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A congruence relating the class numbers
of complex gquadratic fields

by

KennerH Harov* and Kennern S. WitLiams** (Ottawa, Ont, Canada)

1. Introduction. Throughout this paper n denotes a positive integer,
pi, ..., P, are s (= 0) distinct primes =1(mod 4), and ¢,.,..., g, are
n—s (= 0) distinct primes =3 (mod 4). We set

(.Y d=(—1""py...0ds4;1-.-q, = 1 (mod 4).

The integer 4 is the discriminant of the quadratic field Q(\/&), which is real
or complex according as n—s is even or odd. Setting

(1.2) pp=—¢;=1(mod 4), i=s+1,...,n,
we have

(1.3) d=p1ps...0n

(14) ld| = [pa]--1pal = Pr---Psss1--.9s > 0.

The class number of the quadratic field of discriminant D is denoted by
k(D). If ¢ 15 a (positive or negative) divisor of d, whose sign is chosen so that
e=1(mod 4), then —4e (resp. —8e) is the discriminant of the complex

quadratic field Q(./~e) (resp. Q(,/ —2e)) if € >0, and e (resp. 8¢) is the
discriminant of the complex quadratic field Q(\/E) (resp. Q(./2e)) if e <0,

In this paper, for p an odd prime, (— } denotes Legendre’s symbol of

quadratic residuacity (mod p), and (5 denotes Kronecker’s symbol, that is,
for D the discriminant of a quadratic field .
D 1, if D=1(med8),
(-)= -1, if D=5 (med83),
0, if D =0(mod 4).
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It is the purpose of this paper to prove the following result.
THEOREM. For d as defined in (1.1), we have

> (c1(d, e h(—4e)+¢,(d, €) h(~8e))

eld
e>0,e=1 (mod 4)

+ X

©oeld
e<0,e=1(mod4)

__l)n n

{ca(d, ) hie)+co(d, ) h(8e))+ ﬂ (lpl—1)

= ¢ (d)+cs(d) (mod 2772,

where
e
alha= ) pwe ((P) (P ))
é‘ 2
d hd
(9= pld/e p) ( p ))
crid, = (5~ 3 ) T ((E)_l),
Pldfe \\P
2
d, e)= —
g = =TT ) (p))
227, if  dis divisible only by primes =3 (mod 4),
@ = { 0, otherwise,
(0, f 344,
4, if d=-3,
ce@ =1 T d#=3,31d aud pldj3

_ Jor some prime p =1 (mod 3),
20 i d# 3, 3|d, and all primes
L pld/3 satisfy p=2 (mod 3).

The proof of the theorem is given in Section 2. The idea of the proof is
to transform the simple congruence (2.1) into sums which can be evaluated,
either by appealing to classical class number formulae (see for example [1])
or by combinatorial arguments.

When n =1 the theorem reduces to well-known congruences modulo B
involving h(— 4p) and h(—8p), where p is an odd prime (see for example [4],
Proposition 2).

When n=2 the theorem provides a unified congruence for the 18
‘congruences proved by Pizer ([4], Proposition 5) and the 16 CONgruences
proved by Kenku ([3], Theorems 3 and 4), Unfortunately most of Kenku's
congruences are incorrect. The tables below indicate which of Kenku’s
congruences are correct and which are incorrect,
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Theerem 3 of [3]
Case Status
] incorrect {p = 17, g = 257}
(ii) correct
(iii) - incorrect (p =17, g = 89)
iv) incorrect (p = 17, ¢ =97)
v incorrect (p = 37, g = 17)
(vi) . incorrect {p =228, 4 =17)
(vii} incorrect (p =29, g =17)
(viii) incorrect (p =37, g =41)
(ix} . correct
(x} correct
(xi) incorrect (p =25, ¢ = 101)
. (xii) incorrect (p=17, g =135)

We note that (xi) can be made correct by replacing p = g (mod 16} by
p 2 q (mod 16},

Theorem 4 of [3]
Case Status
] correct
(i) incorrect (p =23, g =7}
(it} - correct
(i) incorrect {p =11, g =31)

We note that (if) can be corrected by replacing h{—~ q by 8h(—g) in the
congruence.

When n = 3, by considering cases depending upon the values of p, g, r

q

modulo 8 and the values of the Legendre symbols (g), (;), (;) we could
obtain from the theorem congruences involving h(—4pgr) and h{-—8pgr)
modulo 32 analogous to those of Pizer relating h(—4pg) a:nd h(—' 8pq)
modulo 16. However there are too many cases to make it practical to give a
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complete analysis. For example in the case p=g=r=1(mod 4) it is
necessary to consider 20 cases and in the case p=gq =1 (mod4),
r = 3 (mod 4) 40 cases are required.

