b6 A, . Bunorpagos

nOnacupiMu” ¢ TOYKM BPEHUA CHEUKY BeXmyunsl Tana (6.2) B cnywae
k =3 amjmoren dySudecwue Xapasrep® x,te,). Ho L-pamm ¢ uyGm-
UeCKAMM XApaKTepaMu He MMeloT aurenenckux Hywuel. [losromy B emywae
k = 3 pocrarcuso teopemir JImummxa-Tamnaxepa [1] Gea sdderra Jlun-
uuka-Helpunra-Xeinsbporra [3], [4].

Bee oTH 3aMevaB¥s Xaparrtepusl INE moloro weyerHoro k.

Vpasuenue (0.7) ormwyaercs ot ypaseenus (0.5) ¢ rouxu speunn
KPYTOBOTO METOH2, TEM, YTO HA MAIBIX JYraX HANO HCHOIBBOBATH ONEHHM
TpuroHoMerpudeckyx cymm I M.  Bumorpamora EAA INOIHHOMOE 0T
TPOCTHY YHCE)L

H aTomMy me KPYyry MAeH OTHOCATCA YPaBHEeHHA

I

n=pi+Pr-bps M N = Pi+pi+ i+ o

MOTOMY ¥TO ABA TIPOCTHIX HBAADATR BelYT Ce6A HAK ONHO NPOCTOE MO
€ TOYKH 3peHEA MeToma Codbioro pellera,
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A congruence for the index of a unit
of a real abelian number ficld

by

Kennern S, Wintiams ¥ and Kennern Harpy #* (Ottawa, Ont., Canada)

1. Introduction. Let K be a real abelian extension of the rational number
field Q. As K 1s abelian, by the Kronecker—Weber theorem, K is contained in
a cyclotomic field @(L,), where ¢, = exp(2nifn), n £ 2(mod4). We let Q(C,) be
the smallest such feld containing K, so that n is the conductor of K. The
ring of integers of Q({,) is

L I
R=1! 3% ol aeZ (0<Kj<
j=0
where ¢ denotes Euler’s totient function and Z denotes the domain of
rational integers.

Now let p be a prime = 1{modn), say, p=nf+1. Let g be a fixed
primitive root modulo p. The cyclotomic polynomial of index n has ¢({n)
distinct roots modulo p. One of these reots is g/. Thus, by Kummer’s
theorem, the ideal

@(m—1)},

P =pR+({,—¢)R
of R is a prime ideal of norm p which divides pR. Thus the canonical
homomorphism

(L ' A R—R/p=> Z/pZ

maps {, onto ¢/ (mod p). We have thus shown that for any given primitive
rool g{modp) there is a unigue homomorphism A: R-»Z/pZ satisfying
A(¢,) = ¢’ (mod p). This homomorphism is central to the rest of this paper.

For any integer @ not divisible by p, the least non-negative integer b
such that a = g’(mod p) is called the index of a with respect to g and is
denoted by ind ¢. (We re-emphasize that g is regarded as fixed.) The purpose .

* Research supported by Natural Sciences and Engineering Research Council Cana_da

Grant A-7233. .
** Research supported by Natural Sciences and Engineering Research Council Canada

Grant A-8049.
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of this paper is to obtain a congruence modulo a certain divisor of n lor i
=ind A (), where ¢ is a unit of K (see Theorem 1).

Taking K to be the real quadratic field Q(\/D) of discriminant D, we
obtain, as a special case of Theorem 1, a congruence for &, = A(ep) modulo
GCD(D hp), where ¢, denotes the fundamental unit (> 1) of @( / D) and hy
denotes the class number of Q(\/D) (see Theorem 2).

The congruences in Theorems 1 and 2 are given in terms of the
cyclotomic numbers (h, k), of order n, where for any integers h and k the
cyclotomic number (h, k), is defined to be the number of solutions (r, 5} of

1+an+h — q"”"(modp)
I<rgf-1,1<s< /-1,

The basic properties of cyclotomic numbers are given for example in [14].

