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HOPMEHHOTO BHJa ¢ NOJHHOMHAJIBHONH UpaBoli wacThIo
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75-nemuto npogheccopa
. Opoéwa nocamyaemcn

Bynem 0003HAYATE vepes m MAKCHMYM a0COMOTHHIX BEIIHYHH, CONpS-
KEHHBIX C aNredpavdeckuM y - passep 7y, a 4epes h(y) — Maxcumym
aBCOJTFOTHRIX BEIHINH KO2(GOMIMEATOR MERIMAILHOrO TOJAHOMA IS aJFe-
Gpamieckoro y — guicomy . Mul ByNeM HCIONBIOBATL CBOUCTBA (bYHKIHA
.pasMepa’ ¥ ,,BBICOTHI”, & TAKkKe BIAUMOCBS3L MEKIY HUMH (CM., HAPHMED,

[4], ro. 11, § 1),

Iycts Z — xomble UenwIX paudoHanbHbIx =uces, F — none anrébpa-
MYCCKHX YHCEN CTENCHH g HAJ IOJEM DalHOHATLHEIX uicen , & — Nenoe
anrchpamueckoe wan F crenenn o w h(2) =4, npuueM Takoe, wro aum
HatypansHOro D > 4 crenenp w; = Y —a otHOCHTEBHO TONT F (%) paBHa D;
@y, ..., -1 (12 2) nexar B xompue uwemsx wmcen Z, mons F, nwHelHo
He3aBHCHMEL Hal Q w h(w) < H (1 i< [-1); f(xy, ..., X)) — NOIEHOM OT
HEPEMEHHRIX X, ..., X; CTETEHN M ¢ IENBIMH PATHOHAILHRIMA KO3DhHIIHEH-
TaMU, aBCOIFOTHAS BETHINHA KOTOPBIX HE IPeBOCXogAT H B 9ACIO EOTOPLIX
passo cim).

Obosnawum gepes § = {py, ..., p,} (5 = 0) MHOKECTBO QHKCHPOBAHHBIX
TPOCTHIX 9ucen u yepes P =maxp; (1 €j < s, P = 1 upn s = 0). [lox S-yeavim
uucaom GyoeM TOHMMATH HECOKDATHMYIO DANMOHANBHYIO Ipobh, 3mamMeHa-
Tenb KOTOPOH uMeeT BUA p{* ... pi* (8; > 0 — LeNble palHOHANBEEIE UHCTA).
O9eBUIHO, YTO MHOXKECTBO S-IENbIX YHCeN obpasyroT xonelo Zg. Ecnm z —
S-UeNoe MCHIO M z = ufv, rie u, veZ W (u, v) =1, TO evicomodi h(z) umcaa
z HazoBeM max ([u], [v)). Yepes D (z) obo3navumM yucaumeds S-UEJIOT0 YHCTA 2.

MmeeT Mecto CHEXYIONIME PE3yIBTAT.

TeoreMA. Ecau

(1) D> 4(c, P sInP(InD)* +2(gd+ e, In D+m+1),

20e ¢y = 6(gd)* (48gd)*® Inh(a) u c, = 2(gd)* (48gd)*°° In h(e) In1n (), mo daa
scex pewsenuii (x,, ..., x)€Zs, ommeavix om (x,, ..., X1, 0), duogarmosa
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VpagHERUA
@ Nm(w, x,+ ... +o,x) = (%, ..., x),

(D(x,),.... D(x))|a, aeZ

cnpaae()/mea OUYEHKS
(3)  max(h(x,), ..., h(x)) < 127(11 (gH)'* exp {4¢4 (gd)* R}
x (41l (1 1)1 (gH)'™ Y00 28 (¢ (m) H (P
x (exp {cg R} ¢&™P (gdh (o)) [N ()21 7)™,

20¢ R — pezyasmop noan Flu), ¢; u ¢4 AsHC swipaxcaomcs wepes g,
2qd+ 3 2
cg = 22975 (gd)*,