For illustration, we just give four examples when the congruences take
on especially simple forms.

CoroLLAaRrY. Let p, g, r be distinct odd primes.

& P q ¥
=g =r= e (f)=[-)= -1, h
(A Ifp=g=r=1(mod 8), (q) (r) (p) ) we have

h(—4pgr)+ h{—8pgr) = 2Zp+2q+2r— 6 (mod 32).

(B) If p=1(mod 8), g =5 (mod 8), r =7 (mod 8}, (—3) = -1, (ﬁ) =1,

r
G) = —1, we have

2h(—pgr)+h(—8pqr} = 2g+2r+8 (mod 32).

CyIf p=1(mod 8), g=3(mod 8), g>3, r=7 (mod 8), (;—})=—1,

(ﬂ) =1, G) = — 1, we have
r

h{—8pgry—h(—4pgr) = 2p+2g—2r+6 (mod 32).

D) If p=gq=r=7(mod 8), (£>= (g)———(i)z ~1, then
q r P

4h(—pgr)— h(—8pqr) = 2p+ 2g+2¢r— 10 {mod 32),
We remark that the congruence {A) follows {from Théoréme 2, Proposi-
tion B} and Proposition B, of [2].

1. Proof of the Theorem. For any positive integer k satisfying (k, d) = 1,
we have

(2.1) ]‘[ (1 - (E)) = 0 (mod 2.
i=1

Thus we have

(2.2) (- 1)""’( ) 0 (mod 2",

eld

where the asterisk indicates that e¢ runs through the divisors of d, bdth
positive and negative, for which e = 1 (mod 4), and t(e) denotes the number
of distinct prime factors of e. Summing (2.2) for 0 < k < |d|/8, (k, d) = 1, and
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interchanging the orders of summation, we obtain
(2.3) PRI E VA (f) = 0 (mod-2").
eld 0<kd<idl/a k

The term in {2.3) with e =1 is
24 = T 1= T ¥ uf).

0 d 0 N
((Jckd)<=|= 1/8 <k<|d|/8 fik,d)

The evaluation of J(d) is catried out later in the proof (see (2.32)).
‘We now consider the terms in (2.3) for which e % 1. For convenience we
define for e|d, e # 1, e = 1 (mod 4) .

23) swa= ¥ ()
D<k<|di8 :
(h,d)=1

so that (2.3) becomes

(2.6) ()9S, )+ @ = O(mod 2n).
S
As
(k, d) = 1<(k, dje) = (k, ) = 1,
we have |

e € €
| ) e\ _ AV -
@7 5. 0<J§d|fa ( ) %, 5‘%:“15 (k) 0<kE<:IdI/3 (k) flékz,dfe)# /

(kydje) = (k,e)+ 1

Interchanging the orders of summation we obtain

Py s (7).
Sidje ) 0<kak|d|,'B

Replacing k by If in the inner sum of (2.8), we get

"5 7). 2 )

Since the Kronecker symbol (?) is a character of modulus |¢f, for any integer

(ﬂ‘+1)lel ¢ _
t=ple]+1 :

(28 5(d, e) =

(29 S(d, e)

u = 0, we have

(2.10)
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Adding (2.10) for v =0, 1,2, ..., t—1, where t = [l {flil and [ ] denotes the

greatest integer function, we obtain

(2.11) Y (—el—) = 0.
0 <Istle|

Using (2.11) in (2.9) we deduce

. BEESPRTY CANE S C) T, fm[@]_
(2.12) S(d,e)lﬂzd;e( 1y (f)'=[%+1(l), where = |7

Changing the variable from [ to m in the inner sum of (2.12) by means of the
transformation

. € e
we obtain, as (—) = (M),
Ji m

- et
g EE

Fldfe m=1

Next we treat the inner sum in {2.13). We define integers r =1, 3, 5, 7 and
§s=1,3,5 7 by

l=tle|+m,

(2.14) ljflsr(rnod g), 'dj/fi s (mod 8).

