P,) is in I, and @(P,) is in I,, 1 < e < n. Then define
a'(l) = b)=y¢, a_’*‘(,;‘) ; (e = b'(2). Thus, the conclusion of B) follows for this
case since: §' =et1, B(tx—y) = Py, ¥ (ty-1) = Pyt), By(P is in I,
B (Pyr) s 10 Zigry, Quisy = Queeys and Ly, = Ly Case 2 (JfS)ra(hl)L 1). Supgé)se
D(Paqyy) is in I, B;(Pyyy) is in I}, 1 < a, b<'n, and a 5 b, It follows by the
use of Ircmma I that g(Quu)) = 9(Quy) With v(1) = a and u(1) = b. Thus,
define a'(1) = V()=+5,d(2)=a, and b'(2) = b and the conclusion of part
B) follows since for this case s’ = a+1. @(t,_;) = P,y and Y (ty- ) = Pyyy.

Nf)w suppose that h+1 is the least positive integer less than or aqua(l )n
for which B) is not true. Since B) is true for the positive integer h, {g(Q,)}
has generalized property W—U with L- and R-winding sequences {a’(j)}!
and {b'(i)}{-, such that the other conditions of the inductive hypothé:ils
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follow as in the conclusion of B). Also, @;(Puu+n) I8 in JIypu4yy and
B (Pyn+1) Is in L+ 1y

Case 1. Suppose u(h+1)=v(h+1)=M, 1 <M <n. Then define
a(h+1) =M = b (h+1). Since a'(h+1) = M =b'(h+1), using {a' ()32} as
the L-winding sequence and {b'(i)}Z! as the R-winding sequence, it follows
that B) is true for h+ 1. This involves a contradiction so that for Case 1 part
B) is true

Case 2. Suppose u(h+1) #o(h+1).

From part A) of this lemma, it follows that f(Puu+1) =S (Popr+ 1)
therefore, by Lemma I, g{Quu+1) =9(Qun+1y) Thus, define a'(h+1)
=v(h+1) and b'(h+1) = u(h+1). Using {a’()}}={ and {b'()}I] as the L-
and R-winding sequences, respectively it follows that B) is true for this case
for h+1. This involves a contradiction so that for Case 2 part B) is true.

Thus, part B) follows. This completes the proof of this lemma.

Lemma IIL Under the hypothesis of Lemma 11 if a) &;(P,) is in I,
1 < ¢ < n, then the sequence {g(Q;)}l=; has property W—U with lefi-finishing
point g(Qy)-

Proof. By hypothesis @;(P,) is in I}. It follows by letting h =k in part
B) of Lemma II that the sequence {g(Q)}/~ has generalized property W—U
with L-finishing point g(Q,q,), R-finishing point g(Quw), starting point g(Q,),
L-winding sequence {a’(i)}*{, and R-winding sequence {b'()}}Z{, as defined
in the conclusion of part B) for k= k.

It follows from part A) of Lemma II that @ (t;) = P,y = P, = 0. Since
B, (Pogy) = B,(Py) is in Iy, Quy s in Iy, (Py) s in Iy, and Qy is in Iy, it
follows that I =I; and Q, =Q;. Thus, the sequence {g(Q)}-, has
generalized. property W—U with L-finishing point g(Q), R-finishing point
9(Qup) =9(Q.), L-winding sequence {a’ ()}, and R-winding sequence
{b'()}rd. Since 1=wv(k) #u(k)=c, there is a positive integer E, 1< E
< k—1, such that E is the last positive integer L such that o' (L) =b'(L) and
L<k. Consider the subsequences {@'()}iZ4,, and {b*()}fZ4,, of the L- and
R-winding sequences {a'()}fri and {b'()}2{, respectively. Define H =
(k+1)—(E+1)+1=k—E+1. For each i, 1 <i < H, define a"(i) = a'(E+1)
and b”(i) = b (E+i). We now prove that the sequences {a”()}iL,; and
{b"()}L, define left- and right-winding sequences for {g(@)}-1 to have prop-
ety W—U with left-finishing point "g(Qy) = g Qug+1)) = 9(Qavemy), right-
finishing point g(Q.) = g(Q@yq+1) = 9{(Qarp) and starting point g(Qax)-

First consider 1) of the definition of property W—U. Now a”(l)
=a'(E+1) = a (E)—1 for if a'(E+1) # a'(E)—1 a contradiction to the defi-
nition of E exists. Similarly, b"(1) = b'(E+1) =b'(E)+1. The rest of 1} is
clearly satisfied.

Now 2) and 3) of the definition of property W—U are satisfied because
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these conditions exist in generalized property W—U and {a'()}fZ{
{b' ()51 determine generalized property W—U on {9(Q)}=1.

Now consider 4) of the definition of property W—U. By way of
contradiction suppose there is a positive integer J, 1 <j< H, such that
a"(j) > b"(j). Now Q; = Qg = Qar(m)- Thus, there exists a positive integer
E'>E such that &' (E) =b'(E) and E'<k+1. But this contradicts the
. definition of E. Thus, 4) is satisfied, and Lemma III follows.

and

CoROLLARY. Suppose the following changes are made to the hypothesis of
Lemma I ‘

a) Hypothesis 3) of Lemma 11 is replaced by: 3'), there is a finite subset
(P, of X, such that m>3, Py <P;<.. <Py, J(P) #f(Piyy) for
1 <i<m, either if x is in [Py, P,] then f(x) =f(Py) or if x is in [Py, P,,]
* then f(x) <f(Py), and F ~*of ({P}IL,) = {P;}/=1 where [ is the restriction of f
to [P 1> P m]' .

b) Hypothesis 4) of Lemma 11 is replaced by: 4), there is a positive integer

n
d, 1< a<m such that @;(Py) is in I, and if 1 <i<m, B;(P) is in xU Ii.
=q

¢) In the statement of Lemma I, “1 < ¢ < n”, is replaced by “a < c < n”.
Then the sequence {g(Q)}i-q has property W—U with left-finishing point
g9 (Qa)' ' E

3. The Main Theorem. In this section we give Theorem 1 that states
sufficient conditions for a continuum expressed in terms of inverse expan-
sions in finite trees not to be weakly chainable.

TueoreM 1. Suppose

1) Y= I:E{Y,,, gr, I} where each Y, is a finite tree and each gy is a
mapping from Y, onto Y,.

2) There is a constant number § > 0 such that if L is a positive integer
there is a sequence of points {G,}¢~y, ael*, a > 2, lying in Yy, two points Oy,
=G, and C, = G, lying in an arc V lying in Yy, such that no point of {G;}{=3
lies in Vi, and min{d(G;, G): i #j,2<i,j<a}=8.

