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1. Introduction. Many finiteness results on the number of solutions of
diophantine equations, such as the Thue-Mahler equation and linear equa-
tions in two S-units, have been proved by applying approximation techni-
ques of Thue, Siegel and Roth. These techniques are ineffective in the sense
that they do no not provide an algorithm for finding all solutions. However,
these techniques can be used to find explicit upper bounds for the number of
solutions of diophantine equations belonging to several classes. In [2] we
derived an explicit upper bound for the number of solutions of lnear
equations in two S-units and, as an application of this, for the number of
solutions of the Thue-Mahler equation with variables in a fixed algebraic
number field. The techniques of Thue, Siegel and Roth can be extended to
the case of algebraic function fields of characteristic 0. Thus analogues of the
Thue—-Siegel-Roth Theorem have been obtained for such function fields (cf.
[7], Ch. 7, [5], [15]). In this paper we shall give analogues of the results in
[2] for algebraic function fields of characteristic 0. We shall also prove a
finiteness criterion for the number of solutions of the Thue equation over
function fields of characteristic 0. This finiteness criterion was already proved
by Mason by an effective method in case that the function figld has
transcendence degree 1 over its field of constants (¢f. [8], Th. 2, [11], Ch. 2,
Th. 2). Our results are valid for function fields with arbitrarily large
transcendence degree over their fields of constants.

Our results mentioned above are in fact valid for a large class of fields,
namely the fields with a product formula. Before we are able to state the
results, we have to mention some facts about these fields. A field K is called
a field with a product formula if it has characteristic 0 and if it is endowed
with a set of pairwise non-equivalent (multiplicative) valuations My = {|-,}
on K such that for all « in K*: (})

il

(" Il K is a field then we denote by K* the set of non-zero tlements of K.
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1) la,=1
(2) Hlmlu =1,

for alf but finitely many v, the finiteness property;

the product formula.

If confusion can not arise, we shall not make a proper distinction between a
valuation |-}, and its index p. If all valuations in My are raised to the same
power then we obtain another set of valuations satisiying (1) and (2) which is
calied equivalent to My, There are fields with inequivalent sets of valuations
satisfving (1) and (2).

We shall now give three important examples of fields with a product
formula.

1. The field of rational numbers Q. Let P denote the set of prime
numbers: thus every non-zero rational o« can be written uniquely as

a=+]]p"",
pelP
where the numbers w,{x) are rational integers of which at most finitely many
are non-zero. We define valuations ||, (peP) and ||, by

lf, =p **™ for acQ* |0,=0
P r

for every p in P and

fal, =lal for

e,

Wherel i-| denotes the ordinary absclute value.
Now Q is a field with a product formula with set of valuations

={,: pePuip}l.

2. K=k(X,,...,X,), where k is a field of characteristic O and where
X,...., X, are independent variables. Let I be a maximal set of pairwise non-
associated irreducible polynomials in the ring kX, ..., X,]. Every fin K*
can be written uniquely as

F=c H fnf(F),
Jel
where cek* and where the numbers v, (F) are rational infegers of which at
most finitely many are non-zero. If Fek[X,, ..., X,] then we denote by
Deg(F) the total degree of F. If FeK* then we put Deg(F) = Deg(F,)
—Deg(F,), where Fy, F, are polynomials in k[X,, ..., X,] with F = F,/F,.
This is clearly weli-defined. We define valuations |-|,(fel) and ||, by

jFi_r - echs(f)vf(F) for FEK*, Iolf —

for every fin I and
|F|p = %2 for

FeK* |0, =0
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Then K is a field with a product formula with set of valuations
Mg ={l,: velu{w}l

3. Finite extensions of fields with a product formula. Let K be a field with
a product formula with set of vaiuations My and let L be a finite extension
of K of degree d. 1et veMy and let K, be the algebraic closure of the
completion of K at p. Then there are exactly 4 injective homomorphisms of L
in K,, 61, ..., 04, say. As is well known from valuation theory, |-|, can be
extended in exactly one way to K, . This extension is also denoted by ||,.
Every extension of ||, to L must be equal to at least one of the valuations
loy CWps -+ s Jog (), defined on L. A valuation |}, on L is called normalized
with respect te ||, if

(3) ltly = ] lov(@), for aelL.

iEEVIv

Here Ey,, denotes the set of those i in 1, ..., d for which !a,(-)), is equivalent
to |'iy. If ||y 15 normalized with respect to |-}, then the restriction of |-|, te K
is equivalent to [],. Let ||y, ..., | l,,g be the valuations on L which are
normalized with respect to [ I!, Thcn the sets Ey .y, ..., Ep, 4l ArS pairwise
disjoint and have union {1, ..., d}. Hence g < d. Moreover by (3),

@ TTlody, = INpeled,  for  zeL.

Let My, be the set of valuations on L which are normalized with respect
to the valuations in Mg. We shall show that L is a ficld with a product
formula with set of valuations M, in other words that M, satisfies the
finiteness property and the product formula. To this end, we mneed the
followmg obvious fact:

be a zero of the polynomial f(X) =a, X"+ ... +a; X +a, in K[ X].
n. Then |a|, e {0, 1}.