Finally, as explicit expressions are known for the cyclotomic numbers of
orders 8, 12, 5 (see [6], [16]. [15] respectively), Theorem 2 can be applied to
the real quadratic fields Q( \/ﬁ) (of conductor 8), Q(\/3) (of conductor 12\
QL ) (of conductor 5), to obtain explicit congruences for ind (1+
+./2)(mod 8), ind(2+\/§)(m0d12), ind (%(1+\/§))(m0d 5). This is done in
Sections 4,5 and 6 respectively. Theorem 2 can also be applied to Q(\/ﬁj (of
conductor 24} as the cyclotomic numbers of order 24 are known explicitly
[5]. However, in this case the amount of elementary algebra needed to
compute the right-hand side of Theorem 2 is extremely omerous so this was
not done. For D+ 5, 8, 12, 24 explicit expressions are not known for the
cyclotomic numbers of order D and so are not available for use in Theorem 2.
For example for K = Q(\ﬁ), we have D = 28, and although the cyclotomic
numbers of orders 7 and 14 have been evaluated ([10], [11]) this is not the
case for those of order 28.

2. Proof of Theorem 1. Let U(K) denote the group of units of K and let
C(K) denote the group of cyclotomic units of K. C{K) is a subgroup of
U{K) of finite index and we set i(K) = [U(K): C(K)]. It is known that i(K)
~ is related to the class number k(K) of K (see for example [13]).

Let & be a unit of K. Then we have &#®eC(K), and so there
exist integers a (=0,1), b (=0,1,....,n~1), ¢y and d; (=0, 1, ..., n=1),
Jj=1,2,..., k, such that

(2.1) £ = (~1) ?ﬂ@ﬂ
Applymg the homomorplnsm At R— Z/pZ to (2 1), we obtain

. k
Q2 LR (e 1a'>fn (g™ —1)% (mod p).
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Taking the index of both sides of the congruence (2.2), we obtain, as ind(—1)
=nf/2,

k- )
(2.3) i(K)ind# = Lnaf+bf+ Y ¢; ind(g"

i=1

Now by a resull of Muskat ([12], p. 499). we have

—1) (mod p—1).

ind (g ~1) = "g I{, d), (mod n),

so that

=1

af -+ bf + 2 Y L d), (mod n).

Jj=1 =1

HER)ind &=+

We have thus
n/GCD (n, i(K)).

TueoreEM 1.

I(K) . - h n=1 ( B
e ind & == (4 b c oy L dy, d = |.
GED . iy AT = Grat b+ X o 3 1 dh | mod Far s

3. Proof of Theorem 2. We take K to be the real quadratic field Q(\/B)
of discriminant D, 1t is well-known that the conductor n of Q(\/E) is D and

that i(Q(./D)) = h(Q@(/D)) = hp. The character y, of the field Q(,/D) is

—7), where (2
J J

proved the following congruence for indf modulo

given by xp{j) = is the Kronecker symbol.

Dirichlet's class number formula (see for example [4], p. 344) for h, can
be written in the form

(3.1) e = ]

0<j<b/2

(sinmj/D) " *PY.

| We note that there are § ¢ (D) values of j in the range 0 < j < D/2 for which ‘

¥p() = 1, and ¢ (D) values for which x5 (j) = ~ 1. The remaining values of j,
namely those for which GCD(j, D) > 1, are such that yx,{j) = 0. Replacing
sinm/D by —i{57*({h—1) in (3.1), we obtain

(3.2) e =02 T -0,
0<]<D/2
where _
(3.3) In= ¥ Jr
. 0<j<Dbj2

If b =0(mod4), it is easily shown that X, = 0(mod 2) 50 -that the exponent
Tp/2 in (3.2) is an integer. If D = 1(mod4), Z, can be either even or odd, so
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in this case we write Cﬁ”’z in (3.2) in the form

(3.4 57 = ™ = (T = (— 1),

Then (3.2) has the form (2.1) with

(3.5) n=D, iK)=hy, =g,
0, if D z=0(modd),
3.6 = ‘ ‘
(3.6) @ {z:,,, if  D=1(mod4),
1 i =
(37) b {izﬂ, Tf D = 0{mod 4),
LD+1)E, i D =1(modd),
68 o <ZD/Z, ff D = O{mod 4},
(D—-1)/2, if D=1(mod4),
and for j=1, 2, ...,k
(39) cp=—yp(i), dj=].

Appealing to Theorem 1 we obtain the following congruence for ind Z,
module D/GCD(D, hp).

