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Bounds for solutions of additive equationé
in an algebraic number field I

by

WanG Yuan* (Beijing, China)

1. Introduction. Let k be a rational integer > 1. Similar to Waring’s
problem, one can show by the Hardy-Littlewood's method that an equation

agxt+ ... +axt =0,

where a;, ..., a, are given rational integers but not all of the same sign, has a
nontrivial solution in nonnegative rational integers x,, ..., x,, provided only
that s ¢; (k). {See, eg, H. Davenport. [3]). Here we use c(f, .. to.
denote a positive constant depending on f, ..., g. As for a bound of these
solutions, it was shown by J. Pitman [10] that ifs=e, (k), then there exists a
nontrivial solution in nonnegative integers such that

(1) max x; < ¢s (k) max (1, lay, ..., a)**

where ¢, and ¢4 are explicit. Under suitable conditions and if 5 is very large,
the estimation can be considerably improved. (See, B. J. Birch [2] and W. M.

Schmidt [11], [12]) In particular, Schmidt proved that if s > ¢, (k ), the,
equation

R R N
with positive rational integer coefficients has a nontrivial solution 1in
nonnegative rational integers X, ..., X, ¥, ..., ¥ such that

2 max(x,,yJ) max (4, b)”"”.

hi inJ .

We use hereafter ¢, &, .. to denote arbitrary preasmgned posmve numbers
< 1. The number 1/k in (2) is best possible. Although the circle method is
still used in the proof of (2), the treatment of the minor arcs is complete]y
distinct from that in Waring’s problem.

* Supported by the Institute for Advanced Study, Princeton, N. J. 083540.
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It was Siegel ([13], [14]) who succeeded in dealing with Waring’s
problem in an arbitrary algebraic number field by his generalized circle
method, and he obtained the result corresponding to Hardy-Littlewood’s
estimation on G (k). Siegel's result was improved by R. G. Ayoub [1], Y. Eda
[4], O. K&rner [8], R. M. Stemmler [15] and T. Tatuzawa [16], [17] in
various aspects.

By the combination of the methods of Schmidt and Siegel, we can
generalize Schmidt’s theorem to an arbitrary algebraic number field.

Let K be an algebraic number field of degree n. Let K™ (1 < p<ry) be
the real conjugates of K and let K@ and K¥ ™% {ri+1<qgq<r;+r,) denote
the complex conjugates of K, where r, -+ 2r, = n. Throughout this paper, the
indices p and g are over the sets of integers cited above. For ye K, we denote

by +¥ (1 <

i '(1 sj=

= z'rjﬂ,sj and define £ =
i=

< n} the conjugates of 7 and by N(y) = [ +* the norm of y. Let

i=1

n) be numbers of Ix and x; (1 <j < n) be real numbers. We set &

Z )\' ﬂl(l)

1 €i<n. We use the notations

ligil = max[¢9),  $(&) =} & and E() = exp(2miS (),
where exp(x) = ¢*' A number y of K is called totally nonnegarive' if ¥7 > 0.
Let ay, ..., 0, f,...., f; be 25 nonzero totally nonnegatlve integers of

K. Consider the equatlon of the type

3} a1‘11 +D: Ak /.';1 “"1 + . +ﬁs ,LL;‘.

A set of numbers 2,, ..., &, u,, ..., u, satisfying (3) is called a nontrivial
solution of (3) ff 4y, ..., 4, yy, ..., y; are totally nonnegative integers of K,
not- all zero. Set : '
4) ' m = max (N (), N{B)}).

if
In this paper, we shall prove the following

~ THEOREM. Suppose s = c4(k, n, £). Then the equation (3) has a nontrivial
solution such that

. mdx (N(;tl), N()U,J)) & mlf‘k"f'i:.

Here and below the constants zmp[mr in € or O may depend onk, K, ¢,
but not on m. .
If k=1, then A = 8, p,—oz (1<
with (5}. So we suppose k =2 throughout this paper,
Suppose that a,, ..

[ <'5) is a nontrivial solutlon of 3

, &, are given integers of K. In the second part of
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this investigation we will show that if s 2 ¢, (k, n, &), the equations

o i+ . taga =0

has a solution in a,, ..., a,, 4y, ..., 4,, where each g, is 1 or —1 and where J,
{1 <i<s) are totally nonnegative integers, not all zero, with

max N (%) <max (L, [N()l, ..., [N ()]}

2. Several lemmas.
Lemma 1. Let ¢4, ..., 1‘,1+,2 he a set of real rumbers .mri;fying
ritry

(6) ):z+2 ¥ o1, =0.

g=ry+1
Then there exists a totally nonnegative unit o of K such that

crle? <o <oy, g e <o) <oy,
where cg = cg (K).

See, e.g. Lemma 1.1 in Hua Loo Kéng and Wang Yuan [6]. (Put o
= pn?)

Levma 2. There exists a rational im‘egm Cq == g (K) such thar fm dnv
integers a, B of K, where f§ # 0, there exist a rational integer | and an mteqer
w of K such that 1 << eq and IN{lx—wp) <|N(B).

See, eg, K. Ireland and M., Rosen [7], p. 178.

Lemma 3. For any t integers 74, ..., 7 of K, not all zero, let v he a
nonzero element of the integral ideal a=(y,, ..., 7,) with the least norm in
absolute value. Then ‘

eolwly, 1<€ist
are integers. '

Proof Set « =7, and f =17 in Lemma 2. Then there exist a rational
integer /; and an integer ; such that

IN(hyi—any)l <IN

Since Ly —eyyeq, it follows that N(fy—w;y) =
and [ y,/y = w; is an integer. Since [ley !,

¢! ¥ =f_%l(ﬂ) 1<i<t
3 I ¥

I

IS! < Cq.

0. Therefore Ly, —wyy =0,

are integers. The lemma is proved.

Lemma 4. For any t integral vectors (y;, 8;) (1 i < 8) of K3, where 3, # 0
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=<ign if

then

1 )
=y, ), 1€igt,
Co!

