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A remark on approximate solving of a class of
initial-boundary value problems

by
H. MARCINKOWSKA (Wroelaw)

Abstract. The paper is a continuation of the author’s earlier work [2]. It deals
with a class of initial-boundary value problems for the equation Au +-u; = f, where 4 is
alinear elliptic operator of oxder 2m in space variables with time-depending coefficients.
For approximate solving these problems we propose a finite element method based
on a suitable family of triangulations of the space-time domain., An estimate of the
error is given. o

Let 2 be a polyeder in R". We are dealing in this paper with approxi«
mate solutions of the initial-boundary value problem for the equation

1) h Auw+uy = f,

where

2) du = D (—1)" D (ans (@, 1) Dhu)
lal,18] <m

is an elliptic differential operator defined for » € 2,1 ¢ (0, T'). Assuming
that the coefficients are measurable funetions bounded in Dy = 2% (0, T)
and that all the derivatives oceurringin (2) (understood in the weak sense)
are square summable, we can associate with .4 its Dirichlet bilinear form

3) a(w,v) = 3 (ayDiw, D3v)z2py,)-.

lellfl <m

To formulate the initial-boundary value problem in a weak form
we introduce the Hilbert spaces

H,, = {v e L*(Dp): Div e L*(Dy), |a| < m},
Hy, ={peHy: e L (D)}

with the corresponding norms | |, and || |, defined by the scalar
products

(0, Do = D, (D3, Dy
laj<m


GUEST


284 ’ H. Marcinkowska |

and

(Wy D1 = (W, 00+ (W5 V)2 »

respectively. In H,, ; one more norm is introduced, namely
[l = [l 05 0)llzzay +l0 () T)lfa)

(the _fo-lue of vfor ¢t =0 and ¢ = T in the sense of traco). The boundar

conditjon is defined by a linear subspace V of H,,,, which is supposef]
to contain the set Cf,(Dp) of all functions infini'tely differentiable in
Dy, vanishing in some neighbourhood of the set 92 %[0, 7', We suppose

that a(-, ) is V-elliptic. This means that there exists bant d
har al Xigts a constant d > 0

(4) a(v, ) = |l
for all v € V. Introducing on H,,, X H,,, the bilinear form

B(w, v) = a(w, v)—(w, vt)Lﬁ(DT)‘]'(w(': 1), (., T))L2(D)

and denoting

Vg (0) = (1, 0(, 0)) 2y + (F, V) 12(Dg)

we give the followi i initi
pmb%em: owing weal formulation of our initial-boundary value

(P) given u, € L*(Q) and f € I*(Dy), find a w e V satisfying
(5) B(u, v) =1y (v)

for all v € VNH,,, vanishing for ¢ = 7.
o th];ﬁ S};a;scloe;n prol\zed in [2] ltfhafo (P) is solvable and its solution is unique
m,1+ Moreover, if w e H,, ), it has the following ies:
L. u is a solution of (P) v i Sttt

equation (1) together with tlllfe&ii(ili;;,?IZOIﬁldl&;)anies D the ditfoentie
(6) U+, 0) = u,
and boundary conditions
(by) wev,
(b2)  (du,v) = a(u,v)
for all v e H,,,9(-, T) = 0.
II. Tdentity (5) holds for all v e VnH,,,.

Note that '(b,) impli
20%(0, 7). (b;) implies some “natural” boundary conditions on
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If W is a finite dimensional subspace of VNH,,,, the approximate
problem is formulated as follows:

(P) tind a & e W such that

B, ) = lpuy(9)

holds for all p & w.

Problem (P) is & kind of Galerkin approximation of the initial-bound-
ary value problem in question, where the basic functions depend on
@, 1. Particularly, if W consists of spline functions, we are led to a finite
element method based on a triangulation of the space-time domain Dy.

Tt was proved in [2] that

(7 e — ]|y < 0@V ink o —@llon,1s
eIV

where ¢ is a positive constant depending on the operator A and the domain
Dy. Using (7), we are going to obtain further estimates of the errore = 4 —
—ii, assuming a special form of approximating functions and some regu-
larity of the exact solution w. Namely, let us consider a friangulation
T, of the domain Q (see [1]) with 7 = maxdiam» and a partition 8,:
. #eT';
0ty <t <...<1, =T of the segment (0, 1) with T = max(t;—t_,)-
1<i<y

The finite family of cylinders x x (t;_y, %) With » € T, and j =1, 2yuaiy¥
is obviously a triangulation of Dy, which we denote by I X 8,. The approxi-
mating space W is now constructed as the finite element space Wy, (see
[1]) corresponding to T x8,. Given a family of triangulations {T <83,
we shall assume that each finite element (K, P, X) with K €T, X8, may’
be obtained from a pattern one (K ,f’, 37) by an affine transformation
of the form

(8) ©=Adb+a, t=d+p (&1 eEK)

with a non-singular n Xn matrix 4 and « # 0. To formulate our approxi-
mation result we use the following notation:
o for the upper bound of diameters of balls contained in a fixed = € Ty;
H,(5) for the Sobolev space of order p = 0,1,2,... over a domain
E < R* with the norm denoted by || =3

olps = ) 1D0%0le) " for  0eHyE);
laj=n

P, for the set of all polynomials in variables #, t of order < 7. )
All the quantities corresponding to the pattern finite element will
be marked with”.
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THEOREM. Suppose that
(1) u e H,,1(Dy) with r > m-+(n—1)[2;
(i) P, = P = H,(K);
(iii) W = W, = Hy(Da); _
(iv) there are two positive constants oy, o5 such that
{
nrLos<h<o,r.
Then
9

with constant & depending on the paitern element and

lilellm < %2R il y1, 0

R G e

. The proof is quite similar to the proof in elliptic problems (see [1]).
In view of (7) it is sufficient to estimate |ju -—II,,,,MI,,,,DT, where IT, . is
the interpolation operator connected with the space Wi, Note that in
view of (iii) the interpolate II;, ,u is defined by the values at the knots
of the derivatives D*u, |a] <m—1, but (i) ensures that u € 0" '(Dy)
aceording to the Sobolev lemma, and so these values are well defined.
Denoting by B the matrix of the affine transformation (8) we have for
Kel,xS8,andl=0,1,...,m

[ —IT suly g < & | B~ B+ [%] g1,z
where || ‘|| denotes the spectral norm of the matrix in question; But

IBISVIAP+d®, 1B <V[A+a2

and (see [1], Theorem 3.1.3)
I <12, 147 <hfg;
thus
1Bl < Va2 /g2 478
and similarly
1B < l/fb’/ghl— 7272,
Elementary ealeulation yields

10) o —I, e < 62(02/01)l+r+lhr+1_ll’wlr+1.zc-
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We obtain (9) after summing both sides of (10) over all K € T, xS, and
1=0,1,...,m.
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