Ypasrenue suga (2) B caydae (x,, ..., x)€Z' neoddexTHBHO aHATH3M-
popan npH mocraTounc obmmx npengnonoxernax Dimvmar [10]. Dddexrus-
HbIH AHATM3 VPABHEHWH TAKoTO THIA A (X4, ..., X)) € Z' ocymecTrus Destni-
MaH, KOTAa ¢, ..., @, — HEKOTOPHIEe ANreOpanveckhe YHCNA CIELHMAIBHOTO
B2, B JIEBOW 9aCTH (2) CTOWT HOPMAa OTHOCHTENBHO HEKOTOPOIO KBaApaTHY-
HOTO TIONA, a B upapoil — mMHorowier f mefonsmoii crenmeru [5]. Hemasno
aBTOp 3hIEKTHBHO MPOARATH3UPOBAN (2) B clydae peruerHit (x,, ..., x,)e Z,
OTAMYHLIX OT (X;,..., X;—;, 0) [1]. Ecau ke paccmarpusare (2), korga B
mpasoil YaCTH CTOMT KOHCTAHTA, OTIMMHASA OT HYJN#, TO CHELYET HA3BATHL
sddexTupabie pesynstathl Ouépx ([7], [8]) = arropa ([2], [3]).

[Ipy HOKA3ATENLCTBE TEOPEMBI MbI OyAEM HCIOJB30BATE HEKOTOPLIE
BCIIOMOTATENIBHBIE YTBEPXICHHS,

Memma 1. Cywecmeyrom maxue nesagucumbie aicebpauteckue eoutuybl
Eis oo & [F < gd) noan F(a), nopoxcdarowpue 2pynny E, dan romopuix

maxig|<exp{cs R} (I1<k<y).

k)

Hanee, 018 xancdozo 0 # yeF (o) naiidermca maran edunuya ecE, umo
[ev] < exp {c, R} [Nm (3},
Hoxazarenberso gemmbl oM. B ([4], ro. 11, § 2, nemmm 2.1 w0 2.2).

Jemma 2. Myewme y(, ..., 7, (0 2 2) — aazebpaudeckue wucaq 8uiCont He
boaee I'y,..., T, coomgememesenno, 4 < < ... <, T =Inl"...Inl";
P — npocmoe uucio u p - npocmoi udedan noan Q(yy, ..., Yh UMEIOUE20
cmeneny g nad Q; ord,p=e u g, = [1/2+¢/(p—1] (y] — yeaan uacme
deticmgumenvriozo y), @, = N () (N (p)—1). Tozda nepasencmeo

o0 > ord, (174 ... y89) > (16 (n+1) g)!2** D (Q,/In p)" (In BY?

.., b,, B = maxlb)
(i)

HE UMeem PENICHUA 8 YeablX PaYUOHAABHLIX YUCAAX b1= .
I=<ign, Bz4
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Hoxaszatenscrso nemMMmer oM. B ([9], cTp. 29-57).

Jemma 3. Myems v, ...y, (12 2) — asceBpauueckue wucaa, omausible
om O u 1, cmenenu ne 6oaee g u soicom He Goaee I'y, ..., T, coomseemcmsenno,

dsI'< ... <l 7=l ..InF,ud =T/InTl,. Tocda dis écex yeavix
payuongavhblx wucea b, ..., b, Bz max|b]| (1 € i< n), B = 4, umeem secmo

5]
HEPUGCHETHAG

) by Iny + ... +b,Iny,| > exp{—(16ng)***"In BT In 7"},
ecar AeBan Hacms (%) OMAUNHA om HPAA (0Jz'fz A02apUBMOE BepymcA 2AasHbIE
3HAUEHUA).

HoxkazaTedbcTBo seMmel oM. B ([6], cTp. 1-27).

3ameuanne. [IycTs BRmonHaroTca yenosus jgemmnl 3, b # 0 — nenoe
paunonanesee u B, =b/b (1 <i< n), Torma