THEOREM 2.

ll'ld ED =

G_c‘ﬁﬁ),—@ Y ()& 1:21 1L o) (mod _

D
o<i<nn G@ﬁiﬁ"ﬁ}{))'
We remark that in Theorem 2 if we set
(3.10) ep = HT+U /D),

then appealing to the result [13; p. 319

T = U(mod 2),

o Dl
(3.11) NOE DG
‘ (r,,};i.l
we have
_ P11
(3.12) AJDy= Y xp(ng” (modp),
(r-rn‘;;il
+ and
D~1 ‘
(3.13) B=ilep) =3T+4U ¥ xp(ng” (modp).

re
(»,Dy=1
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4. K = Q(ﬁ). In this case n=D =8, ¢, = 1+\/§, hp =1, and for k

8 2 +1, if
k =1 l=!-|= i
o (k) (k) {—1, if
Let p = 8f+1 be a prime with primitive root g. Interpreting \/5 :%ﬁ

modulo p as 1(,/2) = $4 (/8) =4(¢" ~g% —g° +¢7)(mod p), Theorem 2
glves

odd

k=1,7(mod8),
k =3,5(mod 8).

_ 7
(4.1) ind(1+./2) = ~f+ ¥ UL, 3)g—(l, 1)g) (mod$).

Next we define integers x and y by

p—1

Y exP{?-gi(indend(l—m))} = —x+2y\/—_1

=2

(4.2)

and integers a and b by

p—1

{4.3) > exp{z—gf(indm-ﬁ,ind(l——m})} = —a+b./—-2.

m=2
It is known (see for example [3]) that
(44) p=x*+4y’, x=1(mod4),

(4.5) p=a*+26, a=(-1)7"Y8(mod4).

FEmma Lehmer ([6], pp. 115-117) has expressed the values of the cyclotomic
numbers (/, m)y in terms of p, x, y, a and b. It should be noted that in order
to make her formulae conform to the definitions of x, y, a, b given in (4.2)
and (4.3), it is necessary to change the sign of @ in her tables for the case

p = 9(mod 16). Making use of her tables we obtain

-

46 4 1l 3g=U, 1)g)

i=1

—1+3x-+4y—2a-2b, if p
—1—x+dy-+2a—2b, it p
p
p

1 {mod 16), ind 2 = 0(mod 4),
1({mod 16), ind 2 = 2(mod 4),
% (mod 16), ind 2 = O(mod 4),
9(mod 16), ind 2 = 2(mod 4).

1Y}

s

~143x-+12y+2a+2b, 1
—1—x—4y—2a+2b, if

T
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As
[ x = 4/ 1(mod 32),
y = 0(mod4),

a = 4f+1{mod 16),
b = 0(mod 4},

if p=1(mod186), ind 2 = O(mod 4),
a = 4f+ 5 (mod 16),
b = 2(mod4),

if p=1(mod16), ind2= 2(mod4),
a = 12+ 3({mod 16),
b =2(mod4),

if p=9(mod16), ind 2 = O(mod4)
a = 12+ 7(mod 16),
b =0(mod4), }

if p=9(mod16),ind2=

x = 4f+ 25 (mod 32),
¥y = 2(mod4),

U7 x = 4f4 25(mod 32)

y = 0(mod 4),
x = 4f+ 17(mod 32),
[ y = 2{mod4),

2({mod 4),
we obtain |

,
48) 4 Y I(( 3)a—(l, 1))
=1

_ {4f—~4y—2b (mod 32), if
T 16+4f+4y+2b(mod32), il
and so by (4.1) we obtain

y—=ub modS} if
49 ind(l+2= %4+y+ Lp(mod8),  if

p = 1{mod 16),
p = 9%(mod 16),

p = 1 (mod 16),
p = 9(mod 16).
We have thus proved

TheoREM 3. Let p =8f+1 be a prime. Let g be o primitive root (mod p).

Define \/f—l modulo p by

222 ¢ —g¥ — g5 g7 (mod p).
Let (x, y) be the solution of
p=x*+4y*,  x=1(mod4),"
given by (4.2), and_ let (a, b} be the solution of
p=a’+2b%  q=m(—1) 8 (mod ),
given by (4.3). Then we have
. | —y~%b(mod ), if = L{mod 16),
md(1+.\/§)_5{4+yf%i(r(mod)8), Lj ia 9Emod16;,

icm
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A few values of p, g, a, b, x, y are given in Table 1 to illustrate Theorem 3.
Table 1