(’Vi: 5!)

i< 1) are integers.
i <t) are integers. Let

where y is defined in Lemma 3, and where § and y; (1 <
Proof. By Lemma 3, y; =¢o!y/y (1 <

9 o,
TR L= e =0
i41 Yt ‘ N
Then & = ay, (1< r) Since (44, o d) =afy;, ..., ) =aa is an integral

ideal and yen, § =ay is an integer. Therefore
| 14 i AN )
(,q!)fl CQ!XIQ("V‘ CQIXI'}’l"y Cgl}{)’;(cgl) : i =

The lemma is proved.

Lemma 5. For any nonzero integer o, there exists a nonzero mteger y such
that 9] < ¢,,(K) and yo is totally nonnegative.

Proof. If r; = 0, the lemma holds clearly, Now suppose that > 0 Let
Wy, ..., &, be an integral basis of K. Let
n ® Pt .
c10=4miaxZ[wJ-[ and p=2—lmcm, I1<p<r,.

i=1
Since the matrix (0{”) (1 < p<ry, 1 <j < n) has rank r,, we may suppose
det(@™ 0 (1<p, j<r) The system of linear equations
. "1

Z wS'P)xJ' =Ny, .

J=1

l€psrn

has a unique solution. Set a;=[x;] (1 <j<r,, where [x] denotes the
l’l . .

integral part of x. Then we have an integler y=3 t,x, W, satisfying yP g'® = 0

=17

and [|yli € ¢;o. The lemma is proved.

3. Reductions.

ProposiTioN 1. Suppose that x =
a nontrivial solution with

ifk and s = c“(k n, X, £). Then( ) has

max (N (4), N (u)) <m=te~

ilj
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The case x = 1/k is the theorem.

One can prove by Siegel's method that if s = ¢5 (k, ), then the equation

of the type
ay Ao A A - —a A=
has a nontrmal solutlon in totally nonnegative integers 4,, ..., A, such that
7 max N(4) < max N (a)*3%"”,
,_ .
where a,, ..., o, are given nonzero totally nonnegative integers and 1 < ¢

L 5—1. .

It will suffice to prove Proposmon 1 when m is large say m
= cialk, K, x, ¢). In fact, if m < ¢y, and 5= ¢,,, then it follows by (7) that
(3) has a nontrivial solution such that

max (N (&), N()) €m™® <P <m™e,
i

Let X be the set of x such that Proposition 1 holds. Then (7) shows that
X is not empty. It is clear that X is a closed set. Hence the proof of
Proposition 1'is reduced to proving that if x>1/k and xeX, then there
exists an x'e X, where x' < x.

For 1 €j<s, set

t; = k™1 (log N (@)"/"+log | =),

Then (6) holds, and therefore there exists a set of totally nonnegative units o; -
(1 <j<s) such that

1 N (aj)l,’nk (a‘{ip})* 1/k

1€ign. o

< o < o N ()™ ()71,
cg LN ()t |oc§-‘1)|; k< IU”)F g c 'N(bc})“”ﬂot}‘”]_" uk
1e, .
i N(a_j)”” < aff o™ < ¢ N(O‘ﬁlf"a
cg* N (a)'" < ol o} < c§ N (a; )1"‘ 1<) <
Similarly, there exists a set of units 7; (1 <j < S} such that
kN(ﬁ In « ﬂ“’] (P 8}\;(}5'3,)1;“1,1 ;
AN (B <IBP TP < N(BYU, 1<) <8
Let
o =0k, B =i, w=t4 (Isi<s)y
Then (3) becomes

@3y o A

A =a ki,

oA = Byt Bt
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If Proposition 1 holds for x' and for the particular equation (3), then we
have a nontrivial solution of (3) such that :

max{N (&), N(1)) < max( ()

iJ

(ﬁ_r )x +r
Since N(4) = N(4), N{u) = N(), Nie) = N(),
we have a nontrivial solution of {3) with
max (N (%), N(g)) «m™ 7=
L

i, Proposition 1 holds for x' and for (3). Hence we may suppose without
loss of generality that «, and B, satisfy

eis N ()t
(8)

eis N(BY" < BiP <cis N(BY'Y™, efd

<P <o N, cfd N{agh'™ <ijaf® < cys N {a)Mn,
N(BY" < |Bi@ < ey N (BN,
1 i<y,
where ¢, —cis(k K).

In what foIlows x will be a fixed number > 1/k for which Proposmon 1

holds. Take y sufficiently small such that ‘
22kny < 1,

€] 1/k+6¢y3 ny+20ny < x  and
and put
(10) X' = max (x{(1 =3 y)+ y/2kn, 1/k+ 6,4 ny + 20ny),

so that x’ < x. We proceed to prove that Proposition 1 holds for x'.

Let &, = min(g/8x’, §/4) and divide the interval {0, 1] into a finite
number of intervals {1} of length < ¢,: If s is large, one of these intervais I
will be such that many of the coefficients ay, ..., a, are of the type

Nig)=m", el

We may therefore suppose without loss of generality that

N(a) £ )
, I<gij<
N(aj) <m <ihj<s
Similarly, we may suppose
(ﬁi) g1 PN
£m, 1K€i,j<s
N(ﬁj) ESEES

Let a*=m" maxN (o) and pr=m max N{f). Let p; and g; be the largest
rational 1ntegcrs such that

N{)pf"<a" and N(f)g"<b", 1<igs.

N{f)=N{p) 1 <i<s)
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Since m > cy4, a"/N ()= m"™" and BYN(B) = m’!, we may suppose

- 5= 1k _aL 1/kn -ahd S - in h" 1k 1.<,. -
= N(zx,-) _qi/ . W P 5% 8.

Hence
Ne)p*=3a" and N(fg"=1ib", 1<gi<s.

Set o = pf, B = Biaf, A = p 4], s =g (1 < i< ). Then (3) becomes (3Y,
and by (8), o; and f] satisfy

(2157 a <o <oy a, (2¢15)7'a < o] < C1sd,
(2c,5) ta < i@ <ecpsh, (2005)7 b < [ < Cish,

Suppose that Proposition 1 hoids for x' and for the particular’ equation (3).
Then there exists a nontrivial solution of (3) with ‘

max (N (&), N(x)) < max(a", b ** < m
Lj

1<igs,

(1+a1)(x +5/4 .
BQHXT a4} < m= Yz,

Since

N{e) = m™ N (ay max N {o;)/m"* max N (a)
i ;

=a'm 'NgymaxN) = a"m ', 1<i<s,
1 e

we have
PSP <a/Ne)<m™ <m?, 1<igs,
and therefore '
NA)<pi Ny «m™ ¥, 1<gi<gs. .
Similarly

I1<€igs,

N(p) €m™ e,

Le,, Proposition 1 holds for x" and for (3). Thus in proving Proposmon 1 for ‘
x','we may suppose that

(1) asa<af <ciya, o<l <eyra,  cgh < P <cypq b,

crgb <|ﬂx{q)l <cyqb, 1 E Igs
for certain positive numbers a, b, where ¢, 5 = ¢;6(k, K) and ¢y = ¢4 (k, K).