3) If Lis a positive integer there is a positive integer n, n > L, such that
there is a_sequence {Q}}<y, bel*, b > n, of points lying in an arc W, lying in
Y, and a finite increasing subsequence {m(i)}l~, of {1, 2, ..., b} such that Q,
<@, < ... <Q, with respect to some order in W, and if j is a positive integer,
1<j<n, 8 = {g1(Qmyp) 91 Qmiy+1)s +--» L(0y)} then

1) 8 does not have property W—U with left-finishing point Q. the first
point in 87, :

-+ 2) for each i, 1 <i<n, g(Quy) =Cy,
3) ghw, ({Qi}1=1) = {Gi}i=1 — {01} = {G}{=, — {G,},
(gﬁw,,)—1 OGTiw, x({Qi}?= ) =A{Qi}l=y, and :
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&) between each Q; and Q;,1, 1 <i< n, there is a point X; such that
gi(X)) = 0y = Gy,
5) between each two points in {Q;}'-, thrown by g% to C, = G, there is
at least one point in {Q;}!., mapped by g} to some point in {G;}{=3.
Then Y is not weakly-chainable.
Proof. By way of contradiction suppose that there is a mapping of X

I
onto Y where X = {X,,f;", 1} is the limit of an inverse system on
intervals. It follows by Theorem 1 of [3] that there is an infinite diagram D

of the form:
@

2 3 k
-1 I3 Se+1
Xie— X, — . X/ Xprr -

ﬂll ‘GzJ Qk’ Gk+1J
3
H 2 v %1
Y, ¥—71, — Y — Yy

and if ¢ > O there is a positive integer n such that if m is a positive integer
and m> n then the subdiagram

X
ﬂ 1
n
Y,
i$ s-commutative.
Suppose ¢ is a positive number and ¢ < imin{d(G;, G): 1 <i,j< a},
and.Lis the first positive integer such that the subdiagram D,,

m
In

—
n

e

%]
m
4

—

s

I
X, «

o }
oL

Y, ———

m

X
lg

m
Y,

of D

1 &/16-commutative, m > L. ;

The following statement follows directly from the fact that @, is
uniformly continuous.


GUEST


238 T. A. Moebes

I) There is a positive integer N such that there are only N closed
intervals each lying in X, such that
1) The interiors of any two of them are mutually exclusive, and

7) The @;-image of any one of them is the subarc G} G5 of V;, where G}
is in Vg, Gy is in Vg, d(Gy, GY) =&, and d(G,, Gb) = }&. Also denote O
=Gy and Cp=Gj.

Define n to be the least positive integer greater than or equal to N+ L

“ such that there is a sequence {Q;}}=y, bel *, b >n, of points lying in an arc
W, lying in Y, satisfying all the conditions given in 3) in the hypothesis of
Theorem 1. "

There are points Z, and Z, in X, such that @,(Z,) = 0, and 9,(Z,)
=0y, 9,02, Z,)) = 040, and Z; < Z, in [0, 1]. The following statement
follows by induction.

II) There exists a finite sequence {P;}{=,, kel™, of points lying in Z;Z,
such that k>3 and .

1) P,=Zy, P, =2,

2 If 1<i<k—1, and B,(P)=Q, 1 <j<k, then Py is the first
goint P in Z,Z, after P, such that &,(P)= D)1 or G,(P)=0j-y.

Since g}, is uniformly continuous and {0}, is finite:

. 1) for each i in {1,2, ..., a} there is a closed interval I; of length te
lying in Y; and containing G, where nI;= @, for i #j, 1 <i,j<a, and

2) there exists a set {I;}2-; of mutually exclusive closed intervals lying in
W, containing {Q;}2-,, respectively, such that if e is in {1,2,..., b} and
g1 Q) =G, for u in {1,2,...,a}, then gi[I] is a subset of I, and
furthermore if v is in {1, 2, ..., a}, x is in W, and gi(x) is in I,, I <v <a,
then there is w in {1, 2, ..., b} such that x is in I,.

For each jin I'*, 1 <j < n, define c(j) to be the last positive integer i in
{1, 2, ..., k} such that &,(P) = Q, and define e} to be the last point x in
Z,Z,, x = Py, such that ff'(x) =f1'(Pyy,) and @,(x) is in L.

We now prove the following.

I If jis in {1,2,...,n} and y is in (g, Z,) then f'(¥) # fI (Pop)-
Suppose that j is a positive integer in {1, 2, ..., n} such that III) is.not true
for j.

First observe that if y is in (e;, Z,] and f{'(y) = f{(P,y) then there is a
positive integer g in {1, 2, ..., b} such that &,(y) is in I, and g > m(j).-An

argument is now given for the above statement. Suppose that y is in (¢;, 2]

and f{'(y) =f{(P,y). Now _d[QL off(¥) = BLoff(Pyy), C1] < /16 since
B,(P.p) = Oumy- Thus, &,(y) is in some I; where g} (I)) = I,, 1 < g < b. Now
g # m(j) for otherwise there is a contradiction invelved with the definition of
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e;. Suppose then that g < m(j). However, since @,(P) =0, and by 5)
between each two points in {Q;}.- ; thrown by g7 to Cy, there are at least two
points in {Q;}!-, mapped by g} to some point in {G;}{-3, it follows that
there is a point R > e; such that &, (R) = Q. This involves a contradiction
with the definition. of P,y. Thus, it follows that g > m(j).

Now let F be the first point y in (e, Z,] such that ff'(y) = ff (Pey)- It
follows from the observation above that there is a positive integer v in
{1, 2, ..., b} such that @,(F) is in I, and v > m().

Since if y is in (¢j, F] then f'(y) # S (Pep)s 28 the case to consider,
suppose that if y is in (e;, F] then f7(y) > f'(Pyy). Let H be the greatest
point in f{([e;, F1). It is noted that there are at least two points from the set
{P}t., lying in (e, F] since by 3) of the hypothesis of this lemma
{9(Qmp+a)}2=0 does not have property W—U with left-finishing point
9(Quy) Which implies that g(Qmgs) # (@ +2)-

Define {P,}!%y), h(1), h(2) in I¥, to be the set of all points in (P,
lying in the open interval (e;, F), 1 < h(1), h(2) < k.

Let {R}_,, ¢ in I*, denote the set {P;}%q, U {e;, F} where R; =¢;, R,
=F, and Ry <R, < .. <R,t>4. Also note that fy'(R)#f{(Ri+1)s
I1<igt—1.

Define U to be the set to which x belongs if and only if there is a
positive integer i in {1, 2,...,t—1} and a positive integer j in {1, 2, ...
.o, t—1} where f'(R) is in the open interval determined by f"(R;) and
fM(Ri1q) and x is the first point y in (R;, R;4,) such that f1() = f(R)), or x
is in the set {R}-;. '

Let U ={U}-,,gel", where U, <U, < ...
= R,. Define ’

<U,U;=R, and U,

£ Tep F1 = [f (e, H] by £ =EUED gy 4 pnq,
U =0y )

for Uy x<Upyy,i=1,2,...,g—1. We now show that the hypothesis of
the corollary of Lemma III) in section 2 is satisfied.

1) The subdiagram DY, the set of intervals {I}{~,, the set of points
{G;}¢-, and the map f satisfy the conditions of paragraph 1 of section 2.

2) The set {Q;}., satisfies 1) of the hypothesis of Lemma II of section 2.

3) The set {I;)?-, satisfies 2) of the hypothesis of Lemma II of section 2.

4) The function f and the set {U;}{-, satisfy condition a) of the corollary
to Lemma III of section 2. A proof of 4) follows. The case under consider-
ation and the definition of f imply that if x is in [e;, F] then f(x) = f(e).
Also f(U) #f(Uis1), L <i<g. Since f agrees with f' on {UM-,, the
diagram
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%, Lx,
gL.L lﬁn
Y, o Y,
9L

is ¢/16-commutative on {U;}., where X =[f(Py), H] and X,=[e,Fl. It
reains to be shown that f ~Yof {U M= = {U;}{=. Thus, suppose that there
is a point x in X, such that x¢{U,}{=, and f(x) is in {f(U))}f. There is a
positive integer i, 1 <i<t, such that R, <x <Ryy,. It follows from the
definitions of {U;}{., and f that either if f(R) <f(R+y) then fis strictly
increasing on [R;, Ry41] or if f(R;) > f(R;+4) then f is strictly decreasing on
[R;, Ri+;]. In order to show that this last statement is true, suppose that
f(R) <f(R;s,) and f is not strictly increasing on [R;, R;;,]. Then there are
positive integers p and ¢q, 1 < p, g <g, such that R; < U, < U, < Ry;; and
f(U,) >f(U,). However, then there is a point y < U, that is the first point P
in (R;, R;+y) such that fi'(P) =f(Up) =f{(R) for some j, L <j<t.