.. +a, be a polynomial in K'[X] with

Let K be a field with non-archimedean valuation |-, and let e K,
() {

Suppose that |al,e{0,1} for i=1, ...,
Let feI* and let f(X) =a, X"+

F{B)=0. By applying (1} with o =2 we obtain that M, contains at most

finitely many archimedean valuations. Moreover, from (1) and the above
arguments we infer that |aoly, ..., |@y €10, 1} for all but finitely many non-
archimedean valuations ||, in M. Together with (5) this implies that |8,
=1 for all but finitely many ¥V in M,. By applying {(4) and (2) with

o = Ny (), we obtain that [] |fly =
VeMy,

4 - Acta Arithmeticn XLYIL3
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Examples 1, 2 and 3 show that algebraic number fields and algebraic
function fields of characteristic 0 in several variables are fields with 2 product
formula. Artin and Whaples [1] showed that any field K which has a set of
valuations My with at least one archimedean valuation satisfying the finite-
ness property and the product formula must be an algebraic number field.
Fields with a product formula which are not algebraic number fields, namely
those for which all valuations are non-archimedean, are called F-fields. Let K
be an F-field. Then the set

 k=1{aeK: |u, <1 for all v in My}

is also a field, termed the constant field of K. Using (5) it is not difficult to
show that k is algebraically closed in K. If L is a finite extension of K then L
is also an F-field, the constant field of which is just the algebraic closure of k
in L. :
Let K be a field with a product formula with set of valuations M. For
each finite subset § of My we denote by % the set of those o in K with the
property that |of, = 1 for all v in M\S. % is a multiplicative group, the
elements of which are called S-umits. If K is an algebraic number field, then
the groups @ are finitely generated. If K is an F-field with constant field k,
- then for each group %, k* «— % and %g/k* is finitely generated.

- In the theorems below, we give explicit upper bounds for the numbers
of solutions of linear equations in" two S-units of a field with a product
formula.

THEOREM 1. Let K be an algebraiév number field of degree m with set of
valuations My and let S be a finite subset'of My of cardinality s, containing all

archimedean wvaluations, For each pair A, u in K*, the eguation
(6) Ax+py =1 in S-units x, y

has . at.most 3 x 7"+ 25 solutions.

For the proof of this result we refer to [2]. In this paper we shall prove -

the following analogue for F-fields.

THEOREM 2. Let K be an F-field with constant field k and let S be a finite
subset of the set of ‘valuations My. For each pair A, u in K*, the equation

(6) L Axduy =1 in S-units x, y

has at most 2 x 7% solutions with Ax/uy ¢ k. As above, s denotes the cardinality
of 8.

Both Theorem 1 and Theorem 2 have several applications. By combin-
ing Theorems 1 and 2, Evertse and Gyéry [3] derived an upper bound for
the- number of solutions of the equation lx+uy =1 in elements x, yof a
finitely generated multiplicative group G which is contained in a field X of
characteristic 0. Unfortunately this bound depends on the choice of a
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transcendence basis for K. As an application of this result, upper bounds
have been obtained for the number of solutions of certain decompcsable
form equations over rings which are finitely generated over Z. In [3], Evertse
and Gyory also derived an explicit upper bound for the number of power
bases of the ring of integers of an algebraic number field. This has been
generalized in several directions in [4].

In the present paper, we shall apply Theorem 2 to the Thue—Mahler
equation over F-fields: the main resulis of these investigations are stated in
the following section.

2. On the Thue-Mahler equation over F-fields. Henceforth we shall use
the notation of Theorem 2: thus K denotes an F-field with set of valuations
My and constant field k and § denotes a finite subset of M. Moreover, by
@5 we shall denote the ring of S-integers, that is the ring of those o in K such
that |of, <1 for all v in M\S. Clearly, % is the unit group of . Let
F(X, Y) be a binary form of degree n with coefficients in ¢, which has at
least three distinct linear factors in some extension of K (such a form is
termed cubic divisible). We shall consider the Thue—Mahler equation

] Fix,y)=m in x yEv@S, ue Y,

where y is a non-zero element of @5. Two solutions (x,, ¥y, 1), (X3, Y2, ta)
of (7) are called dependent if there is an « in % such that x, = ax,, y, = ay,,
Uy = a"uy. Our aim is to give an upper bound for the maximal number of
pairwise independent solutions of (7). This number is not always finite. We
call the form F degenerate if there are o, 8, 9, 6 in g with xd—fBy £ 0, an
S-unit & and a binary form f{X, Y} with coefficients in k such that

(8) FaX+pY, yX+6Yy=pef(X,Y) identically in X, ¥.

If F satisfies (8) then we call a solution (x, y, #) of (7) trivial if it is dependent
on a solution (xé+ fn, yE+06n, ) with &, nek. There exists a one-to-one
correspondence between the set of trivial solutions of (7) and the set of pairs
(ué, un) with ue %5 and &, ek for which f (&£, ) # 0. Hence if F is degenera-
te then {7) has infinitely many pairwise independent solutions. We shall show
that when F is degenerate, the set of trivial solutions of (7} does not depend
on the choice of o, §, 7, 6, ¢, f. o

For each non-zero o in 0y we define w(x) to be the number of v in
M\S with ||, < 1. Then we have the following result.

TueoreM 3. Let K be an F-field with set of valuations My and constant
field k and let F(X, Y) be a cubic divisible form of degree n with coefficients in
Os, where 8 is a finite subset of My of cardinality s.

(i) If F is non-degenerate then (7) has at most T2 E+oW) poirwise
independent solutions. ' .

