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On inhomogeneity of products of compact F-spaces
by

Ryszard Frankiewicz (Warszawa), Kenneth Kunen (Madison, Wis.)) and
Pawel Zbierski (Warszawa)

Abstract. In this note we prove the following Theorem. Let X; be an infinite compact F-space,
for any ie I# @, and let Y; be a compact first countable space, for any i€J. Then the product

IT xix I1 ¥; is not homogeneous.
iel JeJ

A space X is said to be an F-space if every bounded continuous real-valued
function defined on any subset of X of the form f~*((0, 1]) for some continuous
f: X — [0, 1] can be extended to a continuous function defined on X. ‘This means
that (0, 1]) is C*-embedded. For basic facts concerning F-spaces see [1]. The
best known compact F-space is the space w* = pwoN\o, where o denotes the set of
natural numbers with the discrete topology and fw denotes the Cech-Stone com-
pactification of w. K. Kunen [2] proved that there is a point j in @* such that j¢clA4
for any countable set 4. In fact, he proved that there are 2° such points. This result
will play a central role in proof of our Theorem.

Theorem was proved a few years ago, by K. Kunen and independently by
R. Frankiewicz and P. Zbierski. The proofs were essentially the same. Since we have
not yet obtained a more general result (say stating that the product of compact
infinite F-spaces by a compact space is not homogeneous) we have decided to publish
this result.

1. Definitions and lemmas. Let p be an ultrafilter over o; that is, p€ w*, and

let {x,| n€ w} be an arbitrary sequence in a topological space X. A point x is said
to be a p-limit of {x,| new} (x = p-lim{x,| n € »}) iff:

¥, (if u is an open neighborhood of x then {n| x,eu}ep).

Let p, g € o*; thenp st giff there is a function f: @ — w suchthatp = ff (g) where Bf
is the Stone—Cech extension of f.

The following lemma is an immediate consequence of Kunen’s Theorem men~
tioned in introduction.
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1.1. LeMMA. There are p, g € w* suc ‘ is imi
P, qe€w* such that p R;ﬁ g and p is not a q-limit of any

countable sequence {x,| ne o} < w*, s.t. p¢{x,| new}.

Proof. By Kunen’s Theorem there is a subset 4 < w* of size 2° such that
Vped (péclix, neow} iff V,p# x,). Now let q be any point in A. Then, if
B = {tew* 1< g} then |B| = 2° Lot p e ANB.

12 LemMMA. Let p,qew* and let X be a compact F-space, let {x,,[ ne o}
be a discrete set in X and {y. ne w} be any subset of X. Assume that ‘

x = p-lim{x,| new} = g-lim{y,] mew}.
Then one of following holds:
() {m: g, = x}eq;
) <
() r<q;
(iii) p is equal to q-lim{z
o 2 q g-lim{z,| ne w} for some {z,| ne ©} S w* such that z, # z,

Proof. Assume that (i) does not hold, i.e. 4 = {m
2 AV - n 7"' Xy € s ¢
the following holds: { " } o and one of

() {me Al ypeclix,| n € w}} e q (then, of course (iii) holds);
) B={med| y,eclix,| new}}¢g; that is,

B = {med| p,¢clix, newlleq.

Then we have dis.jc'ﬁnt cozero sets U,, which are open neighborhoods of x , and
a cozero set ¥ disjoint from the U,’s such that ’

VierVue U {Q,] new} or y,e V.
Since X is an F-space and xecl |/ {0, new),
x¢clV
and so C = {me B| y, e {U, n:sa;}} €q. Let ¢: C— o be defined by
e =m iff y,eU,.