— y—+b (mod 8)

p=1(mod8§) p g x ; . ind (1 _|_V/§) if p=1(mod 16)

p < 500 {mod 16) - ; {mod 8) 44 y+Lb(mod8)

i p=9(mod 16)
17 1 3 1 2 =3 2 5 5
41 9 6 5 2 3 -4 4 4
73 9 3 =3 4 -1 -6 5 5
89 9 3 5 4 -9 .2 7 7
97 1 5 5 =3 5 6 7 7
113 1 3 =7 4 9 4 2 2
137 9 3 -1 2 3 8 2 2
193 i 5 -7 6 —-11 -6 5 5
233 9 3 13 ~4 15 2 1 1
41 . 1 7 —15 2 13 -6 1 1
257 1 3 1 § —15 —4 2 2
281 9 3 5 -8 -9 10 1 1
313 9 0 13 -6 -5 12 4 4
337 1 10 9 8§ -7 12 2 2
353 1 3 17 4 ~15 -8 0 0
401 1 3 1 ~10 =3 14 3 3
409 .9 21 -3 10 1 -12 0 0
433 f 5 17 -6 -19 6 3 3
449 1 3 -7 10 21 =2 7 7
457 9 13 21 2 13 12 4 4

Remark 1. As y = 0(mod2), by Theorem 3, we have
ind (1 +\/§_) =0(mod?2) « b = 0(mod4),

which iz a result of Barrucand and Cohn [2]. From (4.7) we see that
(4.11) ) =b+2f(mod4),

50 that (4.10) can also be formulated

(4.12) ind(14/2) = 0(mod 2} < y =4(p—1)(mod 4),

Remark 2. If b =

ind(1+./2) =

O(mod4), by Theorem 3, we have
O(mod 4)
<y =5b(mod 4)

< 3b+2f = 0(mod 4),

O(mod4) < y+4b =
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that is
(4.13) ind(1+./2) = 0(mod4) <> }b+/ = 0(mod2),

which is Theorem 1 of [9].
Remark 3. By Theorem 3 we have

(4.14)  ind(1+./2) = 0(mod8)
y+3b =0(mod8), if
y+3b =4(mod8), if

The case p = 1{(mod 16} of {(4.14) is Theorem 2 of [9].

p =1 (mod 16),
p =9 (mod 16).

5. K = Q(./3). In this case n =D = 12, sp = 24./3, hp=1, and for k

satisfying (k, 12) = 1

: 12 3 +1,  if
wi=(3)=()-11
Let p=12{+1 be a prime with prlmltlve root g. Interpreting \/— -5\/—

modulo p as A(,/3) = $4(,/12) = (¢’ —g*  — g™ +4"/) (mod p), Theorem 2
gives

k=1,11(mod 12},
k= 5,7(m0d12).

(5.1) ind(2+./3) = — 2+ le 1, 5)2—(, 1)) (mod 12).
=1

Next we deﬁne integers x and y by

r_1 2mi ., .

(5.2 Y exp —4——(1ndm+1nd(1ﬁm)) = —x 2y
m=2

and integers 4 and B by

(53 Lk 2ni, . .

3) r'lzzjzexp ?(21ndm+1nd(1—m)) =-~A+B./-3

(see for example [16], p. 61). It is known that

549 p=x*+4)*, x=1(mod4d),

(5.5 p=A>4+3B* A =1(mod6).

Whiteman [16] has expressed the values of the cyclotomic numbers of order
twelve in terms of p, A, B, x and y. There are twenty-four different sets of
formulac depending upon r(mod 24), ind 2(mod 6), ind3(mod4), and the
value of a certain quantity ¢, whose precise definition is not needed in this
paper ([16], eqn. (5.7), p. 64). Using these formulae we obtain the following

icm
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it

table of values for & } I{{l, Sho—(, 1)y,):
=1

Table 2
i1
_ P ind 2 ind3
Case 6.; L Sha—(1 Dy {mod 24) {mod 6} {mod4)
i —2484+98—6x—§y 1 1 QO G
2 —2424+38 4y 1 -1 0 0
3 —2+24+3B+4y 1 1 2 0
4 ~2—44—3B+6x+8y | -1 2 0
5 -—2-|-5A+ISB 3x—"0y 1 1 4 0
6 —A49B+3x—16p 1 -1 4 0
7 —2+8A+9B+2x+12y 1 i 0 2
8 ~24+244+3B+4x 1 —i 0 2
9 —2+24+38B—~4x 1 i 2 2
10 —2—44—3B—2x—12y 1 - 2 2
11 —24+5A+ 158 — x+24y 1 i 4 2
12 —2—A+9B+x+12y 1 —1i 4 2
13 —24+11A4+15B—5x 13 i 1 0
14 —2+54~3B—"Tx—12y 13 —i 1 0
15 —242A4+98+4x 13 i 3 0
16 —2—44—-9B+2x—12y 13 —i 3 0
17 —2+424-+21B4-4x i3 i 3 0
18 . —2—-4A+3B+2x—12y 13 —i 5 0
19 25438+ 3x48y i3 1 I 2
20 —24+1LA+15B+9x+4y 13 -1 1 2
21 —2-44 9B 6x+8y 13 1 3 2
22 —2+24+9B+4y 13 —1 3 2
23 ~2—4A+3B—6x+8y 13 1 5 2
24 —2424421B+4y 13 -1 5 2