Appealing to (2.14) we obtain

[IdIJ | {Id/ei] (l;*!“”)_lel (@}1_} _slel=r

8f 8 8 g

so that

‘ _1d ldfel | _[slel

! 'e“""[af Sl eyl bl el
Hence we have
(2.15) S:" ( e) 5 (e s
. — | = — = T(v),

m=1 \M 0<m<(s/8)|e] m) l.;l ()
where .
(216) Tw=, I , (3) b=1,2, .8,

Blo— 1)el<m<guole| m

The values of T{v) can be deduced from the work of Berndt ([1], Cors.
34, 39, 7.3) and are given as follows: setting A{e) = 1, if e= =3, l{e)=0,
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otherwise, we have

(2.17)

(2.18)

(2.19)

(2.20)

I(e)h 1
2 Yh(—4e)+= h(—8e),
T} = ;12 e 41
Z(5—(5))h(e)—~zh(~—8e)—l(e),
ﬁ(z (g))h( 4e)—*h( 8¢),
T(2) = 3 e
. L;{(—-1-1—(E))h(e)+2€h(8e)~i~/l(e),
@1 ¢ |
| Z(—Z—(E))h(-—‘le)“{‘—h(—se)o
T(3) = £ 3 :
H{ 4 —
g
%(%) (——4e)—-%h(—-8e),
@(1_(.2.))h(e)—zh(8e)w1(e),

and, for v =35, 6, 7, 8, ‘

(2.21)

_JTO-), if ex>0,
T(v)—{——T(Q—v), i e<0.

Hence for s =1, 3, 5, 7 we have

(2.22)

4 i T (v} =
v=1

if

if

if

if

if

(:S_l) (%)h(—4e)+ (Z2)hi-s0,
(5 (;)) (e ( ) (8e)—41(e)

Using (2.22) in (2.15), and appealing to (2.13), we obtain

(2.23)

fldle

45(d, e)

Fff?/f v 7 ){(ld;el}f)(e)h( o (id/ 77 )h( 83)} !
=1 5.2 (G (6) Jro- s e
e ()

e >0,

e <(,

e >0,

e <0,

e>0,

e < {,

e>0,

e <0,
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if e>0,

—t s
k]

if

e <0,

e>0,

e <0,
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Hence we have with 8{d) =1, if 3|4, 6(d) =0, if 3 yd,

(224). 4Y* (-8, ¢
. eld
=S¥ ]yt 1y {f __1__)(5) - (_.."2 )h —8 }
%«1( e 3. (=) (f){(ld/el/f SR 7yl A

g B ()G ool

Cpe

/ —3
d) {1 t1—|—11}
+4 ( )};L( ( P ))
Next, with ak) =1, (;kl—), (:kg)’ or (%), we have

— 1)rdie) — 1y i) (’ﬂ)
=D led;ie( ) (f'a f

= (=14 g(id/e]) T (— 1 G)am

Sldie

— (— 1\c@re) _[e - ey
(-1) a(!d/e[)ﬂe (1 (p)a(P)) pl;!e ((p) OE(P)),

" so that o
— 1)te — 1N f_ i_‘ﬁ.e_i) S (E)_ )
@29 (= ¥ (-1 (f)a( )= L],( )-a(p)).
Sett.ing
. e -1
@29 a@a=G)1(G)-G)
(2.27) c2(d, &) = [] ((f)* l—) ,
) pldfe P

(2.28) cs(d, &) = ( 5— (g)) pg ( (g)— 1),

(2.29)
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we obtain from (2,24)-(2.29)

(2.30)

el|d

4 DS, @ = (=1 T*{c,(d, @ h(~4e)+c,(d, ) h(—8e)}
e _ .

d
e¥l ex

H=1 T {es(d, ) h(e)+cq(d, &) h(Be)} +40(d) T] (Iﬂ(ﬁ))
: Fdf3 P :

eld
e<qQ
and so by (2.6) we obtain

(2.31)
eld
ex>1

+ Y* {esld, Oh(@)+ca(d, O h(8e)}
eld

e<Q
as
-3
4(~1y'0(d [] (1—*(*))
pldi3 P
(0, if
—4, if
0, if

= %

(_1)n2n+1’ if

= ¢ (d) (mod 2°*2),

where c4(d) is defined in the theorem.

Now we turn to the evaluation of J(d). Interchanging the order of

summation in (2.4) we obtain

(232)
Sfld

Y ey (d, ey h(—4¢)+c,(d, €) h(—8e)}

+(=1)"4J (d) = cg(d) (mod 2"*3),

3xd,

d= -3,

d+# ~3, 3]d and 3p=1 (mod 3)
with pjd/3,

d s —3,3|d and all primes
dividing d/3 are = 2 (mod 3),

=T (- § 1.