4. Continuation. In what follows, h will be the mteger ¢y (k, n, x, a)
occurring in Propomtlon 1, and § > h. Set '

(12) = y/2kn?.
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We distinguish two cases.

A. There is a subset of h elements among oy, ..., o, 54y oy, ..., &, and
there is a subset of h elements among S, ..., B, say By, ..., . and there
are totally nonnegative integers oy, ..., g4, Ty, ..., T, such that

(13) 0<foll <m, O<lzl<m, 1<i<h

and .
' IN@) =m0,

where ¢ is a nonzero element in the integral ideal (ockal, vey O O,
Bity, ..., Baty) with the least norm in absolute value.

By Lemma 5, we may choose a nonzero integer y such that ||y < ¢yq
and yo is totally nonnegative. By Lemma 3, »

kop U ka?
colagafy col B
551:‘: iti © and ﬁf= o ﬁn iV ,

: : 1<i<h
Vo yo

are all nonzero totally nonnegative integers. Therefore it follows from the’

case x of the Proposition 1 that the equation
o) A e A = B
has a nontrivial solution satisfying

max(N(A,’), N(ﬂj)) <max(N(ot,f), N(ﬁ’.))x“ <m(l+knz“‘?)(x+8)‘
i

‘HSH—‘

Let k=04 w=n (1<i<h and 4 = p = 0 (h<i<s). Then by (10
d (

12), the equation (3) has a nontrivial solution with

max (N(’l:): N(#J)) < m(% +knz—y)(x+.z:)+nz,‘< m(l—y,’l)(x-f—a)-k—nz £ nl.vc’-#e‘
i

We are thus reduced to case

B. For any h elements, say oy, ...; &, among oy, ..., &, and for any h
elements, say f, ..., B, among f,..., fi,; and given any totally nonnegative
integers oy, ..., O Ty, -.oy Ty satlsfymg (13), the integer o defined as in the
case A satisfies [N (o) < mJ‘

Condition B. depends on &, n, h' m, v, and it is denoted by

Bk, n, h, m, ). ,
PROPOSITION 2 Ler q —1or —1. Let
(14) ' m = max(a b") 7 .
and Iet ocl','i..‘, ocs,'BI, . ﬁ, be nonzero totally normegarwe mtegers sansfymg

(11) and B(k, n, h, m, y). Then if' s = ¢,4(k, n, h, y), the equation

M e By — =Bt = gy

icm
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has a solution in totally nonnegative integers Ay, ..., L fys ..., gy X» HOL all
zero, with : :

max (N (A, N () € m 120 it < m®
i}

Now we proceed to show that Proposition 2 implies that Proposition 1
is true for x'. Let x, x', y, z, h be as above. Suppose that ¢,, and ¢,g are
integers. Let s = uv, where u = ¢4 and v = ¢,,. Replace the indices 1 £ I <5
by double indices 1 i< v, 1 €j < u Then the equation (3) can be written
as : ; '
+ab, A — B i —

(15) ! | Z (‘x“ A'!‘l_!u"' _Bm#fu)=0
i=1 s

For each i, 1 <i<v, the coefficients o, ..., % By, ..., B satisfy the

conditions in Proposition 2. Hence there are totally nonnegative integers
s ey Aigs Miga ooy Hiay ¥, 00t all zero, such that

k 57k ke x
@y A1+ g A — B i — B b = 4 X

with

m&X(N(iU (#.z))<m1“‘”°“, ]l < m®”

We may suppose that x; # 0 (1 <i < v). Otherwise we get & small solution

straightaway. Take ¢y =...=4, ;=1 and ¢,= —1. Then by (7), the
equation ‘ .

Xl“_f";‘r' +Xv—1?z~1")(u')’if =0

has a nontrivial solution satisfying
Gey any

mgx N{p)<€m

Let j“u ;-’J)I :j: ,Llu, ')JI/"U (1 v, 1 ‘-<~J‘§~
solution of (15) having ‘ :

max (N (4, N(m)) <

it

u). Then we have a nontrivial

lfk+6c13ny+20ny < mx'

Thus Proposition 1 holds for x".

5. Weyl's inequality., Let e, ..., w, be an integral basis of K; b the
different and D the absolute value of the discriminant of K. We can choose a
basis ¢, ..., g, of 07! such that

1, ifi=j,
S(inj)={ /

0, ~ otherwise.
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Set L _
C=x;0+...+x%0 and n=y o +..+y,0,

where x; and }; (1 <i<.n) are real numbers. We denote by P(7) the set of

(1. ..-» o) satisfying

o 0Ky < T |9 <T: |

Y asum .where /1 runs over all integers such that 0 < AW < T, 29 g T,

AeP(T) .

and Y a sum of integers  satisfying i < T
luleP(T)

LEmMMA 6 (Siegel). Ler h 2 1. Then for any &, there exist an integer o and
a number B of ™1 such that :
Ml —=Bli < k™%, 0 <[l < B,
max (R|a® 0~ BN, @) 2 D72 1gign
and
N((x, p1)) < DY2.

See Lemma 6 in Siegel [14]. Notice that the property of ¢ belonging to
supplementary domain is only used in the proof of his formula (41).
Lemma 7 (Mitsui). Let A, B, h be positive numbers satisfying A = 1,

h>2"2D and 1< B <2 ¥ 2p-tiny, Then for any &
Y min{d, [1—-E(uw) ! (1 <j<n)

luleP(B)
: 1 1 hiogh logh
=0(AB| — - 108"  Togh
( | (llalJ+B+_AB T4 ))

here and also in Lemma 8, a denotes an integer satisfying the conditions in
Lemma 6. '

See Theorem 3.1 in "Mitsui [9]. Notice that in the. proof of his formula
(342), we may use the estimation |N ()] > ¢ llaf] instead of |N(a)| = ¢T with ¢
= ¢(K).