(ii) If F is degenerate then (7) has at most 72"3(’+““"’_pairwise independent
non-trivial solutions.
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A special case of (7) is the Thue equation
) F(x,p)=u in

As a consequence of Theorem 3 we have

Cororrary 1. Let K, k, S, u, F(X, Y) be as in Theorem 3. Then (9) has
o ar most” 1 x TPPETeW) solutions, unless there are o, B, 7, 8 in Og with d
— By # 0 and a binary form f(X, Y} with coefficients in k such that

(10) F(aX+BY, vX +6Y) = uf (X, Y)

In that case (9) has at most n x 72T oW solurions which are not of the type
{x, ) = (a + By, yE+6n), where &, n are elements of k with { (£, n) =1L

This corollary can be proved by considering the solutions (x, y, 1) of (7).
First of all, two solutions (x,, v, 1), (x2, y», 1) of (7) are dependent if and
only if x5 = gx;, ¥2 = gy, for some nth root of unity p in K. Hence there are
at most n solutions (x, y, 1) of (7) which are dependent on a given solution.
This implies that (9) has at most n w726+ el solutions if either F is non-
degenerate or F is degenerate but (7) has no trivial solutions (x, y, 1). If F
satisfies (8) and (x, ¥, 1) is a trivial solution of (7) then there are 8¢ %5 and
£, pek such that x = O(aé+fy), ¥ = B(pE+5n) and 08"f (&, #) = 1. It is easy
to check that (8) remains true with o', §, +, &, ¢, f' replacing o, B, 3, 0, &, 1,
where o' =0, B/ =08, ' =0y, & =03, ¢' =1,/ (X, ¥) = ef"f (X, ¥). Hence
we may assume that F satisfies (10). If F satisfies (10) then (x, y, 1) is a trivial
solution of (7) if and only if x = af + Ay, y = y¢+6n where &, n are elements
of k with f(&, n) =1. This completes the proof of Corollary 1. =

If k is algebraically closed then Corollary 1 implies that (%) has at most
finitely many solutions if and only if F is not of the type (10). This result was
already proved by Mason [8] in case that K is a function field of character-
istic 0 in one variable.

We shall now consider a special case of Theorem 3. Let k be an
arbitrary field of characteristic 0 and pwt K=k(X,,..., X,) where
X, ..., X, are independent variables. Let ¢ denote the ring k[X,, ..., X,].
For an ordered pair (x, y) in @7, we write ged(x, y) =1if x =0, y =1, or if
x and y are coprime in the usual sense and the coefficient of x highest in
lexicographic order is equal to 1. Thus for each pair x, y in K, not both zero,
there is a unique z in K* with ged(xz, yz) = 1.

Let f1, ..., J; be irreducible polynomials in ¢ such that fi/f;¢k for i % j.
Put § = {oo, f, ..., fi} (where co corresponds to the valuation ||, defined in

exarnple 2 of Section 1). Then

Us = {cfi* . [ cek* Ky, ... keZ*} and 05 = O%.

Let F(X, Y) O0[X, Y] be a cubic divisible form of degree n. Then it is easy
to show that F is degenerate (with g = 1) in the sense of (8} if and only if
there are «, f,y,0e( with ad—fy#0, ec¥n ¢ and a binary form

x, ye Cs.

identically in X, Y.
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F(X, Y)ek[X, Y] such that
(1) FlaX+BY, yX+dY)=2f(X, Y)
We shall consider the equation

k In(x, e, cek* ki,...,keZ
with ged(x, y) = 1, k; 2 0, ..., k 3 0.

If F satisfies (11} then a solution (x, y, ¢, ky, ..., k) of (12) is called trivial if
there are Gey and &, nek such that x = @(xé+By), y = 8(pE+dn). The
following result is a direct consequence of Theorem 3, with s =141 and
w () = 0.

CoroLLARY 2. (i) If F is non-degenerate then (12) has at most 7#=¢+ 1
solutions.

(i) If F is degenerate then {12) has at most 72"+ V) non-trivial solutions.

identically in X, Y.

(12)  Flx,y)=cfit. . .f

3. Lemmata for the proof of Theorem 2. In [2] we reduced the equation
Ax-+py =1 1n S-units x, y of an algebraic number field to a finite number of
systems of inequalities involving differences of the type &/y—o, where ¢ is a
cube root of unty, ¢ = lx—guy and 5 = ix—p?uy. To these systems of
inequalities we applied an approximation method of Thue and Siegel in
which certain hypergeometric polynomials were used. In the present paper,
we shall instead of transforming x, y to £, # in the way described above,
modify our hypergeometric polynomials in a proper way. This makes the
proof less complicated. We mention that the method used in this paper can
also be used to prove Theorem 1. We shall not work this out here.

In this section we shall develop the necessary tools for the proof of
Theorem 2. Henceforth we shall use the notation of Theorem 2: thus K
denotes an F-field with set of valuations My and constant field k and S a
finite subset of My of cardinality 5. Moreover, vg, v,, v, will denote non-zero
elements of K. Let '

P2 (K) = {x = (xp: X1 X3): X, X1, X286 K, (X, X1, X3) # (0, 0, 0)}

be the projective plane over K. If x=eP*(K) is given by (xp:x;:x,) then
Xp, Xy, X, are called the homogeneous coordinates of x. They are determined
up to a common multiplicative factor in K*, By P* (k) we shall denote the set
of points in P2(K) of which the homogeneous coordinates can all be chosen
in k. Finally, let T be defined as the set of points x = (xg: X;: x3) in P*(K)
satisfying |

(13) xo+x(+x;3=0; xéP*k); |x}, =|vl, for he{0,1,2} and ve Mg\S

for some choice of x4, Xy, X5-
If A= —(vo/vy), = —(v/v;) then the mapping (x, y) = (vpX: v; y: )
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defines a one-to-one correspondence between the solutions of (6) and the
elements of T. Hence the following result is equivalent to Theorem 2.
TueoreM 2. T has cardinality at most 2 x7%.
In fact, we shall prove Theorem 2’ instead of Theorem 2. To simplfy
our notation we put, for a,, ..., a, in K and » in My,

minn(als ey ar) = min(}aliw L] |arlu)!

maxv(ala (AR ar) = max(ia1|w st ]arlu)'

If x =(xp: X;: x;)e P?(K) then the height of x is defined by
h(x) = I—[ maxu(x(): X15 Xg,)-
veMg

By the product formula, the height of x is independent of the choice of its
homogeneous coordinates. By choosing one of the homogeneous coordinates
equal to 1, one can show that

(14) hx) =1 for xeP*(K)
and ‘
(15) h(x) =1 if and only if xeP?(k).

