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AN ALGORITHM FQOR REPEATED CALCULATIONS
OF THE GENERALIZED MAHALANOBIS DISTANCE

1. Procedure declaration. For a given Gramian matrix S of size m xm
and a real vector d =(d,, d,, ..., d,) the procedure calculates the Mahalano-
bis distance D? defined by formula (1). Only the lower triangle of the matrix
S (stored in a one-dimensional array) is needed.

Data;
first

m
d[1:m]
cll: mx(m+1)2]
eps

Results:
Maha2

cll: mx(m+1)2]
ind[1: m]

ind [i]

Boolean variable with the following meaning: if first
= true, the matrix L™! (see formula (3)) is calculated,
and then the value D?; if first = false, the value D? is
calculated by formula (1), using the matrix L™ ! calcu-
lated previously;

dimension of the vector d and size of the matrix S,
which is an (m x m)-matrix;

- vector of differences for which the Mahalanobis dis-

tance is calculated;

array comprising (row-wise) the lower triangle of the
matrix S;

constant (small number, dependent on the computer
accuracy), needed when calling Maha2 with first
=true (e.g., ¢ = 107°).

value of D?;

array comprising the elements of L™*;

comprises information on linear dependences among
successive rows of the matrix S:

-

_ {1 the i-th row is linearly independent of the rows 1, 2, ..., i—1,
0 the i-th row is linearly dependent on the rows 1, 2, ..., i—1;

ml — nurhber of linearly independent rows in the matrix S.
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reaj procedure nanaz(first,m.h.c.ens.ind.m1);
yalue m,eps;
integer m,mt;
real eps;
Boolean first;
integer array ind;
arrsy ¢,c;
begin
integer i,j,X,n,p,q,r,s,1,u;
real x,yi
if first then
begin
comment calculate L such that SzLxlL’;
n:i=p:=0; ‘
for it=1 step 1 until m do
begin
qQiz=p+i; indlil:=4; r:=0;
for j:=1 step 1 untii i deo

begin
xiz=c[p+1):
for Kk:zq step { until p do
begin
rizr+t; Xiz=xX-cfklwcir}
eng x;
riz=r+1; p:=p+4:
if iz=Jj then
begin
if x<=eps then
begin
ingfil:=0: ni=n+t; cp):=.0
end x<=eps
else cipl:=1.0/8qrt(x)
end iz=j
eise cfpliz=xxcir)
end j
end i;
if n>0 then
begin
Piz=Kk:=0:

tomment reduce the matrix L if necessary:
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tor i:z1 step 1 until m do
begin
" if ind[i)}=t then
for j:=1 step 1 untit i g0 if indl{jl=1 then
begin
pi=p+i; cIpli=clk+j]
end indiji=1, J;

Nizmi:zm-n;
Lomment calculate the L-inverse;
Pizr:izt:izo
for i:=2 step 1 until n go
begin '
Pizpet; pizrtiy yi=cfr+i};
for j:=2 step 4 until i do
begin
tEp4e; srztizted;  uizi-2; x:s:.0
for Kk:=zr step -4 until p do
begin
X:zx-c[k)®c[s]; 8:=9-u; wu:izu-1
end

Cip):=xuy
endg j

l

en H

5

&hd firge
sli! Niz=mi;
£Omment reduce the vector d if necessary:

1L ntm tpen
Degin
K::O;
20 t:=1 step ¢ ynti) m do if inafil=1 then

begin
Kizket; @arKk1:=ali)
LhY indfiy=t,
&ng NZm;
fomment caiculate the Manalanobis distance using the
reduced vector d;

io¥iz,o04

k!:o



148 A. Bartkowiak

for i:=t step 4 until n do
begin
X:=.0:
for ji=1 step 4 until i do x:zx+d[jluc[K+jd;
=Kei; yizysxsx
end i; '
Haha2:=y
end Maha2

»

Q

Remark. The values of ml, ¢ and ind must not be altered between
successive .calls .of Maha2.

2. Meﬂmd used.

2.1. The Mahalanobis distance receives much attention in modern data
analysis.

Let x =(xy, ..., X,) and y = (yy, ..., ¥,,) be two points of the space R™.
Let d =(d,, ..., d,) be the vector of differences

X=y=(X1=Y1, X2= Y2, s Xm—Vm)-
The Mahalanobis distance D? is defined by the formula
(1) D? =d8-147,

where § is a Gramian matrix determining a metric in the space R™ In
statistical applications S is the covariance matrix of a random variable X
=(Xy, ..., X,). The distance D? is called also the generalized distance

between x and y (see, eg, [2], p. 35). It is often used in biological
applications, also in cluster analysis.