Lemma 8 (Weyl's inequality). Let

GC=2"" and L&)=Y E@#&, where T>k12°72p
A6P(T)

Let h be a number satisfying
o [SPAMEY 'Y SR, 1)

Then

- 1 1 h\iS
L < Tﬂ+£2 el )
O €T pge)
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Proof. By Hélder's inequality
ILENE = [ L E(A+a) ¢~ 24¢)
i1

S Bk, X+ e

gk 2

Ay A
<TI0V Bk, AF e
Ay A
€TINS TS S Blkk— 1) 2 227 e T
i iz A

< ...
<TORT T LY [N B,
Ay ’-‘l ‘l‘k—l A
where
(16) p=klA 4o, |AeP(2T). (I<gigk-1),

and A runs over all solutions of the conditions

Ath+ . +hePT) (< <. <i<k-lLCsg<k-1).
Let A(y) denote the number of solutions of (16). Then by the well-known
properties of the divisor function, we have

i (O, p—0,
= or, otherwise.
Hence

k3

L@ < T 24 TN 2 5 I B (uig)

where the summation is extended over all p, 1 satisfying
' peP(k!2"UTH Yy and  ie P(T).
Since
Y E@id) =0T min(T |1 —E(uew; 37" (1 <j<n))

AeP(T)
(cf. Siegel [147], p. 332), we have
ILE)S & TG~ 24 TR T2 Y Pl min (T 11— Epes, 7' (1 </ < ).
"

Let A=T and B=Ek122"'7T""1 Then by Lemma 7, we have

"(G*k)+52+n-v1+1+u(k-1) _L 1 +1110g]1+10gh
| = T*7 T T

L =T

1 1" h
nG+2£2

et |,
< (nan T T“)
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The lemma follows.

6. Schmidt’s lemma. In this section, we shall general:ze Schmidt’s lemma
to an arbitrary algebraic number field.

LemMa 9 (Schmidt). Suppose that T 2 cio(k, K, 83), C2 T
|L(&) = C. Then there exist a totally nonnegative integer « and an integer B
such that

n—1/G+a3 and
TN gee
ihi—ﬁ|<(g) T

0<|joc||<( ) T,

where e =o'y and B = 'y in which v is an integer samfymg 17l <
o, B satisfy the conditions of Lemma 6 with h = 3(c/Tme,

Proof. We have

: ' -G tianG
-2 { C V7 k—aq {1 ‘ E—1+e
T 3(—)>T 3(—-»~);T 3
‘ T ™
T?c—z3 £ @
Tﬂ

G
h= T (£> .
Tﬂ

Then h satisfies the condition of Lemma 8 for T > ¢,5. By Lemma 6, there
exist an integer o and a number B of d™' satisfying

llé=pll<h™, O<lll<h

and the other conclusions in Lemma 6. Take z, = 53/2G. Since

Tu+l>.2 (_h_)”G = Tn+b2 83/G C = CT

and

¢qp(K) and

and

M
h}R'
o

Let

T* ™
and .
Tn-;l,fG+¢f2 g CT22—£3 < CT-Ez
. we havé by Lemma 8 that
C<|LE) < T 2| =20,

icm
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n\G
0<||cx’l|<( )T‘ZG (_1(:_1) TS,

There exists a nonzero integer -y, such that |jp,|] <¢5(K) and y, ' is an
integer for any §'ebd™'. (See, eg., Hecke [5], p. 100.) By Lemma §, there is a
nonzero imteger y, with {jy,|| < ¢y such that y, v, o' is totally nonnegative.
Let o =1v,y;,0" and B =19, v, 5. The lemma follows.

7. The circle method. We denote by G, the unit cube
{(x}‘ ca Xy 0 <1 (1<€ign)l. For any yeK, we can determine
uniquely integral idéals a, b such that

v ="bfa, (a, b)=1.

We write v —a Let r > 1 and F(I) be the set consisting of y = xy 0+ .
.+ x, 0, satisfying ‘

ie,

{xy,.... xJeG,, x (1 <i<n) rational numbers,

p—~a and N(a)<r
Let

an . : h = abm?®~¥"  and ="

For any yer'(t), subject to y— o, we define the basic domain B, by

(18)  {(xy, --

o X))t (Xg, oo x,)EG,, =X, @1+ ... X, 0,

such that h|i&—vell <1 for some y, = y(mod D™ ).
We may prove that if y, # y,, then B, N B,, = @. In fact, suppose there
isa {eB, nB,, ie, hi|l—yqll <1, where yo; = y;(mod d™%) (i =1, 2). For
simplicity, we set yo; =y (i =1, 2). Write
max (h |9 —

WL =6D, 1<gignlgjg2

Then

n
o <1,

i=1

max(e¥) ' <1, j=1,2,

and thus
P =9 < GO =PI+ (0 =D < 7ol +6D)
=i o oD (o) (e < 207

Suppose y;, —» & (i =1, 2). We have |
N{ag a2} [N (y1—72)l

olePt, 1<i<n.

< (21 < DY,

3 — Acta Arithmetica XLVIILZ
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since m > ¢1,. On the other hand, a, ay(y;—y,)d is an integral ideal, and
thus
N{ay @) [N (3, —72)l 2 IN@® ™Y = D_.l'

This gives a contradiction, and therefore the asseriion follows.
We define the supplementary domain E by

ay - : E=G,~ | B,
oy N ' . L - yel(#}

We use the notations
é ='x1 er+.....+‘X"Qn, dx=dx1...dx,',,

A = bl/k mZOy, B = al,‘k mZ(}_vn H = mﬁy;

20 Si®)= ¥ E@ad, T = Y E(-F#d,

AeP(A) rel(B)

S Si.(i)v T(&) = 1’11 TE
=1 iz

1<€igs,

t

§(¢) =
and o

FO= T 8@ TEE(-qd),

xeP(H)
where ¢ = 1 or —1. Let 'Z denote the mimbef of solutions of the cquatibﬁ
3 o Mk e A= B =y
in totally nonnegative integers A, ..., A, Wy, ..., 1, ¥ satisfying
JeP(4)," weP(B) (1<i<s), zeP(H).
Then = ' ’ ‘ ' ' '

