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1. Introduction and statement of results. For a sequence (z;);>0 of
real numbers in the unit interval, the discrepancy of the first NV elements is

Dn((zj);>0)

= sup i#{j:OSjSNflandozlS:Cj<a2}f(ozgfa1).
0<ar<as<1 | IV
The sequence () ;>0 is uniformly distributed if limy_,oc Dn((x});>0) = 0.
The property of Borel normality can be defined in terms of uniform distri-
bution. For a real number x, we write {z} = x — |z] to denote the fractional
part of z. The number x is normal with respect to an integer base b > 2
if the sequence ({§'z});>0 is uniformly distributed in the unit interval. The
numbers which are normal to all integer bases are called absolutely normal.
In this paper we prove the following theorem.

THEOREM 1. There is an absolutely normal number x such that for each
integer b > 2, there are numbers No(b) and Cy, such that for all N > Ny(b),

Dn(({t/a})j20) < Co/VN.

We can take Cy = 3433-b. Moreover, there is an algorithm that computes the
first N digits of the expansion of x in base 2 after performing exponentially
(in N) many mathematical operations.

It follows from the work of G4l and Gal [6] that for almost all real num-
bers (in the sense of Lebesgue measure) and for all integer bases b > 2 the
discrepancy of the sequence ({b’z}) ;>0 obeys the law of iterated logarithm.
Philipp [10] gave explicit constants. Fukuyama [5, Corollary| sharpened the
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result by proving that for every real 6 > 1 there is a constant Cy such that
for almost all real x we have

lim s VN Dn(({#72})>0)
im sup
N—soo Vloglog N

In case 6 is an integer greater than or equal to 2, one has
V/84/9 if 0 =2,
Co=14 VO+1)/(0-1)/V2 if 0 is odd,

V(O +1)0(0—2)/(0 —1)3/v/2 if 6 > 4 is even.

To prove Theorem [I| we give a construction of a real number x such that,
for every integer b > 2, Dy (({¥’x});50) is of asymptotic order O(N~1/2),
hence below the order of discrepancy that holds for almost all real numbers.
The existence of absolutely normal numbers having a discrepancy of such a
small asymptotic order was not known before.

To prove Theorem we define a computable sequence ({2)x>1 of nested
binary intervals such that for all elements of (2, the discrepancy
Dn(({t’x});>0) is sufficiently small for some range of b and N. This ar-
gument uses methods going back to Gal and Gél [6] and Philipp [10]. The
unique point in ()~ {2 is a computable number which satisfies the desired
discrepancy estimate. The construction uses just discrete mathematics and
directly yields the binary expansion of the number computed. Unfortunately,
the algorithm that computes the first N digits performs exponentially many
operations.

= Cy.

In view of the method used to prove Theorem [T} the appearance of a
bound of square-root order for the discrepancy is very natural. Note that
the discrepancy is exactly the same as the Kolmogorov—Smirnov statistic,
applied to the case of the uniform distribution on [0, 1]. By Kolmogorov’s
limit theorem the Kolmogorov—Smirnov statistic of a system of independent,
identically distributed (i.i.d.) random variables has a limit distribution when
normalized by v/N (somewhat similar to the case of the central limit theo-
rem). Since it is well-known that so-called lacunary function systems (such
as the system ({b’z});>0 for b > 2) exhibit properties which are very similar
to those of independent random systems, we can expect a similar behavior
for the discrepancy of ({#/z});>0. In other words, we can find a set of val-
ues of z which has positive measure and whose discrepancy is below some
appropriate constant times the square-root normalizing factor (see [I] for
more details). Since the sequence (b7);> is very quickly increasing, we can
iterate this argument and find a “good” set of values of = (called (2;) which
gives the desired discrepancy bound and which has positive measure within
the previously constructed set §2;_1. These remarks show why a discrepancy
bound of order N~1/2 is a kind of barrier when constructing the absolutely
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normal number = using probabilistic methods. Accordingly, any further im-
provement of Theorem [I] would require some truly novel ideas.

As reported in [IT], prior to the present work the construction of an
absolutely normal number with the smallest discrepancy bound was due to
Levin [8]. Given a countable set L of reals greater than 1, Levin constructs
a real number z such that for every 6 in L,

Dn(({672})20) < Cy(log N)? /V'N

for a constant Cy and every N > Ny(#). His construction does not directly
produce the binary expansion of the number x defined. Instead, it produces
a computable sequence of real numbers that converge to x and the computa-
tion of the Nth term requires double-exponentially (in N) many operations
including trigonometric operations [2].

It is possible to prove a version of Theorem [I] replacing the set of integer
bases by any subset of computable reals greater than 1. The proof would
remain essentially the same except for a suitable version of Lemma [3| In
contrast, we do not know if it is possible to obtain a version of Theorem [I]
where the exponential computational complexity is replaced with polynomial
computational complexity as in [3].