CORVES VR O
> (21b]) " Lexp {—(16(n+1)g)*°°"* in (nB) T 1n 77},

HeficTBuTenbRO, ANA MOBOTO KOMINEKCHOTO 7, VIOBIETBOPSIOIIETO
yenosmo |1 —z| < 1/3, crepyer |lnzj < 2|1—z. Bcir obo3auuTh mpaByio
YaCTh (%*) depes @ ¥ XOIYCTUTH NPOTUBHOE, Mony4aeM, uto ln (¥ ... vE) <
< 2m. Ho

bln(¥ ... v2y =byIn(—)+b,Iny, + ... +b,Iny,,
rae b, — Uenoe panHOHANBHOE, |by|' < nB U IPUMEHEHWE IEMMBI 3 IPHBOIAT K
OPOTHBOPETHIO C HANIMM HOTIYIEHHEM.
TepexonuM HENOCPEIICTBEHHD ¥ JOKA3ZATENLCTRY TEOPEMEL
Mycrs x; = %/4;, A, =py* ... pi, (%, 4)=1 (1<i<]), v;=maxv,
(i)
v=maxe; (1<j<s, 1<ig]), A=py ... pr, X,=4dx, X =max|X}]
o0 ' G
(1<i<g] Torma
4 AP Nm (0, %4+ ... +ayx) = Nm(w, X;+ ... +0,X)

= Agdnf(xl» s X))

=pi . Xy, LX) = 4,
F(X, ..., X ) — TOIMHOM C NElbIMH PAlHOHANEHBIMH KO (HIEHTAMH
crenewn m, {X,,..., X)|e u
5] z; 2 (@dD~m)v; (1<j<3).

Ionoxum K = F(), L= K(%/—a), Y=, X+ ... 401 X, Z=X, u

2 — Acta Arithmetica t. 49, z. §
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nepemmineM (4) B BH/E

(6) Nm(wy Xy+ ... +0,X)=Nm, o (Y+ Y —aZ)

= Ny, (Nmy, (Y4 — 2. Z))
= Ny, (Y2 +22°) = A

U3 (6) rmonywaem ans wneana (YP+0Z%) paznoxende Ha wiacansl B
koneie wmenelx uHcen Zy nous K:

) (Y?+aZP) = apf* ... plt,

, X)), mpocTsie B Z, MIEATHL Py, ..., P, (£ < gds) BxonsT
Tlepexons B (7) OT HEEANOB K YACIAM, HMEEM

rae upean al(f(X 4, ...
B TIPOCTBIE Py, ..., ],

®) Y24 az? = 1B,

rae T — uemssectHas equmuna B K, (f) = ap¥' ... pYt. Tax xax

4] < c(m) H , PoD X,

To o memme | Haitmerca B E epmmpmuna s =27t ... 8, U0
9 : etff| < exp {c, R} PP (c(m) H , X™)!/94,
IycTs Ti=uD+4, 0t <D (1 €k, &' =6 gy, & =eft . e

v Y=¢Y Z = ¢ Z 3ameuaem, uto us (7) u {8) cne,uyer
(10 P2 +02P = (&)L ef.

B cuny mepsoro mepasemcrsz B nemme | meeM [¢”] < exp lc,
|le”| 2 exp{—c39dDR} ® w3 coormomenuii (9), (10) BBrrekacT

(1) Y7+ az”| < exp {{c; gdD +c,) R} P {c(m) H , X™) o2,
Onermm ceepxy U = max U, (1 €/ <

DR}, orkyma

L), 4TO ITO3BONMT OLEHUTE CBEPXY 1.
Moxem cumrars, ure U =( }Ul. Umeem BosmoxuOCTH: THEO

(12) ord,, (Y?+02Z") = min(ord, ¥?, ord, aZ”),

6o

(13) ord, (¥°+6Z% > ord, ¥? = ord, o Z”.

Ecmu memonssercs (12), ro

(14) U < ord,, (¥P+aZ”) < Dord,, (¥, Z)++1n [Nm(a)}/In2 = U".
Ecnu xe semonasercs (13), To
(15) ord, ¥ < U

icm
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H
(16) ord, (YP+aZ” =ord, ¥°+ ord,, (1 + (¥ 1 Z)?).

OueHHM CBepxy BTOpOE ClaraeMoe B mpaBoll gacti (16} ¢ moMomsio
JemMmel 2. B HameM cnyae n=2, yy =, y,=—~Y 'Z b,=1, b, =Dn
g < gd. CaenosarensHo,

a7 ord, 1+a(¥ 12" <

Tax xax

(48gd)*° P2 In h(w) In h(¥ 1 Z)(In D)2.