2.2. Taking into account that § is a Gramian matrix, we can make the
Cholesky decomposition

(2 S=LLT,

where L is a lower triangular matrix with nonnegative elements on the
diagonal, and all elements above the diagonal equal to zero [3].
We may invert S by the formula

(3) S~ =(LLT)"' =(LT)"'L"!,

It is easy to show that L™! is also lower triangular.
It follows that the value D? can be calculated as

D? =d(L")y" 'L 'dT = (L 'd")T L 1dT.
Defining a vector z = (z,, ..., z,) as

4) 2T =71 gT
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We. obtain another formula for calculating the value of D? namely as the
Product of z and its transpose:

() D? = zZT,

~ 23. The method of calculating the Mahalanobis distance by formula (5)
18 more economic than that by formula (1) using the inverse S™'. Evaluating
b? by formula (1) we compute a quadratic form in the matrix S. Taking into
account the symmetry of S we compute D? as

m m—1 m
6 D:=Y Y did;si+ Y ds’,

i=1 j=1 i=1
Where {s') = §-1 Calculating by formula (6) we need to carry out m{(m+3)
Muitiplications. Evaluating D? by formulac (4) and (5) and taking into
aCcpunt that L~! is lower triangular, we need to perform m(m+ 3)/2 multipli-
Cations. Therefore, repeating the calculations many times for the same matrix
and different vectors x and y, the gain in computing time may be essential.

24. Suppose now that the matrix S = {s;;} is not positive definite and
there exists at least one row that is linearly dependent on others. In this case
2 generalized Mahalanobis distance is defined by the formula

™ D* =ds™ dT,

Where S~ is a generalized inverse of S. Some formal properties of the
8eneralized Mahalanobis distance may be found in [1].

We proceed now as follows:

Performing the Cholesky decomposition (calculating the matrix L from
(2) we use the formulae

lll = (311)1/‘2: lkl = S“/Iu, k=2,...,m,

®) b = (sii_ iil lizj)llza
- i=2,..,m k=i+tl,...,m.
b = (Ski— Z L bl i
j=1

We do this sequentially overwriting the elements s; ; by the values of ;.
rt the begin of the calculations we put ml = m. Before calculating square
O0ts we check whether the argument of this function is greater than zero.

Ing into account rounding errors arising during computations we check
the inequality

9) e

Where £ > 0 js a small number dependent upon the accuracy of the computer.



150 A. Bartkowiak

Suppose that inequality (9) is not satisfied for some i (1 <i<m). We
put then

bi=lki1i=livr; =1 =0.

Simultaneously, the element ind[i] gets the value 0 (otherwise, if (7) is
satisfied, it gets the value I), and we diminish the value m! by one.

After finishing the Cholesky decomposition we reduce the matrix L
removing rows and columns that have diagonal elements equal to zero. The
remaining matrix is positive definite, and its size is mI xml (the correspond-
ing array ¢ comprising this matrix has dimensions c[1: ml x(ml +1)/2]).

The reduced matrix L is inverted by the usual algorithm of Martin et al.
[3]. Again the elements of L are overwritten by the sequentially calculated
elements of L1,

25. The Cholesky decomposition and the inversion of L are done only
once, when calling Maha2 with first = true.

Entering the function Maha2 with first = false, we check whether mi
= m. If this is not the case, we reduce the vector d removing the elements d,
with the subscripts i such that ind [i] = 0. Next we perform the multiplica-
tions according to formulae (4) and (5), calculating the vector z
=(zy, ..., Zm) and the appropriate value of D2.

3. Certification. The results of Maha2 were checked by comparing the
values of D? with appropriate values obtained by calculations using the

definition formula (1). To obtain S™! we used the procedure cholinversion2
from [3]. We got the same results.

4. Test example. The following examples were calculated on the ODRA

1305 computer (this computer is compatible with the ICL 1900 series of
computers):

ExampLE 1.
(a) Data: first =true, m=35,
d[1:5] =[10 20 30 40 5.0],
1.0
0 0
c[1:151= 0 .0 4.0
00 00
| 0 0 0 .0 9.0],
eps = 10~°
Resu_lts:

Maha2 = 60277778, ml =3,
d[1:3]1=[10 30 50],
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c[I1:6]=[10 0 12 0 0 1/3],
ind[1:5]=[1 0 1 0 1].
(b) Calling Maha2 the second time with actual values:
first =false, m=35,
d[1:51=[60 70 80 9.0 100],

c[1:15] —~ as obtained from the previous call of Maha2,
eps — arbitrary, :
ind[1:5] — as obtained from the previous call of Maha2.
We get the following results:

Maha2 = 631111111, d[1:3]=[60 8.0 10.0].

- The values of c, ind and ml are not changed during this call of Maha2.

ExampLE 2.
Data:
first =true, m=2,
d[1:2]=[10 1.0],
c[1:31=[40 50 6.5],
7 eps = 107°,
Results:

Maha2 =05, d[I1:2] — unchanged,
c[1:33=[05 -25 20],
ind[1:2]1=[1 1], ml =2.
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