Treating the equations given by Whiteman for the

congruences mod 16, we obtain

(5.6)

(5.7)

(5.8)

69

3(p+1)(mod8), if
1(p—3)(mod8), if
$(p+35)(mod8), if
Hp+1){mod8), if
B= {O(mod@, if
= |2(mod4), if
{%(p+ D(mod8), if
{p—N(mod8), il
B {O(mod 2, if
T l1(@mod2), if

A =

X

i

5 Acta Avithmaties YT UT1

p = 1{maod 24},
p = 1{mod 24},

P = 13(med 24),
p = 13(mod 24),
p = 1(mod 24),

p = 13 (mod 24),

p = 1{mod 24),

p = 13(mod 24),

p = 1{mod 24),
7 = 13(mod 24).

cyclotomic numbers as

ind 3 = O{mod 4),
ind3 = 2(mod 4},
ind 3 = O(mod 4),
ind 3 = 2(mod 4),
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Similarly reducing the eguations module 9 we cbtain

(2p~1(mod9), if p=1(mod24), ind2 = 0(mod6)
or
p = 13(mod 24), ind 2 = 3(mod 6),
(5.10) A = o o
2p+2{mod9), if p=1(mod24), ind2= 2,4(qu 6)
or
p = 13(mod 24), ind2 = 1,5(mod 6),

(5.11}) B = —ind2(mod 3),

O(mod 3}, if p=1(mod24), ind3 = 2{mod4)
or
p = 13(mod 24}, ind 3 = 0(mod 4),
2p—1(mod?9), if p=1(mod24), ind3 = O0(mod4),c = +1
(5.12) x =3 or
p = 13(mod 24), ind3 = 2(mod 4),¢ = —1,
p—2(mod9), if pz=1(mod24), ind3 =0{mod4),c= ~1
or
! , p = 13({mod24), ind3 = 2(mod4),c = +1,
(0(mod 3), if p=1(mod24), ind3 = O(mod4)
or
p =13(mod 24), ind 3 = 2(mod 4),
2p+2(mod?9), if p=1(mod24), ind3 = 2(modd),c = +i
(5.13) y =/ or
p=13(mod24), ind3 = O(modd),¢c = —1i,
p+Hmod9), i p=1(mod?24), ind3 = 2(modd) ¢ = —i
or
p=13(mod24), ind3 = 0{mod4),c = +i. .

Appealing to (5.1), Table 2, and the congruences (5.6}45.13), we obtain

congruences for ind (2+\/§} mod 8 and mod? in each of the twenty-four
cases. We just give the details in case 1 as the rest of the cases can be treated

A congruence for the index of a unit of K

similarly. By (5.1) and case 1 of Table 2 we have
(5.14) 6ind(2+/3) = ~ 12/~ 24+84+9B—6x— 8y (mod 72).

Reducing (5.14) modulo 8 we obtain, as f is even in this case

~2ind(2+./3) = =2+ B+2x (mod8).
Appealing to (5.7) and (5.8) we obtain
—~2+B+2x = —B (mod§),
so that
(5.15) ind(2+.,/3) = B/2 (mod 4).
Reducing (5.14) modulo 9, we obtain
—3ind(2+./3) = ~3f—2— 4+3x+y (mod9).

Appealing to (5.10) and (5.12) we obtain

=3 -2—A+3x+y =y (mod9),
so that

(5.16) ind(2+./3) = —/3 (mod3).