(18) h{Y ' Z) < (2(gd)¥? (h(¥) h(Z)ptos+ D

< 2200+ 3) (g 1y 240 H’—D (edXgd+1) _ pp
To B3 (17) BrITexaer
(19) ord, (1+a(¥Y~* 2)?) < ¢, P (In D) In (Y] Z]) = U~

Ha ocmoBanum (15), (16) u (19) saxmonaem, 9o

(20} U<ord, (YP+aZ?) < U'4+ U,
M3 (1), (4), (5) n (20) cremyer '
21 v < gd{U'+U")/(gdD —m) < 4(U"+ U")/3D.

Tenepr onemm csepxy maxord, (¥, Z) (1 <j <) 4epes napamerpu
G

HCXOAHOrO YpaBHCHHS (2).

Mycrs (%, 2)=dc Zg, b=p/* .. p!'B.(p, ... p. 5) = 1 % (V) = bm,,
(Z) = dbm,. IocKonbKy
(22) Nm(¥) = Nm(¥) = p¥" ... p¥= N (5m,)
54
(23) Nm(Z) = Nm(Z) = p¥* ... p¥* N (bm),

TO monaras W, =w;gd+wj, 0 <w; <gd (1 £j<3), u3 (22) Haxommm

24) Y="Po, o0€Zp
tie P’ =pyt ... pit. OBpaTEMCs ¥ CHCTEMe pABEHCTB
-1
(25) 20X, =P (I<a<g),
i=1 :
e ¢, ..., o compsxensi ¢ o' = ¢ oTHOCHTENBHO nons Q. Uucra Wy -

s Wy 7O YCITOBHIO JMAEHHO HE3aBHCHMEI Ha) (@, CIEJOBATENBHO, H3
cHcTeMbl (25) MOXHO BBIICIHTDL THOACHCTeMY M3 [—1 ypabeeHui, y KOTOpO
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onpeaeutern 4 #0. Iycte, ckaxem, A’ = |0 =1, -1, TOTAA W3 O
CHCTEMBI

-1
Y, el X, =P @

i=1

(1 <o<i-1),

no npaswny Kpamepa Haxonam

(26} X, = PAjA, 44 eQ (I<igi-1),
raoe
PR o Wi,
di= | .
w(ll“l) Q(I'“l) wgl_—l)
St

TpoasanAsupyeM CTENCHA P, BXOAMIIME B 3HAMEHATENH wmcen Aj/4’
Scno, uro pPld’, u;= nt:g.x u (1<j<s, 1<ig/-1). Tax xax EIg gH
(I<igi~1), 1o [#]<(—1)!(gH} ! n

INmgo{4') < ((I—1)! (gH) )2,
roe f — HOpMalbHOE paciidpenne molis F, oTKyma
27 w,<In((—-DHgH) Y2 (1<j<s).

He ymMangs o6LIHOCTH, ¢ TOYHOCTRIO JI0 HyMEpAllHH, pa3obLeM Iokasd-
TENH U, ..., U HA OBa knacca: u;<w,; (1 <j<q) v u; 2w, (g-+1<j<s).
Torma m3 (26) u (27) seITEKaer

(28) X,=P'X, XeZ (1<igl-1,
gq
i [ P = H p},o.i_“.f, H
j=1
(29) w,<In((— DI gH)Y " YIn2  (g+1<j<9).
Hakonen zamMeTnM, 4TO
max(V,, ..., V) < max(W,, ..., W) < gd(max (w,, ..., w)+1).
Mockomexy (X, ..., X)la, To m (23), (28) u (29) cuenyer
(30) maxord, (¥ 2)
0]
<gd((gdInlal +1n (— ! gH} Wm2+1) (1 <j<),

Hanee, HMeeT MECTO PABEHCTBO

(31 Y2 402? = [[(¥+( Y —a 2),
g
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roe { npoberaer Bce D-¢ koprm m3 (1). C NOMOIIBIO NEMMBI 3 OIEHHM
CHU3Y BBIDAXCHHE N+ —a¥1Z. B namem crydae no= 2, y, = —o,
v2=~Y"'Z,by=1 b,=b=B=0D, q<gd CregosaTensuo