The existence of y involves a contradiction with U, being a member of
the set {U;}¥—,. Since f is either strictly increasing or decreasing on
[Ri, R;41], fis one-to-one on [R;, R+ ]. There is a positive integer » and a
positive integer m, 1 <v<t,1<m<yg, such that R < U, <R, (%)
=f(R,) =f(U,) and f(U,,) is in the open interval .determined by f(R) and
f(Ri4y). It follows from the definition of {U,}{., that U, < x. This involves
a contradiction since f is one-to-one on [R;, R;+,]. Thus; f~*of {UM=,
= {U;}{-, and 4) is true.

5).Condition b) of the corollary to Lemma III of section 2 is satisfied
with respect to {U;}¢-, since for each j, 1 <j<g,f(U) =f(R,) for some u,
1<u<t, implies that @,(U;) is in some I;, 1 < h<b, and since G(U,)
= @,(Ry) is in I,; and G,(R,) = &,(U,) is in I}, v > m()).

6) Condition ¢) of the corollary to Lemma III of section 2 is satisfied
since m(j) <v <b.

Sinc; all of the conditions to the corollary to Lemma III of Section 2
are satisfied, it follows by that corollary that s ieey has
property W—U with left-finishing point Q. ThisQ 'i"x(llif’o%éz);l contrgégction
with 3.1Y) in the hypothesis of this Lemma. Thus, III above is true.

The following statement follows - directly from III.

IV) If j and u are in I, 1<j,u<n and j <u then f7'(Pyy) # ff(Pyy). -
We now prove the following statement. ‘

V) Suppose that j and u are in I*, 1 <j, u<n 'éhdj < u, then there is

~a pOiI'lt 0, in (P, _Pc(,,)) such that g7 0@,(0,) = 0, and f(0,) is in the
opgn interval determined by f/'(P.;) and f;’(P,,). As the case to consider,
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suppose f(Puy) <Si (Pew). Consider ¢; as defined above. From 3.4') in the
hypothesis of this theorem it follows that there is a point O, that is the first
point P.in Qi+ 15 Om and gL(P) = Oy. There is a point O, that is the first
point P in (e, Py, such that @,(P)=0,. It follows by III that

 f2(09) > [ (Pyy)-

If £ (P <f1(0y), it follows that there is a point C, in (e;, 0,) such
that @,(C,) is I, m(j) <t, t in I', g1(Q) = Cyr. Thus, there is a point O, in -
{ej, 0;) such that 3,(0,4) = 0,. This involves a contradiction with the
definition of O;. Thus, V follows.

We now prove the following.

VI) Suppose that j and u are in I*, 1 <j,u<n, and j<u, and Oy is
defined as in V), then there exist two closed intervals Ij and I’/ such that I
is a subset of the closed interval determined by f7*(P.;) and f(0,), I} is a
subset of the closed interval determined by f7(P.) and f{'(0,), I] and I}
have mutually exclusive interiors, @y (Ij) = 0,C,, and @, (I1) = 0,C,. As the
case to consider suppose that f{'(P.y) is less than f!(Pe). It follows by the
use of V) that f{(Py) <fI'(01) <f7(Pew)- Since D’ is g/8-commutative and
‘g",“oﬂ,,(Ol)‘ = 0y, @, 0f{(0;) is in 0,0;. Since D' is &/8-commutative
@, (P is in Ly, and G, (Py,) is in Iy, 910ff(Pyy) and G0 S (P are
both in CCp, < Y. Thus, B, (Lf (Pay)s £2(0)]) and B (L7 (Pew): £(00)])
both contain 0.C},. Thus, I; and I, as described in VI exists.

It follows from VI) that the set {f{'(P)}/=1 can be renamed as the set

{T}}=1, where for each i in {1,2,...,n—1}, T < T+, Suppose i is in

{1,2,...,n—1}. 1t follows from VI) by letting j = i and u = i+1 that there
exist two closed intervals 'If and Ify,, lying in [T, T+,] such that I
contains T, Iy, contains Ty, f(Pey) = T, and f(Pw) = Tiv 1, for j, w in
{1, 2,...,n}.

Furthermore, it follows from VI) that the interiors of If and Iy, are
rhutually exclusive. Since T; < Tz < ... < T,, it follows that if j and u are in
{1,2,.., n} then tHe interiors of Ij and T, are mutually exclusive. It also
follows from VI) that @, (I}) = [0;C;], for j in {1,2, ..., n}. Since n> N,
the existence of {T/}r. ; involves a contradiction with I) above. Thus, there is
no mapping from X onto Y.

| 4. Results on combinatorial properties of finite sequences. In this section
certhin definitions and theorems are given concerning certain combinatorial
properties of finite sequences that result from recursive definitions. The
combinatorial property of most importance is called Property W—U. The
recursive definitions of the finite sequences and the lemmas in this section
concerning, Property W—U are used, in part, in section 5 to show that the
example in [2] is not weakly chainable.

DerviTion 1. Suppose S = {P;}}=, is a finite sequence, then the reverse
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of S, denoted SR, is the finite sequence S* = {PRYr_; where for each
ia lgigna P{{=Pn—i+‘l'

DerFiNITION 2. Suppose each of P = {P;}f.; and Q = {Q;}L, is a finite
sequence such that for each i,1 <i<n, and each j, 1 <j<m, P, # Py,
@nd Q; % Q1. Then the sequence P@Q is defined to be sequence T
= {T}¥., such that the following is true:

1. T=P,1<i<n

2. If P,,=Q1,.then il:,:.Q1 gnd Tp; =Qy for i=1,...,m—1 and k
=n+m—1. (In this case T, is said to be both the last point in P and the
first in Q.)

3.If P,#Q, then T,,;=Q, for i=1,...,m and k =m+n.

A.x? e)oan}pk{ S o'f an m-system of recursive sequences defined below in
Definition B is given in I) page 233 in section 5. It is shown in I) in section 5
how the example .S relates to the example Y given in [2]. Properties about m-
systems of recursive sequences developed in this section will be applied to Y
in section 5 in order to show that Y is not weakly chainable.

r ]"?EFIXTIIT!OJN 3.. Suppose m. is a positive integer. To say that S
= }S, , v(i), f’,, k(i), ¢;} is an m-system of recursive sequences means there is a

finite collection of finite sequences:
S =P}, P, ..., Py,
Sl = Pi! P%:""a P5(2):

Stln = 'lna P’Z": nees PI'J”(m)a S%m =(Srln)R:

where for some point P, and for each j j i
; . b 1<j<m, P{ =P, =P,v()>4
(1 <i < m) such that if 1< k< m then for each i, P?#P?‘Cfl 1 cSisv/(k)y
. . . . 4 ’

and there is a finite collection of finite sequences of positive integers:

Slln+l b (S%)R,
She2 = (DN,

=l Al 1
€1 = €1, €25 «+vs Ci(1)s

a2 2
Cy =C1, €25 +ens Cf(z):
Cm = c’ln: C’z", veey c)’:;m)
. .
such that each cfe{l, ..., 2m} and if nel*, n> 2, then

k(1)

=6 %5t s -en
k(2)

Si=@® L83 Shea=(Y
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where each k(f), 1 St <m, is a_plositive 1integer and for each t, 1<t <m,
and each i, 1<i<k(),S; # S:;H. Furthermore, for each j,
] ~1. LA i n—
1<jsm, S:{ 1 s called the ith component sequence of S, and (S ‘l{u: (+1))R
s =

is called the ith component sequence of (SHR. Also (S:,,;_1 " R is denoted
§L Finally, 3" denotes {Si: i, jel*, 1<j<m, 1< 1Ly
 Before reading the lemmas which follow in this section the reader should
recall the definitions of property W-U, property W~U -extended, and
related definitions given in Definition 1 and Definition 2 of section 2.
LemMma 1. Suppose that v is a positive integer greater than two and
{P}=y is a finite sequence such that for each i, 1 <i<v, Pi# Pryy- Then
(P}i-, has property W—U with starting point Py, left-finishing point Py, and
right-finishing point Py, where a # k # b, if and only if P has property w—U
extended with starting point Py, left-finishing point P,, and right-finishing point

Py, 1<a, by, 1 <k<v.