In our arguments, the number

A= n (maxu (V()a Vi, V?.))a
vgs |V0 Vi vllu

will play an important rdle. Here v¢S is an abbreviation of ve M\S.
For the proof of the following lemma we refer to [2], Lemma 4.

Lemma 1. Let B be a real number with 0 < B < 1, let g = 1 be an integer
and put R(B) = (1—~B)y ! B¥B=1_ Then there exists a set W of cardinality at
most max {1, (2B)""}R(BY*"", consisting of tuples (I'y, ..., I') with I'; = 0 for

a .
i=1,....,q and I'; = B with the following property: for every set of reals
e l J
=

. q
Fio ooty Fpud with 0<F; <1 for j=1,...,q and [| F; <A there exists
Jj=1
. L)ew such that
FisdA for

a tuple (I'y, ...

i=1..4q

In the following lemma we shall show, that each element of T satisfies
one of a finite number of systems of inequalities to which we can apply our
approximation method.

Lemma 2. Let B be a real number with 1/2< B <1, Then rhere
exists a set W, of cardinality at most 3*R(BY™*, consisting of tuples
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(i (0)pes, (Todoes) with i(@)e{0,1,2} and I, 20 for allvin S and ¥ I, = B,
- veS

with the following property: for every x = (Xq: X! Xg) in T there is a tuple

((i(v))uES; (Fu)ues) in Wo such that

(16) i <(Ah(x)™3" for ves.

max,, (jcos X5 x2)

Proof Let x =(xg: x;: x;)e T. For each v in S, choose i(v) from

{0, 1, 2} such that |x;,|, = min,(x,, X;, x;). Thus one obtains a tuple

{i(t)),es Which can be chosen from at most 3* possibilities. If for some v in S,

i(y)=1 and (i, j, k) is a permutation of (0, 1, 2), then |x}, = |x;+ x|, < | %),

and similarly, [x), < |xj,. Hence |xj, =|x/,. Together with the product
formula this implies that

H |xi(u)|u _ |x0 X3 xZJu
ses MAX, (X, X1, X3)  es{max, (o, Xy, )cz))3

o (H (max,{xq, Xy, %3)) )/h(x)g_

vES %o X1 X2,

Since xe T, we can choose Xq, X;, X, such that |x,), = v, for A =0, 1, 2 and
ve Mg\S. Hence
= Ah{x)~3.

|%; o
rgfmaxv(xm Xqs X3)
By Lemma 1, there is a set of tuples (I,),.s of cardinality at most R(B)*",

with I, > 0 for veS and ¥, I', = B, such that (16) holds for at least one of
res
the tuples in that set. This proves Lemma 2. m
Let B>0 and let {(i()es, (F)es) be a fixed tuple for which

i(t)e{0,1,2} and I, =0 for veS and ) I', = B. We shall deal with the

ves§

gystem of inequalities

(17) mwji—"”i”—s(Ah(x)"”)r" for

eSS in x = (xq: %: Xy)e T
maxv(x(): Xys x2)

The following lemma states roughly, that large solutions of (17) can not
be close together, :

LemMa 3. Assume that 2/3 <B < 1. Let xi, Xy, ..., Xu+y be distinct
solutions of (17), ordered such that h(x;) S h(x;) < ... < h(xy+y). Then

: h(x,,.+1) > AU ~B)((3B— )M —1)/(3B-2) h(xl)(”"“m'.-

Proof We shall prove that for any pair of solutions x, y of (17) with
x #y and hix) < h(y), :
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(18) h(y) = A" P h(x)* "
From this, Lemma 3 follows immediately by induction. :

Let x = (x5: X;: x3), ¥ = (¥o: V1. y2) be distinct solutions of (17) with
h{x) < h(y). For all v in M, we put

fx; J’j“xj}’i|u
max, (xo, X;, X} -max, (Jo, Y1, ya)

where i, je{0, 1, 2} and i #j. 4,(x, y) is independent of the choice for the
homogeneous coordinates of x, y and, since xp+xy +X3 = Yoty +y2 =0,
also independent of i, j. Moreover, by the product formula,

4,{x, y) =

(19) vgxdu(x, y) =R R

Firstly, let 2eMi\S. Choose p, g from {0,1,2} such that |x|],
= min, (xq, X;, X3), [y, = min, (ve, ¥, ¥,). Let k be an element of {0, 1, 2}
distinct from p, g. By a similar argument as in the proof of Lemma 2 we
obtain ka|u = maxv(xos X1s xl'.)’ ]yklu = maxv(yt)’ B4 yZ) Let i, J be integers
such that (i, j, k) is a permutation of (1, 2, 3). Since x, ye T, we may assume
that xl, = |V, = v, for k=0, 1, 2. Therefore,

Vo vy val,

(maxv (vDs Vi, Vz))3

max, (X; ¥;, X; Vi
400 1) < v (% Y5 % 14) _

max,(Xg, X, X3} Max,(Ve, ¥1, ¥a2)

By taking the product over all v in Mg\S, we obtain
(20) [T4,(x, 3 < AL
véS

Now let veS. Put i = i{v) and let j be an element from {0, 1, 2} distinct from
i. By {17) we have

1% 5= X; il max, (v; X, X; i)
~
max, (Xg, Xy, X3)max,(ye, ¥;, ¥s) max,(x, X1, Xz) max,(Ve, V1, ¥a)

< max ( szfv , iyt'lu )
max,{xop, X1, Xz)" Max, (Yo, Y1, y2)
< max ({4h(x)~*)", (4h(y)~2)")
= (Ah(y)“.'?)r".
By taking ‘the product over all v in S we obtain

[T 4.(x, ») < (4h(x)3).