Then ¢ makes p and g comparable in < » 50 (ii) holds
RK ’

2. Lemma on products. Let X be a compact space and 4 =

discrete subset of X, {x,,[ "e w} be any
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The set A4 = {x,| n& w} has property (f) if there is a family of open disjoint
sets {UH[ rzew} such that x, e U, and for arbitrary set 4 < w we have
dlUUlnel[YU]=0.
ned ngAd
Of course, if X 15 an F-space then property (f) is equivalent to discreteness.
For K= L, let m: [ X; - 1T X, be the projection.
ieK i L

2.1, LEMMA. For any compact X, and any set {x,| ne o} ﬂX , the following
are equivalent. fek
(@) {x,| new} has property (f) in [] X,.
ek
(b) For some countable L < K, {m(x,)| new} has property (B) in ]_1 X,

ia
Proof. If (a) holds, we may assume that U,’s are open basic (in product to-
pology) sets. Thus cl[ | U,] depends only on countably many coordinates and
ned

hence we get (b). The converse implication is obvious.
Remark. In particular, if there is an / such that {mdx)| ne w} has property (5)
then (a) holds.

3. The proof of the Theorem. Let {x,| new}< [T X;x [ ¥, be such that
iel Jjald

(1) Vie{mylxn)l new} is discrete;
(2) Vjeru,mewn{J}(xn) = T[{J}(xm)' ’ . .
By the remark after 2.1 {x,| 7€ w} has property (f). Let p and ¢ be as in 1.1 and
let
x = p-lim{x,| new} and y=g¢-lim{x|ne w}.

We claim that there is no homeomorphism /: T] XiXHJ Y; for which A(y) = x.
iel Je

Let y,, = h(x,). Then {y,| me w} has property () and x = g-lim{y,| me w}.
By 2.1, let P <1 u J be countable such that {n,(y,)| me w} has property (8)-
Let Iy = P [ and Jy = P~ J. For ieP write

ny(x) = p-lim{nylx,) new} = g-tim{m;(y) new}.
Now for i€ I, let 4, = {m: n(yw) = mu(x)}. By the choice of pand g and by 1.2,
A,&p. Since P is countable, there is an FSw, F infinite and

(8) Vien,(IFN4)| < @);
() Vies,Yi{U open neighborhood of m(x)

]{ﬂl e F| ﬁ{i}()‘m)gﬁ U}I <w.

(It is possible to fix F, since V.5, Y, is first countable.) Thus {mp(x,)| me F} con-
verges in the normal sense, i.e. modulo the Fréchet ideal, to mp(x); this is a con~
"tradiction to (f).
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The structure of orbits in dynamical systems
by

J. M. Aarts (Delft)

Abstract. Spaces which are both locally homeomorphic to O x R, the topological product of
the rationals @ and the reals R, and arcwise connected are studied. It is shown that such spaces are
the image of R under a one-to-one and continuous map having the arc lifting property,

A necessary and sufficient condition for a separable and metrizable space X to be the orbit in
some flow is presented. The following structure theorem is obtajned.

A spuce X is the orbit of a Poisson-stable and aperiodic motion if and only if X is homeomorphic
to the suspension of a universally transitive homeomorphism of Q.

Unless explicitely stated otherwise all spaces under consideration are separable
and metrizable.

1. Introduction.

1.1. The following problem will be discussed. What are necessary and sufficient
conditions for a separable and metrizable space X to be the orbit in some continuous
dynamical system (or flow)? In this paper a topological characterization of orbits
of flows is presented. A structure theorem for orbits of flows is discussed as well.
The classification problem is only lightly touched upon. -

For locally compact orbits the situation is rather simple. There are only three
homeomorphism types of locally compact orbits. In a flow each locally compact
orbit is either a singleton, or a simple closed curve or a topological copy of the real
line. And obviously each of these spaces can be endowed with the dynamical structure
of an orbit. The reader is refetred to Subscctions 1.3 and 1.4 for more details about
these remarks.

The topological structure of orbits which are not locally compact is much. more
complicated and has not yet been studied in great detail thus far. The orbits which
are not locally compact are precisely the orbits of the motions which are (positively
or negatively) Poisson-stable, but not periodic. The structure theorem is presented
in Section 5. Tt will be shown that an aperiodic and Poisson-stable motion can be
viewed as the suspension of a discrete dynamical system on the space of the ratio-
nals Q. Such a discrete system is generated by a so-called universally transitive homeo-
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