D, 1 7 - - nInh (e
(32) Il + f-‘“a ¥ 1Zl > (2D) I_h {48gd)5001n (2D} In k (ar) In In A ),

roe h onpeneneno B (18). Tax xax YeZ, to ¥ B[ﬁ"“'”. W3 (32) m
MOCHEOHET0 HEPABEHCTBA CIEHYeT

(33) 1P+0 a2 > (s (FIZ)e+1)-c2mp,
Tereps - onemv CHH3Y H lf’+§\D/?a Z|- Cumraem, 06e3 yManeHds
Z

oburocry, 9to X = max (¥, [Z) nocturaerca » mone K® = K, t.e. mubo wa
|¥], nubo ma |Z]. Pacemorpum A%, ... AP — compsxenmsle ¢ AN =]

= ¥4+{Y —aZ ormocmrensro mona K, u monycram, wro |1 = min A%
)

(1 <x< D). dna moboro x =2,..., D MMEIOT MECTO HEPaBEHCTBA

2290 2 (A +14%) > |21/ al 1g— )

7§
2209 2 (190 + 127 2 | 71159~ 14,

CeJOBATENbHO,

GH  U> 1R (pdh(@) PO @ <x<D).

Ho

(35 1;[ (™ —¢%) = D,

MOCKOTIbKY JIEBAs YacTh (35) ecTs MOMYME 3HAYCHHS MPOHIBOAHON IOIHHOMA
t?—1 B Touke t = ('Y, _ :
U3 coorromenmit (11), (21), (30), (31), (33), (34) u (35) monyuaem

oXP {(c, gdD ) R} PHIU 403 (¢ () B, X\ od

= 2”(1)—1) (gdh(a))—ydD (CS X"’Z(gd+1))—c;lnDX"D—- 1
Hig

(36) 22" Texp{(c,gdD +c,) R} P49aD3 o21nD (g (5}

% (2l (1= 1)! (gH)' 1 p*®) [Nm (@)1 (¢ (m) H , X™) 54

-~ X‘D —c P P(InD)y2 — 2(gd + 1)ez InD—1

Wccnenyem crepyromme caysam: () X2 X n (ID X < X,
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(I} Tax xax mMeer Mmecro ycuesme (I), To
(37) X <3exp{2c,gdR}(4 |451|5‘I(.l——1)!(gH)"1)”’9“‘fs‘f‘1[’f3 |
% (exp {c, R} c2P (gdh (o) [Nm @™ (c (m) H )04,
(I Myers X > X = |Z] = |7|2 ’-ﬂ AHAINIAPYST CHCTEMY PABCHCTB
-1

(38) Z wgu) Xi = (?/af)(a']

i=1

1€y

NOMOGHO TOMY, KAK MBI 3TO Jemal ¢ cucreMol (25), maxopum

(39) X, =4/ (1<igi-1),
rae N

i (Y7 wfy
(40) A= |

o0 o (Bt it
i

Tockomexy 4| < (I— DI{gH)} ! u [Nm(4)] = 1, 10

(41 14| > ((1— D) (gH)' 1)~ b

Hs (40) nomxydaeMm

(42) ()< (-1tgHy 212 (1 <i<i-).
Vuursisas, uto 1 < }Z] = E‘: !Z||?], m3 (39), (41) m (42) zaxnmouaeMm
(43) X < (- 1) (gH) P12

[Moacrasnss B (36) BMecTo X TPABYIO 4ACTH HEPARENCTRA (43) M paccyxuas,
kak ¥ B cayuae (I), BRIBOAMM OLEHKY

(44) X <3¢ ((l— DHgH)'~ l)“ exp {2¢, (gd)* R}
% (4 |a|gd (l“*— 1)1 (g’H)l - 1)4(gd)15 InP/3 (C (m) Hf)fh‘?al)
x (exp {c, R} €™ P (gdh ()" [Nm ()] >*!*"
X (1= 1) (gHY ey,
Tyers teneps X > X = |¥| =[¥|=[Z]

2D— 1 exp {63 ngR} (4 |a|"‘d (l— 1); (Q,H)l—- I.)4ar!.~;lul’l)/3 CXm,l;,ld
> [’ﬂn —eP24AsIn P (I D)2~ 2{gd + Dezn D1

. Uz onenxn (36) nmeem

rac
C = exp {6, R} 92 (g (@) Nm ()" (c (m) H )1,

icm
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OTKYA

@5y [d<xlel=1z1l]=Zl<[7]
< 3exp {2c, gdR} (4 |a* (1 — 1)) (gH)' L)dgasinr(3 (O ymigdys/3D.