0<k<|dlf8
Si¥

Replacing & by f1 in the inner sum, we obtain

(233)

Jd) = f}_l;(— /8 1],

Changing the summation variable from f to |dl/f in (2.33), we obtain

Ad

Jid) =(—1y 3 (- 1rY[f/8].
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Hence we have

Jhy=(-1" ¥

Filpiaz-..on

(=T (= % Opy.n ]
r=0

10y <ig<..<i ®n

(=P Lf/8]

;
. . iy pi|—S5
gy v (Be)
o :ndé |;,:1 p1| s(m;a’a)"
—1y -, .
SN
r=0

1Sig<iy<..<i, €n

(= 1)"2

|1'—’i1 By

"

Z(l) IR §

sodd ﬁ;i;l <piz|<—s(r:(:dg)"
that is
1
(235) J(4) =§(JP1I-—1)~-(IP..I—1)
n i n
Qk+41+1) Y (~1y Y 1.
8 k=0 r=0 1Ky <ig<..<i,€n

fp[-]...p[-’|52h+4l+ 1({mod 8)
A simple counting argument shows that
- o NiV/N3\(Ns\(N
N S 410
1€iy <ig <..<ipSn Ay J\M3 JANs J ATy
Ip,-1 sepy | 2kt 4141 (mod B)

where the sum Z** is extended over ny, ny, ns, n, satisfying 0 < n; < Ny, for
J=1,3,57 n+ny+ns+n, =r, n3+n7 = k(mod 2), ns+n, =1 (mod 2),
and where, for j=1,3,5,7,

(237 N; = number of |p{(1 <i< n) such that |p| = j(mod 8),
so that
(2.38) N1+N3+N5+N7=n>1.

Hence we have

1 n
(239) Jd)=g¢ I_Il (pd—=1).

-_(""_1)" ! " PRk Nl N3 N5 N7
8 k.12=0(2k+4l+1)r§o(“1)2 ("1)("3)("5)("7)‘
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Next we evaluate

n . Nl N3 N5 N’?
(2:40) Al b= 2 (=% (nl)(na)(ns)(nv)'

In order to do this, we set, for x = 1, f=£1,
(241) Fop(®) = (140" (1 +ax)™ (1+ 82" (1 + )"

By the binomial theorem we obtain
(242) " Ny N3, N5 Ny

Faﬂ(x) = Z { Z (NI)(NS)(NS)(N’J)CEJq%'n'; ﬁn5+n7}xr_

' r=0 By, n3,n5,n7=0 nl n3 n'5 Hy
n1+u3+n5+n7=r
Taking x = —1 and («, f) =(1, 1},
appealing to (2.40), we obtain
A0, 0)+A(L, O+ A4(0, D+A(Q, 1) = Fy 1 (=1),

(—1,1),{1, —1), (=1, —1) in (242), and

3 A0, 00— A, 0+ A4(0, 1)—A(1, 1)=F_,,1(—1),
(243) A0, 0+ A(L, 0)—4{0, D A(L, 1) = Fy _, (~1),
A0, O)— AL, 0)— A0, D+ A, 1) = F_y 4 (—1).

Solving the equations in (2.43) for the A(k, /), we obtain

A(0, 0)=71£{F1.1(—1)+F-1,1(“1)+F1,m1(—1)+F—1,—1('1)},
AL O) =5 {F  (—1)—F_1,(— 1)+F1,—1("“1)_F—x,-1("1)}s
A, 1) =3{F, (= D+F_ (=) =Fy 1 (=D)—F_y _(=1)},
A D) =3 {F (= D-Foy (-1~ —Fy (= D+F_ - (=D}

(2.44)

Now from (2.41) we see that
( Fii(=1) =0 (as n=N;+N3+Ns+N, 2 1),

. . 0, lf N1 or N5 = 1.,
Fuj'l(""‘l)= 2N3+N7 if

) Nl = N5 =0a
(2.45) 1 = 0, if N;,or Ny=zl,
Fioi=h=agmsem - gp N =Ny =0,

0, if N, or No2z1,
F_sa(—1)= Ns*"”s if N, =N, =0.
Using thc values given by (2. 45) in (2. 44) we obtain the following table of
values of the A(k l)
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Ny | Ny | NN A0, 0) A, 0) A, 1 AL, 1)
21| z20(20{20 0 0 0 0
=121}zl 0 0 0 0
0] >21{=21] of 22 —2 —or-2 -2
0 ? 1 0 ? 1 21:-2 _"2,.—2 2n-2 __2n-2
0 0 ? 1 ; 1 2»—2 2n-—2 __2n—2 ._2n—-2
0 =1 0 0 -t 4 0 0
0 0 =1 0 -t 0 ~ 21 0
] 0 07 =1 PLA 0 0 ~2n1
Hence setting
1
(2.46) Ald) = ¥ (k+al+1) Ak, D,
. k=0