Lemma 1L If L= {P;}}=, is a finite sequence such that P, =P, then S
= L@ I® has property W-U extended with starting point the last point in L
(with starting point the first point in I%), left-finishing point the first point in S,
and right-finishing point the last point in S.

DernaTioN 4. Suppose that S = {S7', v(i), P, k(i), ¢;} is an m-system of
recursives sequences, each of e, f,m and n is a positive integer, n =2,
e

f23,e22, T=& Y, Ii={}-1, where each I1eS", T has property

i=1

W~U (W-U extended) with respect to the starting point t,, left-winding
sequence {a(i)}-;, and right-winding sequence (b()ey, u, wel T, 1 <w
<u,u>3. To say that the winding process of {a(i)}i=1 (respectively
{b(i)},) winds to a point Z, in T, 1 <v<h, with respect to the positive
integer k, 1 <k <u, means that t,u =1, (vespectively, Lhu =1,) If the
winding process of {a(i)}=s (respectively, {b()}i=,) winds to a point t, in T,
1 < v < h, with respect to the positive integer k, 1 <k <u, then to say that
the winding process of {a(i)}=1 (respectively {b()}i=,) winds away from t,
means k < . If the winding process of { a(i)}t- , (respectively {b (i)} ) winds
toapointt,in T1<v<h, with respect to the positive integer ki1<k<u,
and winds away from t,, then to say that the winding process of {a()}=y
(respectively {b(i)}= 1) winds back to t, with respect to the positive integer L
means L>k, L<u, and t,q) =1, (respectively tyzy = L)

Furthermore, if g is a positive integer, 1<g<e, L+, =Py,
Pls (AR Pr)+(Q15 QZa R Qz) = tn(l)i In(l): LRSS tn(x): tn(x+ 1)s **» tn(w) where each
of r, z, x and w is a positive integer and t, = P, and Ten) = Q,, then to
say that the winding process of {a(i)}i, (respectively, {b()}i-1) winds to P,
or Q; with respect to the positive integer h, 1 < h<u, (respectively winds
away from P, or Q,) (respectively winds back to P, or @, with respect to the
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positlve- integer k, 1 < k < u) means that it winds to t,, with respect to h
(respectively winds away from t,) (respectively, winds back to i, with
respect to k); if 1 <j <r, then to say that it winds to P; with resp"é::)t to k
(respectively winds away from P;) (respectively winds back to P; with respect
to k) means that it winds to t,; with respect to k (respectivelyj winds aIv:/a
from t,,q,) (rgspectively winds back to ¢, with respect to h). If 1, <j<z thel);
to say it wmd's to @, with respect to k (respectively winds away from Q)
(rt?spect1vely winds back to Q; with respect to /) means that it winds to ¢ g
w¥th respect to k (winds away from t,,.,) (respectively winds back to t"wr
w:wt}.l:‘espcct .to h): To say that the winding process of {a(i)}=; (respect;g:;lryr
.. b(i)} f=1) winds into I3, 1<g<e, with respect to the positive integer
IRESES u, means there is a point P, in I} such that it winds to P ngth
respect to J. If LeSh, 1 < g < e, is such that the winding process of ‘azi)}"
(respectlvel.y {.b {))}¢=1) winds into I} with respect to j, 1 <j <u th&.’}l to ;Zl
that the winding process of {a;}{= (respectively, {b;}i ) winds o’ut of I Witi,l
f{zsgﬁc‘:lt to the p0.s1t1ve integer I > j, 1 < < u, means the winding proc‘ess of
{a I:'J.I - :) t(r;:zpz::ni:gtib ;;)9};;1) winds into LeS87 with respect to I, to a point

DEFINITION 5. gm0 . .
3. Suppose ‘? = {87, v(i), Pi, k(i), c;} is an m-system of recur-

sive sequences, and P =
q n @ i; L; where each LigS%, ¢ > 1. To say that P has

t{l;ezi)\;‘indinfn ({or{n;(gl}ians il}z}rt there are two sequences of positive integers
n, D=1, nel™, n>1, (called, respectively, the left-windi
sequence and the right-winding sequen ’ iive iicge 'et'Wll}dlnE
. such that the following i truge: avenes) i 8 posiive integer 1 €7 < m
ca(l)=j; b() =j+1; Ly, =Ly,
. L,(i, = L,,.m or Ly =B, 1<ign.
. iuf(u)L= a(i+1)+k; b(f-) =b(i+1)+k,k=0o0r k=1,1<i<n
11 Ly = Ly then Zl(tl)xer ’1);((1') = b(i~1) or a() =a(i—1), 1 <i<n
. oty = Ly then b(i) # b(i—1) and i— i '
. a() <b(),1<i<n. yond ol oD A <<
CLi#E,1<i<n

Furthermore, n is called a windi ]

, ng form sequence cardinali

i;('z and ;L,,(,,, are called respectively the left- a?l.d right_ﬁn;:;:,-l:,tgy c(;fm);:?:;:g
leﬁ.:;;cr?' or P with respect to {a(i)}}~; and {b()}.,, and L,y is called the
| ing component sequence and Ly, is called the right-starting com
nent sequence. Furthermore, to say that P has the complete winding fopron;

NV AW

means there is a positive integer g <t such that P’ = @ i L; has the
. (
i

::;:g::: f;gﬁe:i}; i:;zi Eg};‘zl and {b ((2}?: 1 as, respectively, the lzf;— and right-
1 = Ly (L is called the left-finishi
sequence of the: complete winding form with respect tso n{i(i;)}?por;e:;
i=1

icm
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t
{(b()fi=1, or P'=@ 2 L has the winding form with respect to {d' =1
i=

and {b'()}" as respectively, the left- and right-winding sequence with Ly,
= Ly (L4 is called the right-finishing component sequence of the complete
winding form with respect to {a'()}i=; and {b'()}I-1)-

: Furthermore, if P has winding form with, respectively, {a()}j=, and
(b()}f=, as the left- and right-winding sequences then P has the return
winding form if the left-ending component sequence is Ly and the right-
ending component sequence is not Lyy), or if the right-ending component
sequence is Ly, and the left-ending component sequence is not Ly

Derinrrion 6. Suppose that S = {S7', v(i), Pi, k(i), ¢;} is an m-system of
recursive sequences. The following properties are defined.

1. To say that § has property W—1 with respect to the positive integer n
means that no single member component sequence P of S" has property
W—U extended with the left-finishing point the first point of P or with the
right-finishing point the last point of P.

"~ 2. To say that S has property W-— 2 with respect to the positive integer n
theans that if each of I, and L, is a member of 5" and P =L, ® L, then P
has property W—U extended with either the left-finishing point. the first
point in P or with the right-finishing point the last point in P if and only if
I, = (I3)® and the starting point is the last point in L.

