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On weighted inequalities for ergodic operators
by

HUGO AIMAR (Santa Fe)

Abstract. The purpose of this note is to show that the method given by A. P. Calderdn in
Proc. Nat. Acad. Sci. 59 (1968) can be applied to study ergodic problems involving weights, in
particular the weighted L” boundedness of the maximal ergodic operator.

§ 1. Introduction. It is known, after a paper of A.'P. Calder6n [4], that a
certain class of results in ergodic theory follows from the validity of similar
properties for translation-invariant operators. In this way, as is pointed out
in that paper, the ergodic maximal theorem and Cotlar’s results become
immediate consequences of the Hardy-Littlewood maximal theorem and the
usual results for singular integrals. In this note we show that the method
given by A. P. Calderén can also be applied to problems involving weights.
In a recent paper, E. Atencia and A. de la Torre [3] gave a characterization
of weights W for which the discrete ergodic maximal operator is bounded on
LP(W), following the lines of [5]. We consider a family of measure-preserving
transformations with parameter on a locally compact abelian group G. The
special case of the ergodic maximal operator defined by a Vitali family of
neighborhoods of zero (see § 2) follows from the characterization of weights
for which the Hardy-Littlewood maximal operator on spaces of
homogeneous type is bounded in L? (see [2] or [6]). When G =Z the
weighted L boundedness’ of the ergodic maximal operator given in [3]
follows- in a straightforward manner from the Muckenhoupt 4, condition.
Other interesting cases falling into the scope of this result are the ergodic
Hilbert transform, its generalizations, and the maximal operators of some
convolution approximate identities.

We introduce in § 2-§ 4 the basic structures and definitions; the main
result is contained in § 5, and the applications in § 6.

b

§ 2. Group properties. Let (G, +, 0) be a locally compact abelian group
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and v a o-finite Haar measure on the Borel subsets of G. Let {U,: « > 0!
be a regular Vitali family in the sense of Riviére (see [7]), i.e.

(21) U, is an open neighborhood of 0 for every o > 0,

(22) U, is a compact set and () U, = |0},

>0
(23) if « <f then U, = Uy,
(24) JUu,=¢G,

a>0

(2.5}  there exists a continuous nondecreasing function ¢ defined on R™
onto R* such that ®(a) > 2,

Ui~U,c Upy and  v(Ugy) < Av(U,)
for some nonnegative A.
We can assume without loss of generality that the sets U, are symmetric
and that v(U,) is left-continuous as a fuction of a.

§ 3. Measure properties. Let (X, #, p) be a o-finite measure space. We
assume that there is a function T from G x X into X such that, for each ¢
and s in G, ’

(3.1)  T(0,-) is the identity on X,

(32) T(t+s,-)= T(t, T(s, ’)),

(33)  Ee# if and only if T(1, E)e #, and u(T(t, E)) = u(E),

(34) if f is a p-measurable function defined on X, then F = foTis
v x u-measurable.

§ 4. The ergodic maximal operator. As usual, % (G) denotes the space of
real-valued continuous functions on G and LL (G) the space of locally
integrable functions on G. Let S be a sublinear operator from L (G) into
.(G) such that
(4.1) S commutes with translations,

(4.2) S is semi-local, that is, there exists a (symmetric) neighborhood V of
0 such that Vis compact and supp Sg <= V+ supp g for all ge L. (G).
We define the ergodic operator $* associated with S in the following
way: let fie L' (X, ), fre L°(X, y) and f = f, +f,. Then F (-, x)e L}, (G) and
S(F(., x))e’6 (G) for almost every x. Hence
S*f(X) = §(F (-, x))(0)
is well defined for almost every xe X. Given a sequence {S,! of operators
satisfying (4.1) and (4.2), define

§*g(t) = sup|S,g(r), Skg() = sup|S,g (),

S*A() =sup|SEf(x),  SF*f(x)= sup|S”f (x).
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§5. The result. If 1 <p<oco and A> 0, we shall say that a weight
function w defined on G belongs to the class A}(S*) if and only if
(5.1) fIS*g (O wtydv(t) < A[lg @ w(n)dv(1)
G G
for every v-measurable function ¢ defined on G.