21’ ' Z=Y {F(&dx+ [FOdx.

yel() B '

We shall show that under the assumption made in Proposition 2, Z > 1,

8. Supplementary domain. Take ¢; such that

(22) g3 < 1/2G,  &3(1+20y) <3z,
and s so large that

10G
(23) L8> T+h

Lemma 10, Subpobe that (x,, ..., x)eG, and
(24) [F (&) = H"(ABy*m™*.
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Then ¢ lies in a basic domain.
- Proof. We may suppose that
| | S0 = .. > 15, ().
Then
F(§) < H" A" 1 B s, (o) h+ 1,
and thus by (24) and m = ¢,,, we have
. 2 {Sul&)] = A"m™ 62D = |
By (20), (22) and (23), we have

msf(s—h+1)$A1f4y(s—h+l)€A1f26 <A1I/G-e3,

say for 1 i< h.

and therefore
n—1/G+sq

CzA

It follows by Lemma 9 that there are totally nonnegative integers o
(1 i< hy and integers o, (1 <i< k) such that

0 <|loyl| < piGHs= R+ ) 453 'mz/2+z/z =

and

S

o= ] €m* TR AT g7k 1< h
since m = cyy. After a recording of 8, ..., Bs, we may also suppose that
T > ... 2 1T, |

Similarly, there are totally nonnegative integers 7, (1 < i < 4) and integers W;
(1 €i<h) having

O<lu<m and [Ehr—yll <m B 1<i<h
Hence by (11), (12), (20) and m 2 ¢,,, we have
i Bty —viail = llo Bt — Loy 0 B 75+ oy 0 Biti— ool
< Byl € 6:— il |+l | B =) —¥l|
@bmle—k_i_amZ:Bwk < mlz—zOky < 1’
and thus
‘ N{p; Bt —v;06) = 0.
Since ¢; §,t,—~y;% 0, is an integer, we have .
(Pfﬁjfj—lf’jﬂiai =0,
Thus by Lemma 4, the 2h integral vectors c¢o!{y; o;. ) and cg!{f; ;. ;)
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(1 <i< h) are all integral multiples of an integral vector (¢, 7), where ¢ is a
nonzero element of the integral ideal (@y oy, ..., 0404 f1T1s ..., faTh) With
the least norm in absolute value Therefore the condition in case B yields
that

0 < |N(o)| <n.
let
o tib =b/a, (o, b)=1."
Then |, ‘and thus -
N{a)<IN(ag)) < m’ =1t"
Since |ja, || < w7, we have
m= %160 > N (o,

and by (11), (12), (17), (20)

y=1, 1<£isn

) and m = ¢4,

}é’(f)_(a(i))‘—lrfi)l — ] (!)a-(!) me|

= [
P

€a i tmP A =a" b m

L B BRI LN I

~20ky +nz

Therefore ér_—B where y= 5;1 (mod \‘1) The lemma is prc;ved.

9. Basnc domain. We use the notations

Eey=l o m=ypio0t Y dy=dycdy,,
Gily)=N{@™ ' ¥ E@ady), H@@=Nw "' Y E(=pfiy,
A{modn) - p{modqa) )
L A= | E@n*0Ody, J=((, B) = [ E(-fn*Ddy, 1<iss,
, P(4) g - ‘ o
@) G =160, He =1 HH 1, A) H I( and
H Jl C: B),

i=1

where 7 — a

¢

Lemma 11. Ler a be an mtegra.’ ideal. Let Nia, T) be the number oj
elements v of o satisfying ‘

0 g We < T |v(“)| <T

icm
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Then

21.[ r2 ™ Tn'—l
N(a,T)_( +O( 1 |
\/_ N{a) Na)! 1
where T, = max(N(a)", T). -

See, eg, Lemma 3.2 in Mitsui [¥]. Notice that the conclusion is still
true for the number of v satisfying v+pea 0SvP4+uP T dl’ld
V' + 49 < T, where pis a given number in a residue class mod a.

Now we can prove the following lemma by the Siegel argument (see
[14], pp. 328-330).

Lemma 12. Suppose that £ B,. Then

(26) | $,(8) = G L, A+ O A"
and -
@7 T = HO(& B+0(?BY, 1<i<s.

Proof. Determine positive numbers 0@ (1<i g n), with 9@ = gatra

such that
“ 9(‘)max(h|5(')| IAIN( }1/:1)

L)

o

= phin 1’[ max (hl‘,:(jll’ 1 N(a)lln)l,/nN(a)lln! I<ign

i=1

Then

1 6 = D2 N(a),
i=1

and it follows by Minkowski's linear form theorem that there exists xea
such that 0 < |a® < 89, 1 <i<<n Hence xa™! = b is an integral ideal and

N = IN@IN ™ <(]] 6"’)N(a}“ =/D;

hence b belongs to a finite set dependmg on K only. Let oy, ..., &, Be a

basis of b1, Then c1¢~~oab'1 has a basis
7; ——ow,, 1<€i<gn
satisfying

e = Olaf) = O (max 89) = O (z).

Let 4 run over a complete residue system modulo a, and 4 over all numbers
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in a such that 1+ ueP{A). Then

(28) 5@ = Y Euy Y El@@G+w*).
a(modn) A+;I'EP(A)

Expressing 4 in terms of 1; (1 € i < n), we obtain
A=¢1 71+ .. FGntns

where ¢4, ..., g, ‘urtla rational integers. Let. G(4) denoté ‘the cube. |

Sy o S T =851+ 8,1 iS5 <gi+l (I'Si<n).
Then o R

fo—All = 0w,
o+ (Aot ] <€ oA ICI o+t~ A+ ™) < th™" A+,
and therefore by (11}, ' .
E(x(A+w ) = G‘J.) E (o (o+ " {)ds+ Oath” IA"_ ",
{

where ds = ds, ...ds,. Since N{a) <" < A by (17) and (20), it follows by
Lemma 11 that the number of 1 with a|A and A+ pe P(4) is O(N(a)~! A").
Therefore

g E (o (4 w* )
A+ uePtd)
= Z f E(ai(a+ﬁt)ké’)‘d§+0(N(a)”lafh_lA"*"ﬁl).
ali G{4)
A+ueP(A)
Let F denote the domain in the s-spaoe defined by