Putting all the twenty-four cases together we obtain

67

THEOREM 4. Let p = 1241 be a prime. Let g be a primitive root (mod p),

Define ﬁ modulo p by _
2/3=¢ —g —g" +g' (mod p).
Let (x, y) be the solution of -
p=xI4+4y%,  x=1(mod4),
given by (5.2), and let (A, B) be the solution of -
p=A*+3B* A =1i(modé),
given by (5.3). Then we have

(5.17) ind(2+./3) = (= 132*/~1 xy/3 (mod 3)
and
(5.18) ind (2+./3) =(—1¥¢ +i"d3125-§— (mod 4}.

A few values of p, g, 4, B, x, y are given in Tables 3 and 4 to illustrate

Theorem 4. :
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- Table 3 Remark L If p = 1{mod 24) (so that f =0(mod2)) by Theorem 4 we
p=1{med1)  f L g ind3 indQ+ S (s g have "
pestd  (mody f (odd) _ (mod4 (mod) (5.19) ind(2+./3) = 0(mod4) = $B =0(mod4) < B = 0(mod8),
; ; ,2} +; ii g } ? which is a result of Emma Lehmer (9], Theorem 3).
61 1 1 47 42 2 1 1 Remark 2. Since
73 0 5 -5 +4 2 -2 2 — 2
97 0 5 47 -4 2 2 2 202+./3) = (1+./3)%,
ig? 1 g i; :g g ? : the congruences in Theorem 4 give congruences for ind{l+ \/3} modulo both
181 I 2 413 42 0 3 3 2 and 3.
193 0 5 41 +8 0 0 0 Remark 3. From Theorem 4 we have
229 1 6 —11 -6 0 3 3
241 0 7 47 48 2 0 0 (5.20) ind{(2+./3) = 0(mod 3) < xy/3 = 0(mod 3):
207 1 5 413 +6 0 i H
313 0 100 —11 48 0 0 0 If p=1(mod24), ind3 =2(mod4) or p=13(mod?24), ind3 = 0(mod4), by
337 0 w0 17 -4 2 2 2 (5.12) and (5.13), we have x = 0(mod 3), y # 0(mod 3), so that (5.20) becomes
" 349 i 2 47 -10 2 3 3 in this case
3 i 2 419 42 2 1 ! ~
397 1 S -1 462 3 3 5.21 ind(2+ ., 3) = 0(mod 3) < x = 0(mod9).
409 0 2 419 -4 2 2 2 (.21} (243 =0( ) ( )
421 1 2 -1 -1 0 t 1 If p=1(mod24), ind3 = O(mod4) or p=13(mod2d), ind3 = 2(mod4), by
433 0 50 41 +12 0 2 2 -
157 0 G o5 412 5 5 ) (5.12)‘ and (5.13), we have x # 0(mod 3), y = 0(mod 3), so that (5.20) becomes
. < in this case .
Table 4 (5.22) ind (2+./3) = 0(mod 3) < y = 0(mod9).
p=1limed1)  f ind3 ind (24/3) (—1)Rd%240 1 gy : |
< 500 wod2 9 (modd ¥ (mod 3) (1a0d 3) gogggcnces (5.21) and (5.22) are due to Barrucand (see for example [8],
13 1 2 0 -3 -1 1 1
37 1 2 2 1 3 2 2 6. K= Q(\/g). inthiscase n=D =35, gp = {;(1&—\/5), hp =1, and for k
61 1 2 2 s 3 1 1 satisfying (k, 5) = 1
73 0 5 2 -3 4 2 2 )
97 0 5 2 9 -2 0 0 ) = §) Cf+1, i k= 1,4(mod5),
109 L6 0 =3 =S 2 2 xo k)T 1-1 i k=23(mod5).
157 1 5 2 —~11 3 2 2 - o _
181 1 2 0 9 =3 0 0 Let p = 5f+1 be a prime with primitive root g. Interpreting \/3 modulo p as
193 0 5 0 -7 6 2 2 = f — g2 3T LA ives
o X . o 15 i : : ,1(\/3) = g —g* — g +¢* (mod p), Theorem 2 gives ‘
241 0 7 2 —15 2 2 2 i [ ,
ikl 1 5 0 9 -7 0 0 (6.1) md(§_{1+\/§)) = —'—2+ 3 UL 25 —(L, 1)s) (mod 5).
313 i} 10 0 13 -6 2 2 ' =1
gi; _ (1) 1(2) ; g ' g g g Following Whiteman ([15], pp. 100-101), we may define integers x, u, v,
R 1 2 2 By - 0 0 w by ;
97 1 5 2 19 -3 2 2 P pimdmind (1~
409 0 21 2 -3 10 2 5 62 4 Z .ﬁmdm-l nd (1 —m)
421 1 2 0 —1s 7 1 1 m=2 : ' -
433 0 50 17 -6 t 1 = (X 20404 5w) B+ (— X+ du—20—5w) B2+
457 0 13 2 202 2 2

+(——x—4u+2v—5w)ﬁ3+(—x—2u-iv+5w}[3“,
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where B = &5, or equivalently by
3 = —pot 14425(0, O)s,

4= (0, 25~ (0, 3)s,
(63) b= (0, 1)s—(0, 4)s,
w={1,3)s—~(1, 2)s.