' 3, To say that S has property W—3 with respect to the positive integer n
or as in (2), P
=P, Py ., Py Ppyg >3, and P has property W—U extended with
left-winding sequence {a (i)} 1, right-winding sequence {b(i)}i=1, and starting
point Py, I <k <t, then if for some i, 1 <i<t,a(i)=kthen b() =k, or if
for some j; 1 <k <t, b(j) =k then a()= k.

4. To say that S has property W—4 with respect to the positive integer n
rheans that if P = L%, @ I2 where each of L, and 2 is a member of S, and P
has property W—U extended with the first point in P the left-finishing point
(respectively, the last point in P the right-finishing point) then the last point
in P is the right-finishing point (respectively the first point in P is the left-
finishing point). .

Lemma IIL Suppose that S = {87, v(i), P, k(), ¢;} is an m-system of
recursive sequences and L,é8h, n>1. Then L, ® IR has the complete winding
form with respect to n—1 with left-finishing component sequence the first
component sequence in Ly, with the right-finishing component sequence the last
component sequence in IR, ‘with left-starting component sequence the last
sequence in L,, and with right-starting component sequence the first component
sequence in L. .

Lemma IV. Suppose that S = {SF, v(i), Pi, k(i), ¢;} is an m-system of
recursive sequences such that:
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1. S has properties W—1, W—2, W-3, and W—4 with respect to n=1.

. 2. If nis a positive integer, n> 1, and L,eS", then L, does not have the
complete winding form with respect to the positive integer n—1.

3. If nis a positive integer, n>1, and each of L., and I, belongs to S,
then I, ® I2, has the complete winding form with respect to the positive integer
n—1if and only if I, = (I3, and the left-finishing component sequence is the
first component sequence in L and the right-finishing component sequence is
the last component sequence in I%, the lefi-starting component sequence is the
last component sequence Ii, and the right-starting component is the first
component sequence in I%.

4. If nel*, n> 1, and each of L,, L, and I, belongs to Sy, then L, and
L, 6? I2, do not have the return winding form with respect to the positive integer
n—1.

Then if k is a positive integer then S has properties W—1, W—2
W=3, and W—4 with respect to the positive integer k. ’

Proof. The proof is given by induction on k. The truth of Lemma IV
for k =1 follows directly from the part of the hypothesis given in 1. By
way of contradiction, let h+1 be the least positive integer for which Lemma
IV is not true.

First suppose that S does not have property W~ I' with respect to h-+1.
Thus, by supposition, there is S"*'eSh*! with S**! =Si+Sh+ ... +5;
where v is a positive integer, 1 < v < 2m, each $! is in &, 1 <j <o, §* i
= {P;}% ,, and S""! has property W— U extended with left-finishing p(;int P
‘the first point in §**1 (case 1), or with right-finishing point Py the last poin;
in §"** (case 2). Consider case 1. Let {a(i)}{~ and {b(i)}i=, be, respectively
th.e left- and right-winding sequences for property W— U—extexided on S"*f
w1th 'star.ting point P,, 1 <s < R, as required under case 1. Let g be the first
positive integer n, 1 < n.< v, such that P, is some point in S4. As subcase 1
of case 1, suppose that P, is not the first or last point in S. Subcase 2 of
case 1 is tpe supposition that P, is the first or last point in S".’ Under subcase
1, there is a subsequence {a(i)}f-;, e <u, of {a()}ay, yand there is a
sut?sequence {b(}=y, e <u, of {b(i)}{~, such that either P,, is the first
point in S;‘ or such that P, is the last point in S* since S"““ilas property
I:V—.U with left-ﬁnishing point P;, and, thus, the winding process of either
{a@}=, or {b()}=; winds out of S} But then a single member component
sequence of S’,‘,,, namely SP, has property W—U extended with either the left-
ﬁmshmg point the first point in the sequence or with right-finishing point the
?ast p?mt in the sequence. In either case there is a contradiction to the
induction hypothesis concerning property W—1.

Nohxlzlsupp:)se subcase 2 of case 1 where P, is the first or last point in S}
Then §"*% = §i+ ... +Sk+St i+ ... +5* Consider the case under subcase
2 where P, is only the first point in S%. Since $**! can not have property
W~—U extended with starting point the first point in §***, g can not be 1;

icm°®
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but, g = 1 is the only possibility that P, can be only the first point in S since
if g> 1 and P, is the first point in S it is also the last point in St_,. Thus
consider the case where P, is the last point in Sk It follows Sh. 1 exists since
P, can not be the last point in shtt

Since S**! has property W—U extended with left-finishing point Py,
there is a first positive integer F such that P, is the first point in S, By the
induction hypothesis concerning property W—4, if the winding process of
{a(i)}i=y (respectively, {b(i)}=,) winds to the first (respectively the last) point
in S (respectively in Sk, ;) then the winding process of {b(i)}i=, (respectively
{a (i)}~ ) winds to the last (respectively, the first) point in Sk, 4 (respectively,
in S§%. Thus, the subsequences {a())f-, and {p(H=1 of {a()}=; and
{b(i)}4- 1, respectively, as left- and right-winding sequences, describe property
W— U extended on S; = Si+Si,; with left-finishing point P, the first point
in S, and right-finishing point P, the last point in §,. It then follows by
the induction hypothesis concerning property W—2 that S? = (Sp.1)®. Thus,
St @ Sy, has the winding form with a winding form sequence cardinality of
one, with respect to the left-winding sequence a’(1) = 1 and the right-winding
sequence b'(1) = 1.

S, is a subsum T in

1) For some positive integer
component sequences in §***.

2) T has property W—U extended with left-finishing point the first or
Jast point in some component sequence in T, and with right-finishing point
the first or last point is some component sequence in T.

3) T has the winding form.

4) The winding process of property W—U extended on T winds into
each of the component sequences in T.

The definition of C which follows describes the collection of all subsums
T in S**! which satisfy the properties 1), 2), 3) and 4) given above.

Define C to be the set of all tuples (5,G,E,L,M,N, H, {a@}Hiy,
O, (@M1, B OH,, where:

1) § is of the form §=Sj-L+S-@-n+ - + 8P S+t e
+8k, » Where each of g, L, H, and M is a positive integer, 1 < g-L<g—1
<g<g+l<g+h<k,.

2) § has property W—U extended such that two subsequences {a(i)}i-1
and {b()}L, of {a()}i=, and {b(i)}$-,, respectively, are the left- and right-
winding sequences, respectively, where H <u.

3) E and G are positive integers, g—L< E< G < g+M, such that P,
is the first or last point in Sk and Py is the first or last point in S¥,

" 4) § has the winding form with left- and right-winding sequences
{@ @}, and {b'DHEs, respectively, with lefi-ending component sequence St
and right-ending component sequence Sk, (N is the winding form sequence
cardinality of .

S"*1 with the following properties:
k=2, Tis a subsum of k-consecutive
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_fj) If St is one of the sequences in the sum forming § then there is a
positive integer H, 1< H < H, such that P, eS! or Py eSt.

Define ¢; to be the tuple

(81, Gy, Ey, Ly, My, Ny, Hy, {a()) ?=11, {b(i)}:iln {a'(i)}:ilh {b/(i)}:vil

where Sy = §;+8),1, Gy =g, Ey =g+1, Ly =g, My =g+1, Ny =1, H,
=F, and a'(j), b'(i), a(i), b(i) are defined as above.

