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On the degree of an irreducible factor
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Introduction. In the present note we intend to consider the degree of an
irreducible factor of certain polynomials, in partlcular the Bernoulli polyno-
mials, which are defined by

.tt

o o
g Bm (x);a

When m is odd = 3, it is well known that B, (x) has the three linear
factors x, x—3% and x—1. Conversely Inkeri [2] has shown that if B, (x),
m 2 3 has rational roots, then m is odd and B,, (x) dees not have other linear
factors with rational coefficients. Moreover Carlitz [1] has shown that
Bams 1 (X)/x{x—1)(x—4), where 2m+1=k(p—1)+1, 1<k<p, p an odd
prime has an irreducible factor over the rational field Q of degree
=z m+1-—p.

In the case of an even index McCarthy [5] has shown that pB,, (x) is an
Eisenstein polynomial (and therefore irreducible over Q) if apd only if there
exists a prime p such that Zmi =p—1, where 2m=Yymp, 0<m<p—1
for all i, is the p-adic expansion of 2m, '

In Section 1 we first deal with properties concerning the divisibility of
the binomial coefficients and in Section 2 those results are applied to the
polynomials, whose coefficients contain the binomial coefficients, and we
shall obtain some generalizations of the results mentloned above in the
rest of this note. :

1. Let p be a prime number and n an arbitrary positive integer. Let
k

n=y mp (O<n

i=0

be the p-adic notation of n. We define A(n, p) by

< p—1for all i and n, # 0)

13
A(ﬂ, P) = 'Zu B
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The following two lemmas are well known. _
Lemma 1. p—1|n if and only if p—1]4(n, p).

n

LemMA 2. The binomial coefficient ( )is not divisible by p if and only if n,
a
Za; for all i, where a=3% a,p', 0< ay < p—1 for all i.
Schiffer [7] has shown the lollowing

Lemma 3. pl(”)for all integers t such that p—1jt-and 0 <t < n if and
f

only if A(m, pp<p—1
We can supplement Schiffer'’s lemma as follows.
Lemma 4. There exists an integer N(n,p) with 0 < N(n, p)<n and

p)(( n ) such that if p—1|t, 0 <t < N(n, p), then p|(”).

N(n, p} 14
Proof. If A(n, py< p—1, then we can put

(1) ' Nn,p)=n

by Schiffer’s Lemma 3.
If A(n, p) > p—1, then there exists an integer r (0 <7 < h—1) such that

ion,- £p—1 and ril m>p—1.

i= i=0

Set .

@ N9 = nro—1- 3 np
r+1

. n .
Then p,{f(N(n n)) by Lemma 2, Let t = rp, 0<t; < p—1 be an integer
N . i=0

I=

such that p—1[t and 0 <t < N(n, p). If p*(‘:), then it follows by Lemma 2
that
< for = 0,...,r,

and by assumption t < N(n, p) that

F
Tr+15P—1"'Z ;.
=0

Since equality can not hold for all i =0, ..., ¢, r+1, we have

rt 1 ’ r
<y mtp—1—=3 m=p—1.
=0 =0 i=0

!
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On the other hand by Lemma 1 and by assumption 0 <r we have

r+1

p—1< Y &
=0

Hence we obtain

F+1

p—l < Z rf <-P—1:
i=0

i=

which is a contradiction and this completes the proof.

We can easily verify the following lemma about the relations between
A(n, p) and N(n, p), which is defined by (1) and (2).

LEMMA 5. (a) N(n, p) <n<=dA{n, p>p—1.

(by N(n,p)=n<=A(n, p)< p—1.

() Nim,pp=n,p—1|lnwdn p=p-—1. .

(@ N(n,pp=n, p~Ly¥nedn p<p—1<A(N(mp),p)<p—1L1

(@ p—1IN{n.p)==A(n, p=p—1=A(N(n, p), p)=p—1.

2. Since the following Lemma 6 is well known, we omit its proof here.

Lemma 6 (An extension of the Fisenstein criterion). Let

flxh= 3 ap-;x
i=0n

be a polynomial of degree m with (p-)integral coefﬁciems. If there exist a prime
p and an integer r (0 <r < m) such that

plag-; for j=r+l,....m,  pka,_, and p*ra,,

rhen f (x) has an irreducible factor of degree = m—v.
LemMa 7. Let m< n and let p be a prime number. Let b, be p-integral
rational numbers and

“ i m_j. n
fix)= Z Gy X where  Gp.;= Z bjs( ),
i=0 5=0 s,

be u polynomial.
Suppose that

plb i p—ltsors=0,

(3) pAby if s=m—j p-1]s and s#0,
P* X b

Suppose ]

“ N(n, pp=sm
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and
(5) An, pzp—-1,

then f(x) has an irreducible factor of degree = N(n, p).
Proof. Since ‘

dg = mew
n

- j = byg+ Z bjs( )

0<s<m~j s
p=1ts
+ > b ()—l—bm j( i ) for j=0,...,m—1,
O<s<m—j .
p—1is
the assumption (3), Lemma 3 and Lemma 4 imply that if 0 < m—j < N(n, p),

that is, m— N(n, p) <j < m, then pla,_; and p* ta,.

On the other hand the condition (5) implies p—1|N(n, p) by Lemma 5.
Therefore (6) with the assumption (3) and Lemma 4 imply p.tay,,,. It
follows from Lemma 6 that f(x) has an irreducible factor of degree
= N(n, p), which completes the proof.

CoroLLARY. If either m <N(n, p) or A(n, p) < p—1, then every coeffi-
cient of f(x) is divisible by p.