PaccMaTpuBas cucTeMy ypaBHEHHH (38) w paccyxnas aHAJOTHYHO IpENbI-
AYIIEMY, MONTy4aeM ¢ yueTomM (45) oueHky

(46) X < 67 (I—D1(gH)" 1)39’2 exp {3¢; (gd)* R}
. (4 Iaigd (1_ 1); (gH)141)4(gd]lslnP13 Cng,lD.
Hakoren, ua (4) u (5) suitexaer, uro
47 A7 < (1= 1) gH + (gdh (@)*2) X )"

Hepazencrea (37), (44), (46) m (47) naror OueHKY (3) Hamed TeopeMsL

B saxmouenue caenaeMm HECKOIBKO 3aMEdaHH,

Mzl paccmarpusaeM peuenus (x,, ..., X;) ypaBerus (2) ¢ x, # 0. D10
OTpaHMYeHHE MO CYHIECTBY, MOO B IPOTHBHOM CIyuae MOKHO TpPHBECTH
NPHMEPDI, XOTJIA YPaBHEHAA Bz (2) OYOYT AMETEh BECKOHCUHLIE MHEOKECTEA
pelueHuit.

Haw noaxos no3BosiseT anajM3mpoBaTh ypaBHeHus: Buga (2), ecmm
HOpMa B NeBOH 4actu Oepercs B oTHocuTensHOM Tone M, f(x, ..., X -
MHOTOUNEH C NENLIMA arebpandeckamu kodpdunuentamt s M wx,, ..., x,€
€M — amrebpamdgeckre S-uemwie B cMeicte ([4], T VI, § 7).

Jamenarnue npa xoppetype. Henasro asropy crano masectho, uro T Brocrxonen o6Ha-
PYKUA HETOYHOCTE B JNOKA3ATENBCTREE OCHOBHOH Teopemsl pabornr [9] (B macTosed samerke
~ Jtevna 2). B namem ciydae sripaxenne y5'... p5 AvMeeT coenManbibii BuI, Bee PACCYXIEHEA
A. Ban nep TlypreHa MpUMEHHTEILHO K HEMY IPOXOJIST, CIEHOBATEIBHO, YTBEDKISHHE JEMMEI
2 ocraeTcs B cuile.
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Transformations that preserve uniform distribution
by
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The purpose of this paper is to describe some properties of functions that
preserve uniformly distributed sequences of real numbers, Here we say that a
map T of the unit interval =<0, 1} to itself is a wuniform distribution
preserving (u.dp.) trangformation if {T(x)}%,; is a uniformly distributed
sequence (u.d.) sequence in I for every u.d. sequence {x,}2, c I

In the course of our discussion we shall see that the study of u.d.p.
transformations leads to the opposite question to that investigated in the
ergodic theory. Namely, given a measure p (in our case this will be the Jordan
measure), describe properties of transformations with respect to which u is
invariant. Perhaps our results may motivate other directions in the theory of
dynamical systems, besides the study of properties of sets of points with
periodical, recurrent, dense, etc. orbits to study, for instance, sets of points
which orbits are uniformly distributed or to investigate sequences of integrals
of iterations of transformations. Another direction is the study of the orbit
behaviour of concrete points. It will be worth to answer these questions at least
for piecewise linear transformations. '

1. General criteria. From the well-known integral critetion ([4], p. 2) for
u.d. sequences the fellowing necessary and sufficient condition for a map of I to
be a ud.p. transformation results immediately,

THEOREM 1. A map T: I -1 is a wd.p. transformation if and only if for
every Riemann-integrable function g: I-+R the composition goT is also
Riemunn-integrable and

1 1
o)  obdn=fg(T@)ax

Proof. Suppose that T is a u.d.p. transformation and {x,}s2, is a wd.