C is a set since ¢, ¢C. Let H, be the largest positive integer x such that
x is the seventh term for some tuple in C. H, exists since if x is a seventh
term for some tuple in C then x < u. Let C, be an element in C such that
H, is the seventh term in C,. Let

C2 =(83, Gy, Ea, Ly, My, Ny, Hy, {a)}2y, (b}, (@ D42, (b @12
with

Sy =S8pp,+ o +Sh, 1 +Sh,+ Sk, ‘
o +8G, -1+, +SE a1t - Sy,

Now E, # 1 and G, # k, because otherwise S"* has the complete winding
form, Thus E,—1 and G,+1 exist.

There are four cases to be considered implied from 3) in the definition of
C. These cases are:

1) Py, is the first point in S}, and Py, is the fust point in Sg_,
i) Py, is the last point in S}, and Py, is the last point in S{’;z,
iii) Pyqm, is the last point in S, and Py, is the first point in 5%, aznd
iv) Pyp., is the first point in S%_ and P, i int in S%

similar res(ul%c) follows in eﬁ? four cagés. b 1 (48 aat point in S &
_ Thus, (.)nly iv) is considered. Assume iv). Since S**! has property W—U
whxth Ieft-ﬁmshmg point Py, the winding process of {a(i)}!., winds into either
S~E271 or ng, initially, with respect to the positive integer H,+1, and
similary the winding process of {b(i)}{, winds into either S%_or Y +1’ with
respect c?f H;+1. We now prove the following statement. If D 2 uis a
positive 1ntt?ger greater than H, such that for no positive integer m, Hy <m
<D, Py is the first point in S, _; or the last point in S} and if P2 is
the first pOiflt in ng, then P,p, is the last point in % . Coznsider thea“c);ise
where the winding process of {a (i)}, winds into S __, Wwith respect to some
integer J, H, < J <u, without winding to the first ;oint in S%. .., and winds
bz.lck;to the first point in Sﬁz with respect to the positive inteéer1 J', and the
winding process of {b())}¥., winds into S'(‘;2 with respect to H —111 “Since
both Sg__, and (S&,)® begin and end with P,, the sequence {a”(zi)}’L;(Hz“r n
and {(b"(}3%2"Y where a"() = a()+H, and b"()=b()+H, 1<
S ‘;I —(H, f_hl),idetermine, ‘respectively, left- and right-winding seque’nce for
(Sk,-1) @ (S¢,)" to have property W—U extended with starting point the‘last
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point in Sﬁ;z_l. Then by applying the induction hypothesis concerning
property W—3 to Sk _; ®(S¢,)%, it follows that the winding process of
{b(i)}=, must wind into %, with respect to J without winding to the first
point in Séz and then must wind to (back to) the last point in S’,’;2 so that
Pypy = Pys—qy+1y is the last point in S&,. By considering the other cases
involving Sk, 1 ® S, +1, Sk @(S,)", and S, ®SE,+q, a similar result is
seen so that our statement follows. Thus, for some positive integer Hy < u
the winding process of {a(i)}{~, must wind to either the first point of Sﬁz_l
‘or the last point of S}, and correspondingly the winding process of {b()}-4
must, by use of the induction hypothesis concerning property W—4, winds
either to the first point of S¢, or to or the last point in Sk, +1- First say the
first point in Sﬁz_l and the last point in Sézﬂ. But then by the induction
hypothesis concerning property W—2, St,_; = (8%, +1)®. But then there is an
element ¢; in C that has H, as its seventh term and Hy > H, which involves
a contradiction. ’
Presently under these cases the first term in ¢, namely Ss, would be

Ma+1 Mjy+1
h — "
S3=@® Y S, o 5=0 ) S
1=Iy-1 151,

or s g
Sy=@® Y St or S5;=@& Y Sk,

I1=I5-1 I=Ly

-depending on the relationship of g— L, to E, and correspondingly G, to M.

Also {a'()}2 and {b’(i)}f2, are extended by one element namely ajy, 1)
=E,—1 and biy,.+1) = G,+1, respectively, to form new left- and right-
complete winding sequences for S;. Property 5) of the definition of the

winding form is satisfied with respect to S for here S§,_; = Lyn,+1)s S6,+1

= Lyvy+1)s with Loy, +1) = (Logvy+ %, and bin, = G2, iy, = Ez, biny+1y
= G,+1, and ap, +1) = E;—1; so that as property 5) of the definition of the
complete winding form requires, b'(N,) # b'(N,+1) and o'(N,) # a'(N,+1).
It is noted that the other properties of the definition of the winding form are

' satisfied with respect to S3. Now another case to consider is that the winding

process of {a(i)}i=; winds (as before) to the first point of Si,_,, but the
winding process of {b(i)}#~4 winds to the first point in S’&z. It then follows
by the induction hypothesis concerning property W—2 and considering
(similarly as before) S%,- 1,®(S’52)R as having property W—U extended as
specified in the induction hypothesis concerning property W—2 that Sﬁl_l
= [(S%,)"1® = 55,

It is seen that property 4) of the definition of the winding form is
satisfied (as well as the others needed) and that once again there is a
contradiction concerning H,. The other cases concerning S}z_l, Si‘;z, S?;Z,
and’ S'{;zH produce a similar contradiction about H,. Thus there is a
contradiction involved in assuming E, =1 or E, # 1. A similar contradic-
tion is reached under subcase 2 where P, is the last point in st
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A similar series of contradictions are reached if case 2 is assumed where
P, is the right-finishing point. Thus S has property W—1 with respect to
h+1.

Next, suppose that S does not have property W--2 with respect to h+1.
By Lemma I, if Q is a finite point sequence, then Q+QF = {g}'X, has
property W—U extended with left-finishing point g, right-finishing point
dn,» and starting point the last point in Q; thus, it follows that there exist
ShTL Sh*1in §h+1) such that (case 1) SUF! = (S4* 1R, §, = Sit 4§41 and
S, has property W— U extended with left-finishing point the first point in S,
or with right-finishing point the last point in S,, and with starting point P,
a point that is not the last point in S$4*!, or such that (case 2)
Sh¥l o (SEYYR g, =St S5t and S, has property W—U extended with
left-finishing point the first point in S, or with the right-finishing point the
last point in S, and with starting point P,. Under case 1, for example, if the
left-finishing point of S, is the first point in S, and P,, belongs to $4*!, then

the winding process of one of the winding sequences associated with §, must

wind out of §%"* either on the left or right; thus, S%"* does not have
property W—1. However, this involves a contradiction to the result the S has
property W—1 with respect to h+1. Now assume case 2. Let §, = $4*1+