-ves§
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By combining this with (19), (20) we infer that
1
h(x) ()
This proves (i8). m

In our approximation method we shall neced some auxiliary polynomials,
some properiies of which are stated in the lemma below.

< A {Ah(x)73) = 4B~ h(x)" .

Lemma 4. For each positive integer r, there exist homogeneous polynomials
F (X, Y, X, V) of degree 3r+2 and W,(X, Y) of degree r with rational
coefficients which satisfy the following properties:

(21)  F.(X;, ¥y, Xy, Vo) = R XTI WX, Y))
H—T X, VEYLWAY,, X)) for reN;

(22)  F(X,, ¥, Xy, Vo) = F(Y,, =X, -1, 1h, —Xp— 1))

=F (=X =Y. X,, —X,—Y;, X3} Jor reN;

(23) if Xi, ¥1. X2, ¥ are elements of a field of characteristic 0 such that for
some positive integer r,

F,(xy, Y1, X2, ¥2) = Froo 1 (X1, P15 X2, ¥2) =0,
then both x,, y, are equal to 0 or
Xy i (% F ) (6 + %y 4+ ¥ =0,

Proof. In Lemma 6 of [2] we showed that for each positive integer »
there are polynomials A.(X), B,(X), V,(X) of degree r with rational coeffi-
cients such that for all r,

A (X%~ XB,(X?) = (1 - X) ¥, (X);
B,(X) = X" A,(1/X);
A, (X) By (X)— A1 (X)B,(X) = ¢, (1= X" with ¢, #0.

For any polynomial f(X) of degree d with coefficients in some field of
characteristic 0 we define the binary form f* (X, ¥) by X?f(Y/X). Thus the
properties of A4,, B., ¥. mentioned above can be rewritten as

(24) XAXX?, YH—YAX(Y?, X)=(X-V)¥ X, Y,
(25) AF(X, V)AR (Y, X) - A% (X, DNAXY. X) = (X - Y)Y
Obviously, (24) implies that
(26) ' WX, Y) = V*(Y, X).
Let p be a primitive cube root of unity. Put
(X.Y)=X—gY, VI(X,Y)=X-p*Y.
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For each positive integer r we define the polynomials F,, W, by
U, AV, UJ) =T U, 43 (U, 1)

(92 _Q)2r+1 *

?Vr{Xn Y) = K*(Qz U(Xa Y): QV(Xa Y)):

where U;, V. are abbreviations for U(X,, ¥), V(X,, ¥) respectively, for
i=1,2 The coefficients of F,, W, have their coefficients in the field Q(g).
However, by (26) the coefficients of W, are invariant under the Q-automor-
phism of Q(g) which maps ¢ onto g* It is easy to check that also the
coefficients of F, are invariant under this automorphism. Hence the coeffi-

cients of F,, W, belong to Q.
We shall first prove (21). By (26} we have

(27) VFUX,Y), VX, Y))
=VV(X,Y), U(X, ¥)) = K*(X—¢* Y, X —¢Y)
=(=1)V*(@*U(Y. X), oV (Y. X)) = (= 1) W.(¥, X).
Moreover, by a straightforward computation,
F X, 1, X5, 1))

Fr(XI: Y'l: X21 }Jl) =

- U,—V.
=(e*~0) ¥! (——Qé_g"(e’a Uy AF(U3, V) — oV, AF (2, UD)
2
g U,—pV. .
— SRR UL AN UL, V) -V AR O, U%))).

Together with (24) and (27) this implies that
FAX), Y, Xy, Vo) = RAT WX, V) +(- 17 L X P WY, X))
(22) follows easily from the fact that
UY, -X-T"=eUX,Y), V(Y ~X-Y)=0*V(X,Y),
U(-X-Y, X)=0*UX,Y), V(-X-Y,X)=gV(X,Y).

We shall now prove (23). Suppose that for some positive integer r and some
X1, Y1, X3, Y2 in some field of characteristic O,

Fo(xy, 1, Xz, y2) = Fopy (X1, Y15 X2, ¥2) = 0.

Let u; = U(x;, y;), v; = V(x;, y) for i = 1, 2. Suppose that not both x,, y, are
zero. Then not both u,, v, are zero. By assumption we have

vy AF (U:f, ”%)'uz“ul A;k(“ij, U?)'Uz =0,
vy AF (0, w)) uy—uy A (Ui, v}) v, = 0.
Hence

Uy Uy (A:‘ (7, u}) A%y (3, v —Ax (03, ud) AX (i, Uzl‘)) =0.
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Together with (25) this implies that
0=¢, 001y (0] —ud)?* 1 = ¢, (@2 — o) " (xF+x; yy+¥]) (%0 py Ceg + 1)

This completes the proof of Lemma 4. =
In the following lemma, we shall show that (17) can not have many
solutions of large height.