0< o’“”+,u(‘” < A ‘ fﬂ'w'-i—;t‘qu < A

Then the volume of the area belonging to exactly one of () G(A) and

o
‘ ) 2+ peP(A)
F is dominated by O(N{a)"'tA""'). (See, Siegel [14], p. 329.) Therefore by
(17)’ and (20), we have

2 ElA+p) = [E(y (a+u)"{)ds+0(N(n}"1 1A ‘)
alA r
A+ peP{A}

Let o+ =n. Since the Jacoblan of sy,..., 5, with respect to yl,‘.‘., Y I8
equal to '

DV det ()T = N@@T, . . .
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we have

Y Elw@G+wt)=N@ L, A+ ON(@™ 2 A,
A+féP(A)

Substituting into (28), we have (26). The proof of (27) is »milar.
10. Continuation. We use E, to denote the whole n-dimensional

Euclidean space.
LemMma 13. We have

(29 I(¢, A) < [] min(4, a7 Y*|071
' ' =1
and : .
(30) . B) < TT min(B, 5101,
i=3

See, Siegel [14], p. 335. The only difference between the proofs of (29)
and the corresponding formula of Siegel is that we use «f? ¢(P and |a‘“’ 9|
instead of his t? and |79

Lemma 14.

[ SO TEOE(—qgyrl)dx

H?
GH@) E(— qu)ff A)J (L, B)dx+O0((AB)*(ab) " m™~ 20k =1T),

Proof. By Lemmas 12 and 13, we have
SE@OTE=GHHWIL A, B+O(AB™* max(A™", B™).
Let ‘

. p} — S gy P
3 (P =u, (M=ue’.

The Jacobian of x4, ..., x, with respect to u,, u,, @, is equal to the product
of the Jacobian of x4, ..., X, with respect to ¥, {4 and the Jacobian of {'”,
(% with respect to u,, u,, @,, ie, it is equal to

Zr‘2 DIJZHuq.
.
It follows by (17) and (20) that
n h" I - |
j'dx <H( j du )T T | ugdu,dey) < h™" = (ab)7"m™ 2%+
- g —n 0 .
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and
max(A~!, B"1) «m %, .
Therefore
(32) SO TE)E(—gxd)dx

=GHOE(~q) [ I,

By

AVJ(E, BYE(—qxl)dx -+

+ 4] ((AB)JJS(ab)'— "m- 20kny ~ 17y).

In the integral in the right.-hand side ofl‘(32) we replace E{—qyx{} by 1. Then
by (20) and Lemma 13, the error is

(AB)™ [llxLlldx < (ABY* Hh™ "} < (AB)™(ab)™"m™ 20k~ 17y,
B.l, )
Hence _
33) [SOTQOE(-aqrddx=GOHWE(~qw) [1E AJE, Bydxt
b B? . .
+0((ABY*(ab) "m~ 20“"{“ 175,
If (x;, ..., x,) is a point in E,— —B,, then h){¥ > 1 is true for at least one

index i. By Lemma 13 and (31), we have

[ I, AT, Bydx

Ey=B.

< (H min(A, a~ Uk @)~ 1) Hmm B, b 1/k|C(J)|_1/k))de

E,Hll i=1

<( [ (ab)™ w2 gu)( [ min(A42, a= ey~ sy min (B, b~

’“‘v"*""‘)d-u)”"l %
p—1 0

o

( J‘ J'rmn (A2s —-23,‘kw-2s/k] min (BZS’ b—ls,ik w-2_x,‘k) wdwd(p)rl_l_
- 0 )

_'_(J"min(As, a—s/ku—slk) min (Bs, bws/ku-s/k}du)rl
i}
ro® LI ‘
(I j (ab) iy, _45”"+1dvdq))(f [Im AZs —2s/kw—2_~,-/k)x
0 ;

gl -n

X nin (B, b= 2% - 2% wdwdg) 2",

icm
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Since
f min (A%, @ u” ) min (B, b~ ) dy
0
T
< A* {min (B, b~y ) dy
0
Bky—tL = _
<A( | Bdut+ | by g a/BRpY
0 ) B‘k.b_ 1
and

o
jmm(A“ =~ 2s/k —ls/k)m]n(BZS bhzs/k —23/k}wdw <A2532(s_k)b 2
0 Yo

we have by (9), (12) (17), {20) and (23),
| 1@ AT Bydx

Ep™By
<h2§,‘,k J(L’lb) j/,‘_A{rl l)sb—(rl I)B(r] 1)is— Ic)AZrzsb—ZrzB 2ry{s— k)+ -
RO PECRL h4s"k_2(ab)&2s"kA2(rl mbm2(r2—x)B_2(r2—13(s—k)",
\ @ hlsfk—l(ab)"x/k b“"_+1 A(n—l)s B(n—l](s""k]_'_
+h4s{k~ 2 (ab)—- 2sik b~n+2 B(n—?.)fs—ic)

Zyy_ 43}3'1
m kn n+mkn+rl)

< (AB)™(ab)""m
< (AB)™ (ah)""m

The lemma follows by substitution into (33).

