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Inverse elements in extensions of Banach algebras
by
VLADIMIR MULLER (Praha)

Abstract. We construct an example of a separable commutative Banach algebra 4 with
unit and elements u, véA4 such that the removable parts of o(u) and o (v) cannot be removed
simultaneously, This solves also the problem of W. Zelazko concerning removability of compact
sets of removable maximal ideals. )

Let A be a commutative Banach algebra with unit and xe 4. We say |
that x is permanently singular if there is no superalgebra B (ie. B is a
commutative Banach algebra with unit and there is an isometric unit
preserving isomorphism from A into B) in which x is invertible. This notion
was introduced by R. Arens in [1] where it was proved that an element x is
permanently singular if and only if it is a topological divisor of zero (i.e.

inf nyll = (). In [1] also the following problem was raised: Let M be a
x| =
subset of 4 such that no me M is a topological lelSOI‘ of zéro. Does there

exist a superalgebra B > A in which all elements of M are invertible?
The answer to this question is affirmative for M countable and negative
in general as was shown by B. Bollobas [2].
In the present paper we exhibit an example of a commutative Banach

E algebra 4 and u, ve A such that we cannot adjoin inverses to all elements

{u=1, Ao -1} U {v—p, pea(v)—(v)}

where t(x) is the approximate point spectrum of x, t(x) = {ieC, A—xis a
topological divisor of zero}. Our example is simpler than the above-
mentioned example of B. Bollobas moreover, the constructed algebra A is
separable. Let us point out that our construction is a modification of another
example of Bollobas [2], Theorem 2.1.

The Banach algebra A gives also a negative answer to a question of W.
Zelazko ([6], Problem 4) concerning removability of compact sets of remov- '
able ideals.

We construct a commutative Banach algebra A4 with generators u, v, b""
bR, bP (k=1,2,..) Fix N23. Wite T={'v, Pu'v, bPu'v;
J=0,1,2, .., k=1 2,..}u {bg‘)u’vf, k=1,2,..., min-{i,j} < k}. Put

] = P o = vl = N
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(in particular, |[p{|| = ||b%|| = 1) and
166w vl = (N—1) N"
The algebra A will be formed by all formal series y = 5 ot with complex

el
2 lou][[t]] < o0
teT

Clearly, A with natural addition and multiplication by scalars is a
Banach space.
We define the multiplication in 4 by

BRK =0 (i,jel0, 1,2}, k, leil, 2,...}),
P U ok = b k4 b ot
We have ||rsl} < |li|lllsl| for ¢, se T and therefore [|lyy|l < |yllIy)f for all y,
y'€A. This means that 4 is a commutative Banach algebra with unit.
@) lxull = |ix],

Proof. We shall prove only the first inequality as the situation is
symmetric with respect to u and v. Let

where  m = max i, j, k}.

coefficients o for which [yl =

lIxell = Il for every xeA.

v o0 o
xed, x=xo+ ) X, Xo= y oyut,
k=1 ij=

=y ﬁi}"b&"’u“vu Yo ePuld+ ¥ bty

iLj=0 1,j=0 min {i,J) <k
where a;;, BF, ¥, 6 e C. We have

||xu=||xo||+k§1 ol ol = 3 fog) NEH,

Li=0

llxall =lxoull + 3 lIxcall,  lxoull = Nlixoll > [Ixol.
k=1
It is sufficient to prove ||x,u||

; Zlxdl (k=1,2,..).
For fixed k put . .

o0

X =yotyi+y+ Y 2
=0

where

Yo =" Z 5}}‘)1‘78‘)11"1}},

ci(heri #k— 1
orj<

= I s,

l*k 1
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o)
= 3 b,
1J=0
2= g b WL R

From the definition we get

Py (=0,1,2,..).

lell = [lyoll +llyll +1ly2ll + _io'llzjlla -

e ull = llyoull +llys ull +1ly2ull + 3 lzyull,
J=0

lyoull 2 lIyoll, [y ull = N1yl > llydll,

ly2ull = N-llyall > llyll,

Izl = 1682 ¢ o (N = D) N¥HI= 14 (i | NEHI=1)

lzjull = By 4+ 08 i) N8R | i NS 2 12
This proves (1). o

(2) Let Bo A be a Auperalz;ebra of A such that u* and v™' exist in B.
Then max ,r,,( D, 1@ =N (where 1y(x) denotes thé spectral radius of x
in B). '

Proof. Let B> A and ke{1,2,...}). Then b = by~ +bPu~* and
(N=1)NE~ L= b < flo™¥] + 4],

N1

N-1
ma ™, ™41} > =5~

Using the spectra]‘radius formula, we conclude that max {rg(u~?!
> N. So we have proved:

)1 rB(v— 1)}

THEOREM. There exists a separable commutative Banach algebra A with
unit and elements u, ve A such that .

Il = Il = (N23), uxll 2 1<, loxi] 2 i<}
for every xe A and max {rg(u™"), rp(v™")} = N in any superalgebra B> A in
which u and v are invertible.
Remark 1. The set M = (u—24, |4 < I/N} U {v—p, |4l < 1/N} contains

no topological divisor,of zero. Let B be any superalgebra of A. Then either
op)n{AeC, A S I/N} #0 or oz(0)n{peC, |i <IN} #O@ which
means that we cannot adjoin inverses to all elements of M simultaneously -
(see [2], Theorem 4.1).

Remark 2. In [3] B. Bollobds raised the following problem: Let x be
an element of a commutative Banach algebra C. Does there exist a


GUEST


194 V. Miiller

superalgebra D = C such that o, (x) = 1¢(x) (= ﬂc op(x) according to the
. Boe

theorem of R. Arens [1])?

Let x4, ...; x,€C, Denote by a¢(xy, ..
tuple x,, ..., x, and by te(xy, ..
of Xq, .0y X,

., X,) the joint spectrum of the n-
.» X,)- the joint approximate point spectrum

TC(xla"'u xn)=,<{(}'1:""ln)ecna ll'lf: Z(‘xl'—']%)y”=0}

yeC (=1
[Iplf=1

The constructed algebra A and elements u, ve A give a negative answer to
the question analogical to the problem of Bollobds for the joint spectrum:
in any B o A either op(u) 5= 7, (1) or gp(v) # 7,4(v). As the joint approximate
point spectrum possesses the projection property, o(u, v) # v, (4, v) in any
superalgebra B> A (v, (, v) = ) op(u, v) is still true according to [4]).

Bo4

Remark 3. Problems concerning the possibility of adjoining inverses

have an analogue for ideals (see e.g. [6]). We say that an ideal I < A is
removable if there' exists B = A such that I is contained in no proper ideal of
B. We say that a family {I;},., is removable if there exists B o 4 such that I f
is contained in no proper ideal of B for all jeJ. A countable family of
removable ideals is removable (see [4], [5]). Let § be a compact subset of the
maximal ideal space .#(A4) (in the Gelfand topology) which consists of

- removable ideals (i.e. S N"Cor A = () where Cord is the set of all maximal

non-removable ideals). In [€], problem 4 there is a question whether such a -

set S is removable. , :

The constructed algebra A4 gives a negative solution of this problem. As
-# (A4) is homeomorphic to o, (u, v) (b eRad 4, i =0, 1,2,k=1,2,..)and
Cor 4 is homeomorphic to 1, (u, v) (see [4]), the set

{4, Weoy(u, v), min{|A], |} < YN}

is a counterexample to this question.

From this it also follows that in general the union of two removable
families of ideals is not removable.
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