LEMMA 5. Assume that 5/6 < B« 1. Let ry, be an integer with

— 2
o >2;(261j3——_35])3’ let m be an integer with 3B—1y""" > 3ro+4 and put
(2ro+1)B(3B~1)+B
f(B, 1) = 3B(6B—5)ro—(6+6B—9B%)’
B+(B—1)(3B—1){(3B—1)"— 1)/(3B—2
g{(B, m, rg)= HB-1)( I )" — 1A )

(AB—1)"*1—3r,—4
Then (17) has at most m solutions in xe T with
(28) h(X) > Amax(f(B,rQ)-g(B,m,rO))_

Proof We assume that we can choose m+1 solutions of (17) which
satisfy (28). We shall derive a contradiction from this assumption. Let
X =Xy, X2, ---» X1 = ¥ be distinct solutions of (17) satisfying (28) such that
h(xy) < h(xg) < .. < A1) Let x = (xo2 2y% Xz, ¥ = (oi Y12 ¥al by = h(x),
h, = h(y). By Lemma 3 we have ’

- -1y 1 H3B—-2) P3B— 1™
(29) By = AU BGE-D DHIB~2) 3B 1"
From h, > A?5m™ra) we infer that
AL =BBB-1EE- M- 1(3B-2) h‘f’"“ 1ym+l ~ A8 hiro“'

By combining this with (29), we obtain
WPt > ABROTE

Hence there exists an integer | with 12 rq+1 such that

(30) APRIF < 3P0 < AR TS
Let F,, W, (reN) be the polynomials constructed in Lemma 5. Put
U, =F,(x, x5y, ) for reN,

where i, j are distinct elements of {0, 1,2}. By (22) and the fact that
Xo+Xq+X3 = Yo+ ¥, +¥2 =0 U, is independent of i, j. Put r =1if U; #£0
and r = [—1 otherwise. Since I = r,+1 we have

31 rerezl.
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This shows that U, is defined. As a consequence of (23} and the fact thai x,
y¢ P*(k), U, is non-zero. Finally we mention that, in view of (30),

(32} ABh:{ir-‘-I <th—l ng.Bi,l‘?r+7l

For convenience we put i(v) =
solutions of {17) we have

0, I', = 0 for all vin ME\S. Since x, y are

|YI(L)i!J

69 gy, Pk
max, (yg, ¥i. ¥a)

< Ak )Y
max,(xg, Xy, Xa)

for veM;.

Let ve Mg. Put i:=i(v) and let j be an element of {0, 1, 2} different from i.
By (21) we have

Uy =1y xF T W, (0, b (=1 ™y U W (g, )l
< max, (y; x} T Wo(xg, xp), vy xfrTl W, (x;, x;)).-
Together with (33) and the fact that W, has degree r, this shows that

IU Itv max, (J’O: Vi, .Vz)(mﬂx (XO:' X1, x2))3r+1

( 1ils ‘ ( %] el
X max \
max, (Yo, y1, o) \max, (X, X, X,)

‘~<- max, (.Vo: Y1, J’z) (maxu(x()s X1, x2))3r+1 max (Ahgas (Ah;3.)2r+1)ru

Together with the fact that U, # 0 and the product formula this implies that

G4) L= T IV, < max(K"™ Usy (Ahz %P, 37+ Ly (Ahy 3@ 08,

reMy
By the left-hand side inequality of (32) we have
{35) B hy (AR 3)F < 1.
Moreover, by the right-hand side inequality of {32),
h?r+ i hz (Ahl— 3}(2r+ 1B
-‘S, (A(2r+ 1)3(38.- 1)+8 h:iir+7+(33— I3r+1—-3B(2r+ l)))l](SB— I} — (Af(ﬂ.rJ h; l)il(B,r)n
where h(B, r) = (3B(6B S)r—(6+6B—9B%)/(3B—1). It is easy to check that

S(B, x} is decreasing in x for x > (6+6B—9B%/3B(6B~5). Hence by {31)
and our assumption on r, in the statement of the lemma, k(B, r) > 0 and

j}iB r} < [(B. ro). Together with the inequality hy > AP0 these facts show
that

ar - r -
/‘1 +1 f?;(Ahl 3)(2 +1)B < (AI(B,r) hl 1)1-(8.:') < 1.
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However, this contradicts (34) and (35). Hence the assumption made at
the beginning of the proof of this lemma, that (17) has at least m+1
solutions satisfying (28) must have been wrong. This completes the proof
of Lemma 5. =

4. Proof of Theorem 2. We shall now complete the proof of Theorem 2/,
by combining the Lemmata 2, 3, 5: we shall henceforth choose the particular
values B = 0.846, r, = 34 and m = 10. When refemng to {17) or B we shall
implicitly assume that B = 0.846.

First of all, we shall estimate the number of solunons of a fixed system
(17) from above. With our choices for B, r,, m we have f(B,rg)
=47111...,g(B,m, rg) = —3964... Hence by Lemma 5 and the fact that
A 21, {17) has at most ten solutions in xe T with

h(x) > A*8.

We shall now give an upper bound for the number of remaining solutions of
(17), namely those solutions in xe T for which

(36) I < hix) g 4*2.

If A =1 then there are no such solutions. Therefore suppose that 4 > 1 and
that there are ¢ solutions x of (17} which satisfy (36), x,, ..., x,, say, ordered
such that h(x,}<... < h(x,). By Lemma 3 we have

A(l“B)/l-?B“Z)h(x!) = (Afl—B)l(3B— 2) h(xl))(?:B— 1 1.

By raising both sides of this inequality to the power (3B—2)/(1—B) and
using the inequalities h{x;) > 1, h(x,) < A*%, we obtain

- - —_nt—1
A1+48(38 2311 B)>A(3B 1y .

