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Added in proof (May 1987). V. Miiller poi‘nted out to tht? author' an example of a
noncommutative Banach algebra for which the left and right approximate point spectra. have the
projection property. Hence the conjecture on p. 284 is false (see the author’s forthcoming paper
On the projection property of approximate point joint spectra, Comment. Math,, vol. 28).
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Note on a theorem by Reshetnyak-Guroy
by
INGEMAR WIK (Umed)

Abstract. The paper gives a sharp estimate for the If-norm of functions whose mean
oscillation in every cube is at most a fixed multiple, &, of the mean value of the function in that
cube. The estimate improves an earlier result of Reshetnyak-Gurov as g — 0,

In their paper [2] Reshetnyak and Gurov study functions with a mean
oscillation which in every cube is not greater than a fixed multiple of the
mean value of the function in that particular cube. Their result has been used
by Bojarski [1] in a study of the stability of inverse Hélder inequalities.

A cube in R" will always mean a cube with sides parallel to the axes. We
let |E| denote the Lebesgue measure of the set E and prove the following
theorem:

THeOREM. Let q be any positive number, ¢ a number in the range 0 <g¢
<(3-2"9"" and f a vector-valued function f: Q— R™ Q c R". Suppose that
Jor every cube Q in Q there exists a vector Jo in R™ such that

1 ,
(1 T [/ 69 ~faltdx < 1t

Then f has to be a function in I5,.(Q) for ¢ < p < ¢, &~ 2. For these valyes of p
we have for every cube Q in Q

2 [1f () =fol?dx < ey | folP"9& ™4 [| f (x) ~fpl*dx.
Q Q

¢, may be taken as (qIn2)(6-2"* )% and ¢, depends only on p,q and n.

Remark 1. This constitutes an improvement of the result in [2] in that

it contains a factor ¢ log (¢ (¢)/e) instead of & on the right-hand side of (2) and
also requires ¢ to be at least 1.

Remark 2. It is easy to find an example showing that (2) gives the best
possible order as ¢ tends to zero.

Proof. Let Q be an arbitrary cube in Q and put
Ey = {xeQ; |/ (x)~fol > dfol},
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where 6 > 0 will be specified later. From (1) we conclude
|Eq| < (¢/6)1Q).

We cover E; (= the set of density points of E;) with disjoint cubes 10,17
dyadic with respect to Q such that

(3) 27", S By Q) <310,
(see Wik [3]). 6 will later be chosen so large that |E;| < %]QI For xeQ,\E,

v=1,2,.

we have |f(x)—fgl <61/l and since, by (3), 1Q,\E| > $1Q,l, we have a

Sfortiori
{xe Qs 1F (0 < (1+8)|fol}] > £12,
and either
lva| <(1+9) 1l
or

O] [lf (%) —fo [ dx > j"llfgvl—lf(x)llqu 310, (1o, —(1+ )| fol)'.

Also, by assumption,

©) f Lf () —f,lfdx < &7 fo,|*1Q,.-

(4) and (5) combine to
[fo,l—(1+8) | fol <2'¢|fy |,
ie.

1+6
© fal < alfal i

where a = m

Thus in either case (6) is valid.
By (1) and (3) we also have for v=1, 2,...,

lxe 0y 1f () =fo,l < 24elfp,l}] > 310,
[(xe 0y 119 ~fol < B11l}| > $1,)-
Thus there are points x in Q, satisfying both
[ftx)—fo,| <2Yie|fy | If () ~fol <81y
Together with (6) this gives us
™ Vo, —fol < 8lfol+2" e | fy | < (8+2"ea)| fpl = b|fyl,

where b = § 42444,
We now follow the same procedure with each of the cubes Q,. Put

E,= Lv) {xeQu; 1f (D ~Lo, > 817, 1}

and

©
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and cover E; with disjoint cubes, (J* Q{®, where QP is a dyadic subcube of

Q, for some y, with properties vis-d-vis Q, corresponding to (3). In the same
way as above we obtain for every v

(8) I‘/Q(‘,Z)I < afo,J < azlfal-
Also, in analogy with (7) we get |fo(» —Jo,| <blfg,| <ab|fyl and
©) a(» —fol < LJo®=Jo,|+1fa, ol < b(1+a)| 1.
By (1) and (3)
1| < (e/61]U Qu < (e/0)1- 211 |E,).
Proceeding in the same manner we obtain the estimates

(10) gl < &),

11) e —fol S b(1+a+ ... +d )| fy,

(12) LBl < [(e/8) 27711471 [Ey | < (g/8)% - 20+ D=1 o)
where

(13) By =U (xe Q¥ V5 |f (0 —fo-| > 81 fote i}

and {Q®! is a set of disjoin't dyadic cubes covering Ej. Obviously

(14) W(x) ol dx < f VA Y)~]gl”d‘€+2

k=1 U Q(k)\Ek»f-

where Q! is to be nnerpreted as Q,. On the set {J QW \ E,.., we have, by the
triangle inequality, (13) and (11)

If () —fol? dx,

7 ~Fel S 1109 ~Jolol+ ot ~7ol < 811+ b2 =L £l

Since J is less than b, it follows from (10) that

[ f(x) =

Using the fact that |{) Q| <

= fol <h U QP\ By g

< 2*'|E,| and (12) we obtain

wrt] (8Y nek 1 - r
2 5 "2 IfQ] ’Ez[-

It follows that the series in (14) converges if (g/8)4: 2" -a? <1 We are still
free to make our choice of 8. We put

(15) 5 = 2020+ Ve,

! Jol  on

[ 1S 00~fylrdx < (b 1:1)

QB
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Then we have convergence if a? <24 This is true if, for example,

gln2 1

6<(3‘21/q)'1 and p<ﬂmg

The sum on the right-hand side of (14) is then less than
c(n, p, q) &1 fol?|E4l.

Since
[ 1f=fol?dx 2= 6% fol* 1By
Eq
we have
(16) J1f—folPdx < c(n, p, g)e” | fpl" ™ [ | f—fol?dx.
Ey £y
Furthermore, for p > g we have the trivial estimate
1 [ 1f=fol?dx <6779 folP™% [ |f—Jol*dx.
0'Ey e,

We add the results of the inequalities (16) and (17) to obtain the inequality
(2), which is thus proved.

References

[1] B. Bojarski, Remarks on stability of inverse Holder inequalities and quasiconformal
mappings, preprint, 1984,

[2] L. G. Gurov and Yu. G. Reshetnyak, On an analogue of the concept of function with
bounded mean oscillation, Sibirsk. Mat. Zh, 17 (3) (1976), 540-546 (in Russian),

[31 1. Wik, A comparison of the integrability of f and Mf with that of f #, Department of
Mathematics, University of Umed, No. 2, 1983.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF UMEA
Umed, Sweden

Received March 14, 1986 (2154)

STUDIA MATHEMATICA, T. LXXXVI. (1987)

Correction to
“Walsh equiconvergence for best l,-approximates”

Studia Math. 77 (1984), 523-528
by

A. SHARMA (Edmonton) and Z. ZIEGLER (Haifa and Austin, Tex)

On p. 524, line 7 from below, it is written that (2.4) is true for |z|

< @"®~ ", This is not correct and should be replaced by

for IZI < min {Ql+lrs/(rs—r+1), le/(x—l)}'
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