e
+84%1 =@ Y I where ecI* and each I%¢S". It follows in a similar manner
i=1 : .
as in the argument above showing that S has property W—1 with respect to
h+1 that the starting point P, can not be a point in some I’ that is not a
first or last point in I4. Furthermore, if P, is a first or last point in some I,
1 <i<e, then also argued as before it follows that S, has the complete
winding form with I as the left-finishing component sequence, or with I as
the right-finishing component sequence. However, this involves a contradic-
tion with 3) in the hypothesis of Lemma IV. Thus, § has property W—2 with
respect to h+1. Next suppose that S does not have property W-3 with
respect to h+1. Then there is S%*'eSi*! (case 1) or there exist Sh*,
S5F1sSh*1 (case 2) such that either P=Si*! or P=Si*1+84*! has property
W—U extended with starting point Py, left-winding sequence {a(i)}.,, right-
winding sequence {b(i)}i~;, and such that for some positive integer m,
l<m' <t, Gy =k and by, #k, or for some positive integer n’, 1 <n'
<t, byy=k and a, # k. Consider subcase 1 of case 1 where P = Si*!
=P, Py oo, P= S84 8+ SE S S g S where
each §}eS,, and there is a first positive inmteger i,, 1 <{, <t, such
that a(i;) = k and b(i;) #* k. Subcase 2 of case 1 is identical to subcase 1 of
case 1 except there is a first positive integer i,, 1 <i, < t, such that b(iy) = k
and a(i,) # k. Let g be the first positive integer n such that P, belongs to S%,
1 <g <v. It follows by the same argument in showing that S has property
W—1 that P, is the last point in S;. If the winding process of {a(i)}!., does
not wind out of S; with respect to some positive integer ¥ greater than m
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where P, is the first point in S%, then by the use of the induction hypothesis
concerning property W—4 the winding process of {b(i)}!~; could not wind
out of S, and by the use of the induction hypothesis concerning property
W-3, it would follow that a(i,) = b(i;) = k. Thus contradicting a(i,) =k
and b(i;) # k. Thus, the winding process of {a (i)}~ does wind out of S} and
it follows in a similar manner that was argued in showing that L has
property W—1 that S# = (S,;)®. Thus, it can be argued as was done in
showing S has property W—1 that there is a set C of tuples of the form

(ga Ga Ea L9 M, N3 H’ {a(l)}tH=1:r {b(l)}{i—;—lv {al(i)}iN=1: {b((l)};il)

defined exactly as in that argument.
Suppose that there is a c,&C such that

' AT ~y HY reaNa . e
¢y = (84, Gy, Ey, Ly, My, Ny, Hy, {a(l)}iﬂjn {b(l)}i=41: {a (1)}.:1, b ,(l)};{vgl

and a(H,)=a(i;) =k and b(H,) = b(iy) # k. Since iy is the first positive
integer n, 1 <n <t, such that a(n) = k and b(n) # k and the starting point is
Py, it follows that P,y = Py, is the last point in S} = S} . Thus, §, has
the winding form with left-ending component sequence St, = S; and right-
ending component sequence Sk . F St.1. It then follows by definition that
S%** has the return winding form which contradicts 4) of the hypothesis of
Lemma IV. Thus, there is no such c,eC.

Thus, there is a greater positive integer T, 1 < T< i, such that Tis th
seventh term for some c;eC. Let

¢r = (S, G, Er, Ly, My, Ny, Hy, {a(i)}iHJ: . {b (i)}'fiT1= . {a’(i)},trl, {b’(i)}ﬁ—?l

‘be such a tuple in C. But the winding process of {a(i)}{=, and {b (i)}~ , must

exist with respect to positive integers greater than T and for a positive
integer at least as great as i;. Thus by a similar argument as was given in
showing that S has property W—1, it follows that there is element c'eC
whose seventh term T is at least one more than T. Since T# i, this
involves a contradiction with the definition of T. Thus, the assumptions of
subcase 1 of case 1 have lead to a contradiction. A similar contradiction
follows under subcase 2 of case 1. Furthermore, a similar series of contradic-
tions follows under case 2 since by the hypothesis 4) of Lemma IV, no sum
of 2 component sequences of S%"* can have the return winding form with
respect to h. Thus, § has property W-3 with respect to h-+1.

Now suppose that S does not have property W—4 with respect to
h+1. Then there exist Si*!, S**! jn §h*', 1<y, z <2m, such that Ss
=Si*l 4 si+t = {P}{-, deI*, such that S5 has property W—U extended
with starting point Py, left-winding sequence {a()}i-,, right-winding se-
quence {b())}~, and such that for some first positive integer j, <t, P; = Py
and P, # Py, case 1), or such that for some first positive integer j, <t,
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Py, = Py and Py # Py, case 2). Since S has property W—2 with respect to
h+1, it follows that $4¥1 = (S3* 1R and P, is the last point in Sh+1. Assume
case 1. . :

Once again it can be argued as was done in showing that § has
properties W—1, W—2, and W-3 that there is a set of C of tuples defined
exactly as in those arguments where S (defined as before) is the last
component sequence in the sum of component sequences from S, forming
Sh+1.

’ Suppose that there is cq&C such that

S H A H Y N
¢6 = (S, G, Ee, Ls; Mg, N, He, {a(D}i, {b(?)}i=61: {@ @)y, ')

and a(Hg) = 1 =a{j;) with by, = b(ajy) # d.

Thus, S, has the winding form with left-ending component sequence Sk
the first component sequence in the sum of component sequences from S},
forming $*** and right-ending component sequencel some component sequ-
ence in the sum of component sequences from S, forming S5 = Sh*! 4 Sh*!
that is not the last component sequence in that sum. However, this con-
tradicts 3) in the hypothesis of this lemma since under these circumstances
the right-finishing component sequence must be the last component sequence
in the above sum. (according to 3 of the hypothesis) Thus, no such ¢, exist.

Thus, there is a greatest positive integer J, 1 < J < j; such that J is the
seventh term for some c,eC. But the winding process of {a(i)}j-, and
{b(i)}!=; must exist with respect to positive integers greater than J and for a
positive integer at least as great as j,. Thus, by a similar argument as was
given in showing that S has property W—1, it follows that there is an
element c, ¢C whose seventh term J' is at least one more than J. Since
J' # j, this involves a contradiction with the definition of J. Case 2 leads to
a similar contradiction. Thus S has property W—4 with respect to h+1.
Thus, Lemma IV fol]ows, .

LemMma V. Suppose that S = {S", v;, Pi, k;, ¢;} is an m-system of recursive
sequences satisfying 1), 2), 3), and 4) of the hypothesis of Lemma IV. 5) Suppose
that h is a positive integer, 1 < h < 2m, and n is a positive integer greater than
one. Then if S} in 8% has the form: .

Kp—1

Si=@ Y Sy+sit= (P,
i=1

-1 Sp— .
where each S:lg. eStl 1<i<K,, and H (n)el™, there is a finite increasing
fub;equence.l'f={m,(i)}?=1 of {1,2,..., H(n)} such that if j is a positive
integer, 1 <j<n-S;={Pp s, Pr i1, P yins e, Plygn} does not have prop-
erty W—U extended with_ left-finishing point Py the first point in ).
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Proof. The proof is given by induction on n. Suppose n = 2. Then
kp—1 '

=@ ¥ S,+St={(PI?, H(el"
i=1 i

~ Define {m, (i)}, by my(1) =1 and m,(2) =k, 1 < k < H(2), where k is the

positive integer such that P? is the first point in S}. Since S-has property
W—1 with respect to the positive integer one, Si={P7
= P?, P3,2)+1, --» Ph} does ot bave property W—U extended with left-
finishing point PZ,; = P{. Since S has property W—1 with respect to the
positive integer two, Si = {Pp ) =P}, Pi,1)+1, --» Ph} does not have
property W~ U extended with left-finishing point P,%,Zm = P,. Thus, Lemma
V is true for n =2,
By way of contradiction, let L+1 be the least positive integer for which
Lemma V 1is not true. Consider
ky—1
SE =@ Y SitSp= (PG,
i=1

H(L+Del*, F={m@)), and Sf={PF%, H@De".

Let v be the positive integer, 1< v < H(L+1), such that {P[*'}5*Y
= {PF®  Since S has property W—1 with respect to L+1, SET!
= {PL*1}HEL*D does not have property W—U extended with left-finishing
point Pf*1.

Define I*** = {m.,; ()}{dy by

Y m =1, -

2) mp, () =mEG—+v-1;j=2,3, .., L+1.

