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On the finite or infinite interval (a, d) let S(g;2) denote the Cauchy
principal value integral

piy) ay.

b
(1) 8(g3 ) =afg(y) —
The weight function p(y) is nonnegative on (a, b), Holder continuous
at the point x, and we shall assume that all moments fbyN py)dy (N
=0,1,2,...)exist. Then there exists a sequence of polyno:nials {Px(¥)) R0
With Pyly) = b+ 808 [ Pa)Pa 01901y = Iy Sy Purther,

let Qy(z) denote the “function of the second kind”

(2) Qun(®) = —8(Py; o).
The Gauss quadrature formula with respect to the weight function p(y)

b N
(3) [9@p@ay ~ Y AMg(y™)
-4 t=l
is exact whenever g(y) is a polynomial of degree < 2N —1.

A Gauss type formula for S8(g;z) was given for special cases by
Sanikidze [13] and Hunter [8]. Later it was generalized by Chawla and
Ramalrishnan [1] and Theocaris [14]. This formula can be derived easily.
Since

P(y) dy— fb Py (y) —Py(2)
—

a
” p— p(y)dy,

b
(o) = —Py(@) |

[665]
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by quadrature formula (3), we have
b N
Y a _2 AgN) _ _ Q ()
y—o L g™ g~ T Py
Let g,4(y) denote a polynomial of degree < 2N. We can write

b b
S(gan; ©) =f gzN(yy):g’N(m)p(@/)dy+gm(w)f ;’iyl dy,

and further, by (3) and (4),

N
AP g (9
8 (gay; @) = Z - (g le ) — gan () QN(::) .

(4)

Thus, the quadrature formula

i=1

where # £ 4™ (i =1, ..., N), is exact for polynomials of degree < 2N
{comp. [5], [6], [7]).

Now we shall estimate the error of the quadrature formula (5) By (g; @)
= S(g; 2)—J n(g; ) in the case of a finite interval [a, ] and of a con-
tinuously differentiable function g¢(y). Let L;y_,(y¥) denote the poly-
nomial of degree 2N —1, for which

B 1 (9) = m[&fl 9" (y) —Lan—1 (%)
Yeld,
is minimal. Further, let R(x) denote the function R (x f Linv_.1(y)d

Thus, max |R’(z)| = BY._.(g), from which
zela,b]

v

[ R(tyat

_ | =®

| y—w

fri]
Since formula (5) is exact for the polynomial [ Iyy_,(y)dy of degree 2N,
we obtain "

< Eg?rq(g) .

) ‘R(y) ~E()

y—w

b

B -k Y By R
EBy(g;2) = f —Ey—y)—_-&;ﬂp(y)dy_ ZAgN) (E;(N)) () n
)

a

b N
2 (%) AWM Q (@)
+R“”)(., i P PN<m))'

i=1
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The constants 4™ are positive, and from (3), Z‘ AWM — f p(y)dy. Thus,

=l

(7 By {g; o)l < 2B, f Py

Hence the convergence of Jy(g; 2) to S(g; x) for continuously differ-
entiable functions g(y). This convergence statement was given in [5]
and [6]. A convergence proof for Lipschitz continuous functions was
given by Elliott [2]. In the case of the Jacobi weight function, the con-
vergence for Holder continuous functions was proved by Tsamasphyros
and Theocaris [15]. In the general cage Elliott [2] has demonstrated that
for Holder continuous functions g(y), Jy,(¢; #) for a certain subsequence
{N,} of indices converges to S(g; »). '

Now we shall give an expression for the error Ey(g;#) in the case
of functions ¢(y), which possess a continunous and bounded derivative
of order 2N 41 on the finite or infinite interval (a, b). We can construct
a polynomial of degree 2, for which g(x™) = P(y™), ¢' (™) = P' (%)
(t=1,...,N) and g(z) = P(x). Then, for each point ¥, there is a point
£(y) e (&, b) with

N

H (y — Yy (y — ) g* VY (£ (y)

je=al

1

g(y) =P(y)+(2T—|—1—)!

(see, e.g. [11]). Since quadrature formula (5) gives §(P; z) exactly, and
in all quadrature nodes g(y) is equal to P(y), we have

b N
1
Ry(g; ) :TA'HVT)'J Q(y—ygN’)”g(“N“)(f(y))p(y)dy

Using the generalized mean value theorem of integral calculus, we obtain

_ 9(2N+1)(§) hN

®) Ey(9i0) =Gripr e (€ (@b,

This error term was given in [5] and [6].

Another method of giving a Gauss type quadrature formula for
Cauchy principal value integrals was reported by XKorneichulk [10]. The
formula

y™ Qn (2)
(9) S(g; o) ~Iy(g;2 ZA( (N) i (1_ QNI\EygN)))’

where 2 # yi™ (¢ =1, ..., N), however, is exact only for polynomials of
degree < N —1. On the other hand, the value g(x) i8 not needed in this
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formula. An estimation of the error is given in [10], convergence results
can be found in [3], [4] and [5], and an expression of the error term is.
suggested in [5]. .

In the zeros #{™ of the function of the second kind Q, (), the number
and distribution of which was studied for instance in [6] and [7], both
formula (5) and formula (9) are of the simple form

@) el mZA‘N) m"’ w7 @ule™) =0).

i=1

This formula has the structure of Gauss formula (3) for nonsingular in-
tegrals. It is exact, whenever g(y) is a polynomial of degree < 2N, and
for the remainder the formulas (7) and (8) also hold.

The formula (10) is especially suitable for the numerical golution
of the singular integral equation

b b
(11) [ o022 ay+ [ s, vpwiy = rio).

a

Using formulas (10) and (3) at the points 2{™), equation (11) can be ap-
proximated by the system of equations

(12) ZAN)Q [ ) _ (™) + b (o ty(M)]_’r(-’”(N))

(QN(‘D;:N)) = 0).

This system has already been used by several authors (for references,
see, e.g. [6], [7]). The convergence of the method was proved in the case
of special weight functions in [6] and [7].
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