THEOREM. If 1 <p<oo, A>0 and W is a weight on X such that
W(T (", x))e A;‘,(S*) Jor almost every x, then

(5.2) JIS#*f (x)17 Wix) dp(x) < AL [ |f C)|? W(x)dp(x)
X X

holds for every fe(L'-+L*)(X, u).
Proof. First observe that S§*f(x) = S%/(T(-, x)) (0); thus on account
of (3.2) and (4.1) we have

63 SE* (T2, x)) = SEf(T (-, 0)(1).
If ¥, is the neighborhood of 0 associated to S, by (4.2), U, a member of the
N

regular Vitali family and E (N ,o0)= |J ¥,+U,, then the inequality
n= g

SEF(TC )0 < SE (aova O (T X)) O+ 5% (aovay () (T L )0

follows from the sublinearity of S%; here E(N, a) denotes the complementary
set of E(N, «). Note that if te U,, the last term vanishes. Then using (5.3)
and the fact that a function h(x) and its ergodic translate h(T(t, x)) are
equimeasurable as functions of x, we obtain .

J [S¢*7 (1P W (x) du(x)

= H J‘[Sﬁ*f(T(z, O W(TG, x))du(x)}dv(r)

Uy X

{ T8 tama) (AT W X))} dv (0.
X

By applying Tonelli’s theorem and the hypothesis on W, the right-hand side
is bounded by :

(4 v du(x).
WJ{ J (T, D) W(Te, x))dv(t)} (%)

X E(N,a)
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Changing again the order of integration and choosing « large enough that

N
U V, = U,, we obtain from (2.5) the inequality

n=1

’ )j;[Sﬁ‘*f(X)]" W) du(x) < AL [1f (1P W(x) du(x),
. X .

uniformly in N. Therefore, by a passage to the limit (5.2) follows.

§ 6. Applications. If a sufficient condition in order that a weight w
defined on G belong to 4%(S*) is known, then the result just proved can be
applied to obtain sufficient conditions in order that the operator S** be
bounded on L*(X, Wdp). This is the case for the Muckenhoupt 4, condition
when S* is the Hardy-Littlewood maximal function operator. Let

j lg(s)ldv(s)
1+ U,
be Fhe Hardy-Littlewood maximal operator defined by the regular Vitali
family {U,}. The function d(r) = inf {v(U,): te U,} if t # 0, d(0) = O defines a
space of homogeneous type on G; indeed, as is easy to check,
dt+5) < A[d@)+d(s)],
and if B,(0,r)={t: d(f) <r} we have

v(B4(0, 2r)) < (B, (0, ).

Moreover, the Hardy-Littlewood maximal function in the space (G, d, v),
defined by

1
S*g(t) = sup———
g(®) Sup )

1
Mg (t) = sup VBT J‘ g (s)| dv (s),

r>0
By(t,r)
is equivglent to S*. Applying the Muckenhoupt characterization extended to
the s;ttmg of spaces of homogeneous type in [2] and [6], we can obtain
sufficient conditions in order that a weight we AL(S*). In fact, if

" A w(s)dv(s) m w(s) dv (s)) <C
t+U, t+Ug,
holds for all @ > 0 and te G, then there exists J, depending only on p and C,
such that we 4;(S*). Therefore, if S**f is the ergodic maximal function

S**f(x) = sup WIU_) J |f i(T(s, X)) dv(s),

U,
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a sufficient condition for (5.2) is the following: there exists C such that, for
almost every xe X,

1 1 11 =p) .
) _— W(T (s, x))d , ] <
(6.1) (V(Ua) J (T (s, x)) V(S)>(V(Ua) j W(T (s, x)) av(s) C
t+ t+ Uy

a

holds for all te G and a > 0. If, in addition, G is countable, (6.1) is equivalent
to '

( ..... L ‘W(T(s, x))dv(s) (,._L 'W(T(s, )P dv(s) i <cC

v(Uy) v(Uy)

Uy Uy
for almost all x and all « > 0, which in the case G = Z is condition 4,
given in [3].

Condition 4, above, on a weight w on G, remains sufficient for the
weighted L? boundedness of a wider class of singular integral operators and
approximate identities on the space (G, d, v) (see [1]). Therefore by an
application of the result proved here, (6.1) is a sufficient condition for the
weighted L? boundedness of the associated ergodic operators.

Observe, finally, that the method of A. P. Calderén can also be adapted
to obtain the weighted estimate for the operator

Myf(x) = 33}3( ﬁr W(T(s, %) dv(s) ™" Uj I (T (s, )| W (T (s, x))dv(s)

where W is a weight such that W(T(', x)) satisfies a uniform doubling
condition.
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