Since for each j, 2<j<L+1, {PFTILY ) ={PFED 4-1) and
{PFY® ;-1) does not have property W—U extended with left-finishing point

L

" PL gy, it follows that {P}IG7D ), does not have property W—U extended

with left-finishing point Py'! . Thus, Lemma V is true for L+1, and this
involves a contradiction to the definition of L+ 1. Thus, Lemma V is true for
all positive integers. :

COROLLARY. The statement of Lemma V remains true if “property W—U
extended” is replaced with “property W—U”. )

Proof. Suppose the hypothesis of Lemma V. It is claimed. then if nel *,
n> 1 then the sequence I" required to satisfy the conclusion of Lemma V is
the same sequence required to satisfy the conclusion of the corollary to
Lemma V. By way of contradiction to this claim, suppose that there is a
‘po‘sitive integer m,n>1, and a positive integer j, 1<j<n, with I"
= {m,()}i=1 and §; = {P} o}/<7 defined as in the conclusion of Lemma V, .
such that S; has property W—U with left-finishing point P, ., the first point
in Sj' .
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Since Pj, (; is the first point in S, Pr g is not the starting point. Since
Py () is not the starting point and since by Lemma V §; does not have
property W—U extended with left-finishing point "Pr, (> it follows by Lemma
I that S, does not have property W—U with starting point Py ;. This
involves a contradiction. Thus, the above claim is true and the corollary
follows.

5. The Main Example. In this section it is shown that the example given
in [2] is not weakly chainable. Throughout this section the example of [2] is
given by Y= pil {Y,, g"} where each Y, is the simple triod T
={r,0): 0<r<1land §=0,0< i or § = n} (in polar coordinates in the
plane), and each gi*': T-» T(referred to as the mapping f: T— Tin [2]) is

defined as follows':I

(1-4x,m) fOo<x<4,
@x—1,4m i F<x<4,
(B3—4x,3m) fi<x<i
(4x-3,00 if3g<x<l,
1-3x,m fo<x<i,
Bx—1,4m) if$<x'<Y,
(2-3x,4n) ifi<x<},
(B3x—2,0) fi<x<g1,
(1-2x, m) fO0g<x<4,
2x—1,0 ifi<x<l.

gntiix, dm) =

i, W=

grix, 0) = {

Denote by 0 the point (0, 0) = (0, 3m) = (0, 1), by A the point (1, 47), by B
the point (1, 1), by C the point (1, 0), and by E the point (4, 4m).

" Suppose n is 'a positive integer. The following statements follow as a
consequence of the nature of the mapping gt Y., ~ Y, The arc
CO <'Y,"*? contains a sequence {W}i., of points, such that W < W,
1<i<4, in the order CO, Wy =C, W, =0, and {gi**(W)}i, is the
sequence C, B, E, C. The arc OB — Y"*? contains a sequence {R,}}., of
points such that R, < R, 1 <i <8, in the order OB, R, =0, Ry = B, and
{gr*2(R)}-, is the sequence C, E, B, E, 4, E, B, C. The arc OF < Y;*2
contains a sequence {H;}]-, of points such that H; < H;,{, 1 <i <7, in the
order OE, H; =0, Hy=E, and {g'"2(H)}]., is the sequence
C,E,B,E, A E,C.

The arc EA < ¥+2 contains a sequence {V}{., of points such that ¥

< V41, 1 <i<6,inthe order EA, V; = E, Vs = A, and {gi=2(V)}{-, is the
sequence C, E, A, E, B, C (see Fig. 1). .
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Points labeled C, B, E or A in Y,,, or Y,,, denote points thrown to
C, B, E, or A in Y, respectively, by gi** for Y,.; and by g5** for Y,.,.
We now state and indicate the proof of the following.
1) Suppose S = {S7", V,, P, K;, C;} is the m-system of recursive se-
quences defined by
S8t =P}, Pi, P}, P;=C, B, E,C, .
Si=pP? P% .., P}=C,E,B E A E,BC,
Si=P}, P},..,PP=C,E, B, E,AE,C,
S}-: P?! Pg, ARt Pg-__ C’ E, A’ E: Ba Ca

and for each n > 2,
S =Sy HSETY, Sy = (S5 SIS ST,
§3 = (S5 OR+STI4Sh and 83 =(S5TORH(ETH ST

Then

1) If n>3, (S))® begins with the pattern S} =C, B, E, C.

2) If L and n are positive integers and n > 2:

a) oC < Y, .. contains a sequence Wy, W, ..., Wy, of points such that
W, < W41, 1 <i<n(l), in the order CO, {gk*"(W)};&} = 81, and {W}i%
contains the only points in CO < Y,,, mapped by gi*" into the set
{4,B,C,E}c Y,. ‘

b) OB = Y, contains a sequence {R;}}¥} of points such that R
<Ris,, 1<k<n(2), in the order OB, {gi*"(R)}}%} = 83, -and (R}
contains the only points in OB mapped by gi*" into {4, B, C, E} < Y.

¢) OE < Y,,, contains a sequence of points {H}/] such that H,
<H,,,, 1<i<n(3), in the order OF, {g&*"(H)}IS) =83, and {H,}}¢}
contains the only point in OE mapped by gi*” into {4, B, C,E} = Y;.

" d) EA < Y., contains a sequence {¥}/} of points such that ¥; < ¥,
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1 <i<n(d), in the order of EA, {gk*"(V)}i¥) =53, and {V}}}¥} contains
the only points in EA mapped by gi*" into {4, B, C, E} = Y;.

The proof of 1) follows directly from the deﬁmtlons of gk*" and S using
mathematical induction.

We now state and prove the following.

I) a) If n is a positive integer, n > 2, and (SP* = 8% = {gL (M)} ny)

= {g7.(0)}74), then there is a finite increasing subsequence {m(i)}/=; of
{1,2,...,n(1)} such that if j is a positive integer, 1<j<n, and §

= {9 Qm)s 9L Omip+1)s > 92(Qur)}, ' does not have property W—U
with left-finishing pomt qL(Q,,,U)) the first point in §'.

b) Hjisin {1,2,.., "} {gL(Qm(j)): gL(QmUH-l) HL(Qm(j)+ 2)s gi(Qm(jws)}
={C, B, E, C}.

Now II) a) follows directly from the corollary to Lemma V of section 4
since S is'an m-system of recursive sequences satisfying the hypothesis of that
corollary. In particular, it is noted that condition 5) of the hypothesis to the
corollary to Lemma V of section 4 is satisfied since (SR = 8% = (17! +
+857 )% = (85 HR+(STHR.

Also, II) b) follows directly from 1) of I) above.

Theorem 1 of section 3 is now applied in order to show that Y is not
weakly chainable. The definition of Y implies that 1) in the hypothesis of
Theorem 1) is satisfied. By defining G, =0, G, =C, G =B, G, = E, and
Gs=A4,6 =min{d(G, G): i #j, 1 <i, j<4}, and ¥, = OC for each posi-
tive integer L, it is seem that 2) in the hypothesis of Theorem 1) is satisfied.
Consider 3) in the hypothesis of Theorem 1). Suppoese Land n are positive
integers and n > L+1. It follows from 2) a) and II) a) that {Q,}'%) and OC in
2) a) and II) a) satisfy the hypothesis for {Q;]?., and W, in 3) 1) and 3) 2) in
the hypothesis of Theorem 1. It follows from properties of the mapping g}
that {Q,}7) and OC in 2) a) and II) a) satisfy the hypothesis for {0/}t~ and
W, in 3) 3'), 3) 4) and 3) 5) in the hypothesis of Theorem 1. Thus all the
conditions ‘to Theorem 1) are satisfied and it follows that Y is not weakly-
chainable.

-
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