- ZOkny(

-~ 20kmy— 17y

11. The singular integral. Let #' =), w,+
+x,0, AV =dy| ... dy,, dx' =dx| .. .dx,, n= Ay and {=a lh Ym0y
The Jacobians of y, ..., y, and x,, ..., x, with respect to y{,..., ¥, and
Xy, ..., x, are A" and (a=' b~ m™2%)" respectively. Set ;= ao;/a (1 < i < 3),
Then

e, U=x10+

wunt =y,
where by (1] how (1 <0< 5) satisfy

(34) e < PP <eyq,

F/AN
N
ta

¢ye < |97 < Cg, 1
Let us write ' and (' as » and { again and let
= {E(yn* ) dy,

P

where P = P(i). Then

LG A=A"L(D), 1

Al
Al
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Similarly, we have oo where

Ji ,B :B"Jl. ’ ISiSS, ) 2s o
{C ) - (C) R o Fp= j ]_—[Wl-”k_ldwl...dW2s_l ’

where Vpi=t
3O = [E(—pui ' Ddyt 1<i<s in which U, denotes the domain
i = gti a = b ’ ‘ : o
P 0w <yP, 1Ki<2s, " wyu=wit . +we—wo — e — Wy,
and y,4; = fi/b (1 <i<s) whichrsatlsfy,‘ and where

(35 cr6 <YW, <oyr,  Cp <P <crq, SIS, 2
Set ‘ ‘ H, = [ I] wi=tdwy ... dway_ydoy .. .dos,_y
: Vg i=1
IO=T1LO, JO=114 ad &= I dx. in which V, denotes the domain
i=1 i=1 En o

- o | O<w <P, 1<i<d, -r<g<n 1<j<2-1,
Then we have _ o |
(36) [ T, A)J(C, Bydx = (AB)™(ab)™"m™ 2% .

Eyp

il e iy —
Wa =Wl 4 wl2 | P22,
Proof By Lemma 13, we have

Now we shall treat the integral @ by Tatuzawa’s method. (See [17])

. T mi 0] - 1k ;
If F(xy,...,x) is nondecreasing for variables x,,...,x, and 5 () 4};[1 min (i, (Y70, 1<i<s,

nonincreasing for other variables x;,, -j-a'th (rts=10 ov.er the rgctangle and J;({) (1 € i< s) satisfy the same inequality. Then by the transformatiof
I={{x, ..., ?C:)i G <k (1<igy, (31), we have ' '
then F is said to be monotonic over 1.~ = .. . ‘ B {1 IOl dx @H(j:min(l, s 2 du )T [ min(l, ul 4% u, du, dip,)
Lemma 15 (Tatuzawa). Let F{x,, ..., x,) be a finite .product of positive E, p 0 . - g -2 D
bounded monotonic functions cver the _rectangle - L which converges for s > k. Therefore ¢
G, o 0sxisq L<isy), ; L @= lm B(Q),  o@=[IQJQdx;
R ) , A.p,lq,ll’]"‘w : . 0
If we write :
. ) - where 2 denotes the closed region of x defined by
' ~_ sin2ndx : : B ' S o
xa(x) = X " . ‘ |Up| < ;“p: l”ql < Am AIES ‘14:'
then _ _ in which
2y q i( )' ‘ C(q)+ctq+r2J - C(q)“§(q+r2)
i . F . e I == ()" ‘0 . . Uy == p, Uy ==, v’m"'_%"m
I.linw (_}l- b[ (x1, o xz}XJ.I(xl)_ XA‘(x‘).CXI dx, = () F(+0,..., +0? ‘ r 7 \/5 4 \/ﬁi

Al
(isi<n , . , ‘
Consider 2ns real variables y; (1 <i<2s 1'5j<n). Let b

See Tatuzawa [17], pp. 47.;4‘19.

M= Y1 @1+ .. + im0, “in=Adyl'1‘."dyf’!'
Lemma 16. o y

e

and let P, be the domain

(p:D(l—2s),‘2k-2nsN . s-l/k F H’ - Coa o, )
(a9 I,,I "I;I"" O<AP<L, @IS, 1<i<s
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Let
i} 4l 3 ik K :
WP+ Pl g - S =z, ISisn,
and
Zq+zq+r2 u’ Zq“Zq.Frz
U, =2 U, = ———, = T
P P2 q \/5_ \/EI
Since
- 2 F 2ea [
7o = v, +10, -C(q'f'rz] Dyt . - Ug ity = U+ Il
e ] - ) g > “gtry =
we have '

n
Z (Vs = Z”pvp“l' Z”qvq+ Z”; Vg
{=1 L [ L

. Uy 15 equal to

det (o]~ [~ = DY2,

The Jacobian of x,, ..., x, with respect to v,, v

Set o o
do = dvy...dv, dv, 4q...db e, dV) dv,l+,2
We have
P = [... [ dY,...dYy, Jexp(2mi N 0z dx
Py PI25 2] Jj=1
=DV [ ... [dY,.. d¥s jéxp(Zrci(Zu,,v,,-}- Zuqvq—i- 3 uyvy))de
Py st 4
== le}. [ . ‘. Hx.r. up)ﬂ(%lq(u xj.q{uq)) le. les-
Pq Pz; B
Let
=t ol+. . +r,0P 1<i<n
Then
=y =m0 P P o - B )

The Jacobian of Fas.1n --o» Pag. With respect to ty, ..., 1, is equal to
|det (k5 i o)™t Idet () = N (k™ yz, 13D,
and the Jacobian of 1, ..., 1, with respect to u,, u,, u, is

idet (@)~ [if? = D17,

Bounds for solutions of additive equations

icm

Therefore . :
1 (Q) = Q" H Xi.p (up) H (JCJ.q (uq) ZJ.;, (u:])) du x

% j"' r N(kmll'yl’.s rf_?.s kl dY1 dYZS"lﬂ _

Py Pag—1

where @ is a closed region containing the origin of u in its interior and
du = [ du, [ ](du, duy).
P 4
Let

11k
'7('0) =y; 1(‘0(11)_{, ___+yjnw(p} — uj!

k .
0 =y 0P+ ol =ulfe i, 1< <2,

The Jacobian of yjy, ..., ¥; Wwith respect to wuj,, uj,, uj, is

det (@)~ N (k™ ingp ) = DT YRR g7 H)).
Then we have '

D(Q) = | Hx,-.p(u,,) n()_f,-_q(qux,-_&{u;})du x
a r e

Zs—1
x D722 EN R gt s D [T NG g M) <

R ji=1
2s5—-1

x f] TV (VO | /F SRR |V J X
i=
where R denotes the region
£

< <j
€y, g (I<r<B-1, r+1<r<r+ry)

(2p] ﬂ(p)k = Z _(,})(p) ul +..- 7,(2?— 1 u.’!s l,p)’
' i 1/2 h!fz -1,
L = 2y (RO 8

O <1, InBI<1.