we have, appealing to the table,

[ 0, if N;=z=1,
0, if N1=0,N3?1,N5,>41,N7?1,
0, if N1=0,N32].,N5?1,N1=0,
(2'47) A(d)=< '—2:.1 lf Nl”—?O,Ngél,Ns—’:O,N7,}1,
“"2“ . lf N1=N3=0,N5>I,N7,>¢1,
"'2", if N1 ﬁo, N3>1,'N5=N7=0,
__2n+1’ lf N]_:N3=0,'N5;1,N7 =0,
. —3'2", ]f N1=N3=N5=0,N721,
and from (2.39), (240), (2.46)
1.2 (-1
(248) J(d)=§H(IP.-I—1)— 3 A(d).
i=1
Thus from (2.31) and (2.48) we obtain
(249) Y7 {ei(d, eph(—4de)+cy(d, e h(—8e)}
eﬂdl
+ ¥ d, e)h (=1
Zl;’ {es(d, hie)+ci(d, ) h(8e)} + 2 [T0pI-1)
€| i=1
e<0

é%A (d)+cg(d) (mod 27+2),

Next, as h(—4) = h(—8) = 1, we have
co(d, Dh(—4)+c,(d, Dh(—8) = ¢, (d, D+c,(d, 1)

-n(-G-n(-G2)

@
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that is

(2.50) ¢ (d, Yh(—N+cy(d, 1)h(-8)
[ 0, if Ny=1,
0, if N1=0,N3;1,N521,N7>1,
0, if N1=0,N3,>/1,N5_21,N7=0,
2, it Ny =0,N;21,Ng=0,N,21,

= 4

2", lf N12N3x0,N5;1,N7_>r],
i N, =0,Ny>1, Ng=N;,=0,
2", if N1=N3=0,N5,>/1,N7=0,
2 i N =Ny=N;=0,N, > 1.
so by (247) and (2.50} we have

{e{d, Wh{~a)+cz(d, Dh(-8)} +3A(d)

0, if Ny =1,
0, if N, =0,Ny>1, Ng21,N,21,
0, if Ny=0,N;21,Ny=1,N;,=0,
3% if N, =0,Ny>1, Ny=0,N,21,
=10, if N =Ny=0Ns>1,N,>1,
7t i N, =0,Ny=1,Ny=N,=0,
0, if N, =Ny=0Ns>1,N,=0,
2t iff N, =Ny=Ny=0,N;21,

that is
(251) ¢ {d, Dh(—d+cd, 1)h(—8)+31A4(d)
{2"'1, if & is divisible only by primes = 3 (mod 4},

0, otherwise,
= g (d).
Adding ¢, (d, 1) h(—4)+c;(d, 1)h(~8) to both sides of (249), we obtain, by
(2.51), |
T* {e1(d, @ h(—de)+c3(d, ) h(—Be)}
«ﬂdﬂ
' (__1 BN
+§: {es(d, ey h(e)+cald, E]h(Se)}+ 2 iI;[1 (lpd—1)
e<0

= o5 (d)+cold) (mod 2*3).

This completes the proof.of the theorem.
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Reducibility of lacunary polynommials, VI
by

A. Scuinzel. (Warszawa)

In this paper we shall complete the study of reducibility of non-
reciprocal quadrinomials begun in [3] and continued in [6], [7].

As usual in this series of papers reducibility means reducibility over the
rational fieid (. polynomials have integral coefficients and for a polynomial
feZ[x), f#0, 1f] denotes its degree, ||f]] the sum of squares of its

coefficients, Kf (x), called the kernel of f; the polynomiai x_“** f deprived of

" all its cyclotomic factors. The formula

{x)= const fl £ (%)

means in addition to the equality that the polynomials f, are irreducible and
relatively prime in pairs. We shall prove

TueoreM 1. Let a; (0 <j < 3) be non-zero integers. Then for any quadri-

. nomial

3
q(x) = a0+ z ajx"j (0 <n <n; < ng),
=1

that is not reciprocal, we have one of the following four possibilities:
k (i) Kq(x) is irreducible.

(ii) q(x)} can be divided into two parts that have the highest common
factor d{(x) being a non-reciprocal binomial. K (q (x)d(x)"") is then irreducible,
unless q(x)d(x)~* is a binomial.

(iif) q(x) can be represented in one of the forms

k(T?~4TUVW=U?V*—4U* W)
= k(T—UV2=2UVW =2UW?)(T+ UV -2UVW +2UW?),
k(U + V34 W2 —-3UVW)
=k(UAV+W U+ VL WE-UV-UW-VW),
k(U + 20V +VE—W?) = k(U+V+WHU+V —W),