Lemma 8. The notation being as in Lemma 7, let m = n and b;, satisfy the
assumptior (3). Then f(x) is an Eisenstein polynomial with respect to p if and
only if Aim, p)=p—1.

Proof. By Lemma 5 it is enough to show that f(x) is an Eisenstein
polynomial with respect to p if and only if N(m, p) = m and p—1|m. Assume
that f(x) is an Eisenstein polynomial for p, mamely the coefficient g,
satisfies

P’ fao.

If N{m, p) <m, then it follows from the proof of Lemma 7 that the
coefficient ay, , of x™~ Y™ is not divisible by p, which is contrary to the
assumption (7). If p—1.4'm = N(m, p), then (6) with the assumption (3) shows
that pla,, which is a contradiction. Conversely if N(m, p) =m and p—1|m,
then the proof of Lemma 7 shows that (7) holds, that is, f(x) is an Eisenstein
polynomial. This completes the proof.

In the same manner as the above we have

Lemma 8. The notation and the conditions being as in Lemma 7, and m

< n. f(x) is an Eisenstein polynomial with respect to p if and anly if Nn, p)
=,

(7) plag—; for j=1,...,m, pka, and

3. In the following we shall apply the results obtained in Section 2.

icm
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1. B, (x), m; even. The Bernoulli polynomials are given explicitly as

m

Bu()= 3 (7)Bxm,

j=0
where B; is the jth Bernoulli number in N&rlund’s notation [6]. As well
known by the von Staudt-Clausen theorem we have
pB;=0(mod p) for p-—1}j,

(8) pB;= —1(mod p) for p—1[j, j#£0,

Boxl.

Therefore we can apply Lemma 7 and Lemma 8§ to

Zm

PBanlx) = 3 ¥ (szm-J (;’fj)),

i=0

setting by, = pByn-; (s =2m—j); =0
lowing

Turorem 1. If A(2m, p} =
degree = N(2m, p).

CorovrLary (McCarthy). pB,,,(x) is an Eisenstein polynomial with respect
to a prime p and therefore irreducible over Q if and only if A(2m, p) = p—1.

2. B, (x), m; odd. We start with the following formula ([1], p. 477):

22 By (3x D) = x(x* = 1) Bt 1 (%),

(s # 2m—j), and we obtain the fol-

p=1, then B,,(x) has an irreducible factor of

where
m=-1 ] m—1—j Im+1
Bam+1(X) = Z xz,;( Z D2s(m )), mzl,
=0 §=0 2s
and
9 Dy =2(1=2%"") By, Dy =0.

We note that for an odd prime p (8) and (9) imply
{(p—1|2s, 25 > 0),

{(p—1 23,

pDyy = pBy, = —1 (mod p)
pD3; =0 (mod p)
DO == 1

Setting by, = 0 (j: odd); = pD, (j; even) and replacing m and n in Lemma 7
by 2m—2 and 2m+1 respectively and applying Lemma 7 to pfia,«q (x), we
have

THEOREM 2. Let 2m+12 5. If A(2m+1, p) > p—1, then B,y (x) has an
irreducible factor of degree = N(2m+1, p).

3 — Acta Arithmetica L3
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Proof T A(2m=+1, p) > p—1 for p=2, then N(2m+1, p nd the

J=1a
theorem is trivial. For p = 3, it remains to show N{2m-+1, p) < 2m

h
= Zmipi:0<m

i=
we have for some r, 0 < r < h,

Let 2m+1 < p—1, my # 0. Since A(2m+1, p) > p—1,

Zr m < p—1, 'rgm,->p-—1 and
=0 i=0
N@mat, )= ¥ mrf+p=1= 3 m)p
If N(2m+1, p) > 2m-2, then it follows
(rfm —-p+1)p T+ Z mp.
i=o i=r+2

" Consequently we have h=r+1, r =0, p=2 my=m, =1 and 2m+1 =3,
Thits completes the proof.

If N2m+1, pp=2m—2, then p=3 and 2m+1=25 or 7. It follows
therefore from Lemma 9 that only 3f5(x} and 34, (x) are Eisenstein polyno-
mials.

Let p be an odd prime and 2m+1 = k(p—1)+1, 2 < k < p. Since 2m+1
=(k-1p+p—k+1, 1 <k—-1<p-1, 1 <p—k+1<p—1, we have

ACm+1, pp=p>p-1
and
NCm+lL, pp=p—k+1+k~-Dp=[(k-1){(p—1)=2m+1—p.
Therefore by Theorem 2 we have the following
CorovrrLary (Carlitz). If 2m+1 = k(p~1}+1, 2 < k < p for an odd prime
p, then Ba,4(x) has an irreducible factor of degree = 2m-+1—p.
3. The polynomial P,(x) (k= 1), which is defined by

n= Y v for all integers n.

Using the Bernoulli number and the Bernoulli polynomial, we can write
explicitly :

1
Py (x) =m{Bk+1(x+1)"Bk+1}-

If k£ is even, then

: 1
Bewi =0 and Py === B (x+1),

icm
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so we shall confine curselves to the case k odd. Since P, (x—1) is divisible by
x*(x—1) (see [3]), we have

(k1) Py (x—1) :i("“) 51 w2 (x— 1)2 0 (),

where
k-3 fk~3-j a1
0= % T t—2~j-9B, ))
j=0 5=0 s
Set
m=k—3, n=k+1, ={(k—2—j—5s)pB,,

then by Lemma 7 we can obtain similarly to Theorem 2 the following

THEOREM 3. If A(k+1, p) > p—1, then Q,(x) has an irreducible factor of
degree = N(k+1, p).

We note that if N{(k+1, p) = k3, then we have p=2 and k+1 = 6,
Thus only 205 (x) is an Eisenstein polynomial
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