In view of A > 1 and B = 0.846 this shows that 7 < 12. Hence (17) has at
most 22 solutions.
By Lemma 2, every x in T satisfies one of at most

- - 2
I R(0.846)F 71 < 3°(49/3) " < > x 7%
systems of inequalities of type (17). Hence T has cardinality at most 2 x 7%
This completes the proof of Thecrem 2" m
We remark that with our method it is possible to replace the upper
bound 2x7%* by a bound of the type C(B) x(3R(B)), where B is any real
number with 5/6 < B < 1. It is easy to check that R(B) is increasing in B and
that 3R{5/6)=44.789... Tt is very likely that by applying a proper
modification of Roth’s method, one can derive a bound of the type C(B)
x(3R (B)) for all B with 2/3 < B < 1. This can’ glve an improvement of our
result since 3R(2/3) = 20.25. : ,
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Let K be a function field which has transcendence degree 1 over its
constant field k. Then K is a finite extension of the field k(X), where X is an
element of K which is transcendent over k. Let My be the set of valuations
on K which are normalized with respect to the valuations on k(X) as
constructed in example 2 of Section 1. Then one can show that for each « in
K and each v in My, log|x,|eZ. Let g denote the genus of K and let S, s, T,
Vg, Vi, ¥z, A have the same meaning as in Section 3, As an immediate
consequence of Mason’s effective result concerning S-units of a function field
(cf. [8], [11]. Ch. 1) one can show that for each x in T,

(37) logh(x) < 29—2+5+5, (%)

where §' is the number of v in M\S for which the numbers |vl,, [Vila, [v2l,
are not all equal. Let v be an element of Mg\S such that |vg|,, |v,],, [val, are
not equal. Suppose for convenience that |vyl, < [vil, < [val,- Then logiv,/vdl,
= 1. Hence

3
(maxu (VC': Vi, vl)) 1 maxu("m Vis Vz)
=

log
fvo vy valy [vols

This shows that s' € log A. Together with (37) this implies that
logh({x) < 2g—2+logA+s

By combining this with Lemmata 2 and 3 it is possible to derive an upper
bourd for the cardinality of T of the type C(B, g) x(3R(B)) for all B with
2/3 < B < 1. If we comhine Mason’s effective result [12}.on the equation

(38) Xt tdx,=1 (22

in S-units of a function field with suitable generalizations of Lemmata 2 and
3, it might be possible to derive an upper bound for the numbers of solutions
of (38) independent of 4, ..., 4,.

5. Proof of Theorem 3. Let K be an F-field with set of valuations My
and constant field k. For any finite extension L of K, we denote by M, the
set of valuations on L which are normalized with respect to the valuations in
My thus L is an F-field with set of valuations M; of which the constant
field is just the algebraic closure of k in L. Similar to Theorem 3, § will
denote a finite subset of My of cardinality s, 4 will denote a non-zero
element of @; and F(X, ¥) will denote a cubic divisible binary form of
degree n with coefficients in ;. We shall deal with the equation

for all x m T.

{7 Fx,w=pu in x, yel, ueWU.

(*) We mention that the valuations and heights vsed by Mason are just the logarithms
of ours. :
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Let L be the sphiting field of F over K, that is the smallest extension of K
over which F factorizes into linear factors. Thus we have

F(X, Y)= ax" " [[ (X -y ),
i=1

where ae s, 2<m<n and y,, ..., y,,eL. Suppose that (7) is soluble and
let (xq, vy, t20) be a fixed solution of (7). Put
X—y ¥ X—-yY
(X, Y)=F(xg, yo) —— 1 LX, V) =2 for i=2..m,
Xo=—71Jo Xo— %Yo

I[(X, Y) ﬂX’]’JCO for

Let T be the set of valuations in M, which are normalized with respect to
the valuations in S or to the valuations ||, in M\S with |u, < 1. Then

i=m+1,...,n

(39) F&, 9 =[] (X, 1),

i=1
(40) L(x, y)e %y for each solution (x, y, u) of (7) and for each
iin {1,...,n}.
(39) is obvious. In order to prove (40) we introduce the following

d
notation: for any ¥ in M, and any binary form G(X, Y) = a. Xy
r=0
with coefficients in L we put
|Gly = maxy (aq, ..., a).

Then we have, as a consequence of Proposition 2.1 of [7], Ch. 3, p. 55, that
n .
(41) |Fly - H IliiV for VE ML‘
i=1

Let Ve M\T By the fact that F(X, ¥) has its coefficients in &, we have
|Fly < 1. On the other hand,

Ly 2 k(Xe, o)y =1 for i=1,...,n

Together with (41) these facts show that i)y =1 for i=1, ..., n. We infer
that [, has its coefficients in &p for i =1, ..., n. Let (x, y, u) be a solution of

" (7). Then the numbers L (x, y) (i=1, ..., n) belong to @p. However by (39),

the product of these numbers is a unit in @r. Hence L (x, y) is a unit in @
for i=1, ..., n This proves (40). ' '

Let (i, j, k) be a triple of integers in 1, ..., # such that the linear forms
b, I;, I, are pairwise non-proportional {such a triple will be called proper).
For each pair p, ¢ in 1, ..., n, let 4, denote the determinant of the forms
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I, i, that is the determinant of the linear transformation which maps the
vector (x, y) in I onto the vector (I (x, y), l,{x, »)). Then

Let L be the smallest extension of K containing the coefficients of I, [, I,
and let T” be the set of valuations in M, which are normalized with respect
to the valwations in § or to the valvations ||, in M\S for which |4, < 1.
Then the valuations in T" are, apart from equivalence, just the restrictions of
the wvaluations in T to L Put A=dy/d;, M=d,/4;, UX,Y)
=L(X, V)L (X, Y), VX, Y)=L(X, Y)/[ (X, Y). For each solution (x, y, u)
of {7) we have by (40) that both Ul(x, y), ¥(x, y) are T'-units and by (42) that

43) AU, )+ MV (x, y) = 1.

identically in X, Y.