Therefore
¢ = lim ¢(Q)=D““2""ZHF;,HH;.
ApAgplysw .. -p q ‘
where
F,= lim k727" sz (u)du, | Hw’”" Law, ...dwhe_y
le—‘m . ’ i=1
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in which w} is used instead of u;,, Q, denotes the range of u, in @ and U ‘the
domain :

ng:g 1 (1 ‘\;l‘ézs): ’V(lp)w’1+ . _'y(ll?wls"_'zp:
and -where '

Hy=- lim k™*[y§) —zqf Xi, (uy) XJ.;!(”;) dug dutg x
3

AA—'m

28
X ow T - .
j HW;”“ ldwll...dwfzs..ldl/ll...dl}fzs_l
Fai=1
'

in which w; stands for w,, ¥, for 1/;“,, Qq denotcs the regnon of u, and u; in Q
and ¥ the domain

o<wi<l (1<i<2), —-n<y<n (1</<2-1),
i iyt ‘' i S
017 W, = [z, = (0 w17 ol w2 R

By Lemma 15 and the- transformations 7P wi =w, (1 <i< 2g) for the
integral Fi, and y@Pw; =w, (1 <i<28), ;= 0;+y; (1 & <s) o= 0+,
+m{s+1<1<25-1) for H, where 6, = arg y“*’ (1<t < 25—1) we have
25 '
F’p — ku?,s H .ygp)—lkop! H; — k—4s l'[ |,yl(q)|—2/k an
=1 i=1

and the lemma follows. R

12, The proof of theorem. By Lemmd 11, we have

. e
(37 1=

)(EJ'Z(H) \/.5

Therefore by (9),.(14), (21) and Lemma 10, we have
Z = Z [F(é)dx+O(H"(AB)"s(ab)_ —20.!_grxy—17y)_

yeF{n B

]

H'+0(H"Y).

For a given q ‘the number of y in I, Sllb_]ﬁ()t to y—a is O(N(a). B
Theorems 35 and 76 in Hecke [5], it follows that the number of a with N(q)
=dis O Y 1)=0(d*). Therefore
dy..dp=d
Y1 ¥ N@<Y d< <0t =
rell)” Nlo)<e® d<e”

and by (20), (36) and- Lemmas 14 and 16, we have
Z =Jo €1, H)(AB)™(ab)™"m™ 2% + O (H"(AB)™ (ab) ™ "m ™ 20kmy— 145 "+
where S

Jo = D(l_zsjlzk—z.ﬁsN(UH —--')’ZS)bUkHFpI—.[Hﬂ

L] .
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and

S =&, H) = Z 2 GMHME ( qxy)-

xePUTy yeI()
Let.5'* denote a sum, where y runs over a reduced residue system of ab)”é,

¥ .
mod b~ L. Thus ye(ad)™ %, (y, p™!) = {0, d7'),'and we take only one y in each
class modulo d™!. Then ' ) ‘

&= Y Y*GWHG ¥ E(—qm+ Y Y*GHHG) Y E(-qw

Nm=1 ¥ =P o 1<N(n) €i" v xeP(H)
= 8, + &5, say. | |
By (37) we have
(2m"

RN

1

H*+O(H" ).

If<N(a) > 1, then
Y E(—qp=0.

x{moda) -

(See, e.g.. Hecke [5], p. 197) For any given integer 1, it follows' by (17), (20)
and Lemma-11 that the number of vea and v+ ueP(H) is

272 Hrt o :
( ﬂ) HH+O( lulln)' |
JDN(9) N(a) "
Hence if the domain yeP(H) is split ap into a union of complete residue

sets {mod a), plus a few others, remaining elements, say R elements, then

n—1

R < N{o) =N(aq"H"" 1,

and therefore by (17) and (20)
S, < T THR<HTN Y TEN@W

N(* St ¥ N(pst" y
<H”_1 E N(a)1+1/n <Hn 1 Z ds < H"™ ltdn <Hn
Nie) S17 st

Consequentiy, we have
S 2 0y, (K)H
It follows by (23), (34) and {35) that J, > c¢s3(k, K, h, y). Therefore
Z > coqlk, K, h, y) H(ABY™ (ab) "m™2%" > |

if m ¢4k, K, x', €). The theorem is proved.
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Théorémes de densité dans F,[X]
par

Mireitie Car (Marseille)

Introduction. Soit F, le corps fini 4 ¢ éléments. Soit % l'ensemble des
polyndmes unitaires de Panneau F,[X]. Seit / un ensemble de polynémes
irréductibles unitaires de F,[X] et % (I) l'ensemble des polyndmes de # dont
tous les facteurs irréductibles sont dans I. Soit a(n, [) le nombre de
polyndmes de degré n de #(I). Dans [6] on démontre que lorsque I'ensemble
I vérifie certaines conditions de régularité, on a une estimation asymptotique
du nombre a(n, I). Ces conditions de régularité sont par exemple réalisées
torsque I est 'ensemble des polyndmes irréductibles de degré congru a r
modulo un entier &. Nous imposons maintenant des conditions de régularité
d’un autre type. L'ensemble [ sera I'ensemble des polyndmes irréductibles de
degré au plus 4 (ou au moins d). Nous obtenons des résultats analogues aux
résultats connus sur les nombres W(x,y), resp. ®(x,y) dentiers n < x
n'ayant aucun facteur premier p >y, resp. p<y. On trouvera une
démonstration de ces résultats dans [7], [3], [4], [2]. L’estimation des
nombres a(n, I) sexprimera i Paide de la fonction ¢ de Dickman [7], [1], et
de la fonction @ de Buchstab [5]. Nous étudierons les nombres a(n, I)
Torsque I est Pun des deux ensembles suivants:

ensemble dcs polyndmes 1rreduct1bles de degré inférieur 4 un nombre y
donné,

ensemble des polyndmes irréductibles de degré supérieur 3@ un nombre y
donné.

Nous indiquerons sans démonstration les résultats que I'on peut obtenir
lorsque I est P'ensemble des polynémes irréductibles de degré appartenant 3
un intervalle (x,y) donné ou lorsque I est le complémentaire d'un tel
ensemble et une généralisation possible de certains résultats.

Y. Notations et conventions. On désigne par %, Iensemble des polyndmes
unitaires de degré n de F,[X]. Remarquons que

{1.1) Card(%,) = q
Cn note If, le nombre de polyndmes irréductibles appartenant & #,. On a la
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