The 4-tuple (x, u, v, w) is a solution of Dickson’s system

{16}1 = x>+ 50+ 5002 +125w%,  x = 1{mod5),

6.4
(64) xw = v® —4up —u’.

Whiteman has given the cyclotomic numbers of order 5 in terms of p, x, u, v,

w {see [15], (4.9)). Using these in (6.1) we obtain
indk(1 +./5) = —u-+3v(mod ).
We have thus proved

THEOREM 5. Let p = 5f+1 be a prime. Let g be a primitive root {mod p).

Define \/5 modulo p by

o S5Eg g g +g¥ (mod p).
Table §
p = Hmod 5} ind(3(1+./5) —u+3p
p < 500 g * H v v (modS\)/ (mod 8y

11 2 1 0 1 1 3 3

3 3 1 I -1 4 4

4 6 -9 0 3 -1 4 4

61 2 1 —4 1 1 2 2

71 7 —-19 C. 2 3 1 2 2
101 2 —-29 2 ~3 ~1 4 4
131 2 11 -6 1 -1 4 4
151 6 —4 -2 2 —4 3 3
181 2 1 -2 7 -1 | .l
191 19 41 —4 3 1 3 3
211 2 . i 2 -1 5 0 0
241 7 16 4 4 —d 3 3
251 6 —4 2 6 4 | 1
271 6 31 -8 1 -1 1 1
281 3 1 —4 3 . 5 0 0
311 17 —49 7 0 1 3 k|
331 3 61 2 -3 1 3 3
401 3 -29 10 -3 -1 1 {
421 2 —19 -8 1 - 0 0
431 7 36 ' [3 [ —q 2 2
4_61 2 1 -2 -9 "5 0 0
491 2 .—_9 —12 - 3 -1 1 1
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Let (x, u, v, w) be the solution of (64) given by (6.2) or eqmmlenrlv by (6.3).
Then we have
(6.5) ind4(1+./5) =

A few values of p, g, X, u, v, w are given in Table 5 to illustrate Theorem 3.

—u+3v(mod 5).

Remark 1. The congruence (6.5} can also be deduced from the theorem
proved in [17].

Remark 2. From the second equation in (64),
x # O(mod 35),

we have, as

u = 3v(mod5) <= w = 0{(mod3).

Thus 4(1+./5) is a fifth power (modp) if and only if w = O(mod 5). This
result is due to Emma Lehmer [7].

7. Acknowledgements. The authors would like to thank Control Data
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The distribution of square-free numbers
by
R. C. Baker (Egham) and F. Pintz (Budapest)

1. Introduction. Let

6
A(x)= 3 uz(n)wpx.

We write
W (0) =0-~[0]—% (6 real).

Let &> 0. Montgomery and Vaughan {3] showed, on the Riemann
hypothesis, that

(1) A(X) == Z ﬂ(n)lf/(ic—>+0(x1f2+z M—-l/l_l_M]_/z—;.a)’

2
nEM n
for any M > 0. They deduced that
A (X) = O(x9/23+s)_

Graham [17] improved the exponent 9/28 to 8/25. In- the present note we
sharpen this, proving
Tueorem. If the Riemann hypothesis is correct, then

A (}C) — O(x'.ij?.?.-i-t:)_

The new idea is contained in Lemma 3, which is quite similar to work of
Heath-Brown ([2], Section 4). We shall make several appeals to the
exponential sum estimate :

(2) Y e(nh) <A a4 AR

a<ngb
{0 < a < b < 2a, A real non-zero). See {41, Theorem 59. Here ¢(f) = g2t we
also write L = logx. Constants implied by ‘<’ and ‘0’ notations depend at
most on &.

LeMmMa 1. For some N, H with

(3) ) x-:/zz <N €x4,'11, 1/2 < H< x1/22’ )