It is easy to check that for any pair of solutions (x,, ¥,, u;}, {X3, V3. ti,) Of
(7): (U(xla _V1): V{xla yl)) = (U(x23 y2)3 V(XZ: yz)) lf and Only if (x17 Y1+ ul)
and (x;, y3, u,) are dependent. Further, by the construction of the forms , I
has degree at most n(r—1){(n—2) over K, Hence the size of T" is at most
n(n—1){n—2){s+w (1), where w(y) is the number of valuations ||, in M\S
with |y, < 1. By combining these facts with (43} and Theorem 2, we obtain
that (7) has at most

2 5¢ T2nu Dla— (s + )
pairwise independent solutions (x, v, w) with

AU (x, y) Ajkl(x Y)
MV(x,y) " Ay li{x, )

¢k,

where k denotes the constant field of the splitting field L of F over K. Since
there are at most n* proper triples, we conclude that (7) has at most

2n3 % 72n(n~ 1)n— 2)(s + wlph)

pairwise independent solutions which do ot belong to X, where X is the set
of solutions of (7) with the property that

Ak (x, y) : g

(44) ALl ) k  for each proper triple (i, j, k)

. We shall show the following: if X contains at least three pairwise

independent solutions of (7) then F is degenerate and moreover, Z is just the

sct of trivial solutions of (7). This proves Theorem 3. For if s+ {u) = 0 then

(s = k, whence F is degenerate and alt soluuons of (7) are trivial, while
if 5+w(p) > 0,

24 2n? x 72— 1= 2)is+ ol < 72n3(s+cu(,u))‘
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This shows also that when F is degenerate, the set of trivial solutions of (7)
depends only on F. For if , ..., I, are replaced by other linear forms with
the property (39), then X does not change, hence X depends omly on F.

Let (x;, ¥, ) (i =1, 2, 3) be three pairwise independent solutions of (7)
belonging to X. Define the linear form I(X, Y) by

_ L Ly
X, 1) = i§1 li(xg, yo)

Then

(X, Y) = F(xy, yo)* (Fx(xo, Yoy X+ Fy(xo, ¥o) Y),

where Fy, Fy denote the partial derivatives of F at X, ¥ respectively. Hence [
has its coefficients in K. Note that ! is not identically 0, since I{xy, yo) = 7.
Hence there is an h in {1, 2} such that I(x,, ¥) # 0. For each pair i, j in
{1, ..., n} we have

L(xa ya) [ (xns 30
45
“) I (xg, yo} | Li(x0, yo)

This is obvious if 4, [; are proportional. If [, I; are non-proportional then
there exists a k such that (i, j, k) is a proper triple. (45) follows then easily
from

Ap b (%4, Y)a) Aﬂc I (%o, Yol c
Ay _:(xm Jh:) Ay Li{xns i)
Put
- xh’ yh)
A= Hxy,
= 5, f

Then, by (45),

b (s, i)

46
“e) L (X0, Yo

=¢A for some c;ek (i=1,...,n).

By taking the product over all i we obtain
{1 Ca) A" = F (x4, Y}/ F (x0, Yo} = up/tto € Us.

Moreover, since ! has-its coefficients in K, Ae K. Hence ie %g. Put o = x,,
V=Y, B=x/A, §=WfA, e =uy. Then a, B, y, cls, sc%¥; and ad—fy
# 0. Moreover, by (46),

LB, )
L - ok

47 for i=1,...,n.

3 — Acta Arithmetica XLVILY
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Let
| F(X, Y) = (4e) ! F (X + BY, yX +5Y).
Then, by (47), (39),

FX, ¥) = Fla, " [] b@X +BY, yX+5Y)

i=1
f[ +(L(B, 8)/li{, P}Y} = ]_2[ X+¢ ).

Hence f has its coefficients in k. But obviously, f also has its coefficients in K. -
Thus f has its coefficients in k. We conclude that F is degenerate.

For each pair p, g in {1, ..., n}, we have
A = lp(d! N B, )=l (e, ) 1,(B, §) - e, 9) (e, )’)(c —¢)
pa od— By o fy LI

Moreover, if (x, y,u) is a solution of (7) and if ¢ # are defined by
x = al+ By, y=yE+dn then, for refl,...,nl,

LX, Y) = 1(a, DE+en),
This shows that for each proper triple (i, j, k),
Ay ki(x, ) _ (ee—clE+e 'T)_
: o A li(x, y)  G=c)(E+em)
Thus X is the set of solutions (x, y, w) of (7} for which
(@=c)E+an g
(=) (E+e;m)

where x =af+fn, y=yE+on. If (x, y, u) is a trivial solution of (7) then
either =0 or {/nek Hence (x, y, uyeZ. Now suppose that (x, y, ujeX.
Then either # =0 or {/nek. But both & 5 belong to K. Hence either # = 0
or &mek. Therefore, ¢ = Béo, n = Ono, where &, ek and #c K. However,

s = F(x, y) = pef (0%, Ono) = uebd"f (&,, o).

Hence 8 e %,. This shows that {x, y,u)is a tnvlal solution. Therefore, I is
the set of trivial solutions of (7). m

for each proper triple {i, j, k),
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