Theoremdoes not supersede the discrepancy bound obtained by Levin [9]
for the discrepancy of a normal number with respect to one fixed base. For
a fixed integer b > 2, Levin constructed a real number x such that

DN({bjm'}jZ()) < C’g(log N)2/N

One should compare this upper bound with the lower bound obtained by
Schmidt [12], who proved that there is a constant C for every sequence (z;) >0
of real numbers in the unit interval such that there are infinitely many Ns
with

Dn((5)j20) > C(log N)/N.

This lower bound is attained by some so-called low-discrepancy sequences
(see [4] and the references there), but there remains an important open
problem whether this optimal order of discrepancy can also be achieved
by a sequence of the form ({#’x});>¢ for a real number z.

Accordingly, two central questions in this field remain open:

e Asked by Korobov [7]: For a fized integer b > 2, what is the function ()
with maximal speed of decrease to zero such that there is a real number
x for which

DN({bjx}jZO) =O((N)) as N — oc0?

e Asked by Bugeaud (personal communication, 2017): Is there a number
x satisfying the minimal discrepancy estimate for normality not only in
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one fixed base, but in all bases at the same time? More precisely, let v
be Korobov’s function above. Is there a real number x such that for all
integer bases b > 2,

Dy({Vz}j>0) = O(Y(N)) as N — o0?

2. Definitions and lemmas. We use some tools from [0, [10]. For non-
negative integers M and N, for a sequence (z;);>0 of real numbers and for
real numbers oy, as such that 0 < a; < as < 1, we define

F(M,N, a1, 0, (2)>1)
= |#{j: M <j < M+N:a <a;<as}— (o — )N,

To shorten notation we will write {b/x};>¢ for ({#/2});>0. Throughout the
paper we will use the fact that

F(Ma Nvalonv {bjw}jZO) = F(O’ N7a17a27 {bJ+M$}jZO)

for every non-negative integer M.

The following lemma is a classical result from probability theory called
Bernstein’s inequality (see for example [I4, Lemma 2.2.9]). We write u for
the Lebesgue measure and occasionally we write exp(x) for e*.

LEMMA 2. Let Xi,...,X, be i.i.d. random variables having zero mean
and variance o?, and assume that their absolute value is at most 1. Then for
every € > 0,

2

p( ixk‘ > ey < zexp(202+;;3m_1/2>.

LEMMA 3. Let b > 2 be an integer, let h and N be positive integers such
that N > h, and let € be a positive real. Then for all integers M > 0 and a
satisfying 0 < a < b,

p({z € (0,1): F(M,N,ab™", (a+ 1)b~" {V/z};50) > eVhAN})

< 2hexp<2b_h(1 — b—h):_ 2/35LN/hJ—1/2>.

Proof. We split the index set {M,M +1,...,M + N — 1} into h classes,
according to the remainder modulo h. Then each of these classes contains
either |[N/h| or [N/h]| elements. Let 14 denote the indicator function of
the set A. Let My denote the class of all indices in {M,...,M + N — 1}
which are zero modulo h. Set ng = #Mjg. Then it is an easy exercise to
check that the system of functions (1[ab—h7(a+1)b—h)({bjx}) — b M) jem, is
a system of i.i.d. random variables over the unit interval, equipped with
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Borel sets and Lebesgue measure @ The absolute value of these random
variables is trivially bounded by 1, they have mean zero, and their variance
is b~"(1 — b="). Thus by Lemma [2| we have

p({ze 1| 3 Qe wrnpn{@ah) —b7)| > eyo})

JEMo

—&2
< 2exp < =YD )
20="(1 —b=") +2/3en,
Clearly, similar estimates hold for the other residue classes. Let nq,...,np_1
denote the cardinalities of these classes. By assumptlon ng+---+np_1 = N.

By the Cauchy-Schwarz inequality we have /ng + -+ + /np—1 < VhvVN.

Thus, summing up, we obtain

M+N-1

,u({a: €(0,1): ‘( Z 1[ab—h7(a+1)b—h)({bjl'})) - Nb_h‘ > 6\/}W}>
=M

=

<2h exp( €’ ) . m
2b="(1 —b=h) +2/3¢|N/h|~1/2
We will use a modified version of Lemma [3] which works on any subin-
terval A of [0, 1].

LEMMA 4. Let b > 2 be an integer, let h and N be positive integers such
that N > h, and let € be a positive real. Then for all integers M > 0 and
a satisfying 0 < a < b", for any subinterval A of [0,1] and for any positive
integer jo,

u({z € A: F(M + jo, N,ab™", (a + 1)b~", (b} ;50) > eVRN})

<2u(A)h 2b77°,
< 2u(4) eXp<2b—h(1 —bh +2/35LN/hJ—1/2> *

Proof. Let B denote the largest interval contained in A with both end-
points being integer multiples of b5=7°. Then u(A\ B) < 2b=7°. Furthermore,
by periodicity we have
p({z € B: F(M + jo,N,ab™™, (a+ 1)b", {bz};50) > eVhN})

=u(B) - p({z € (0,1) : F(M,N,ab™™, (a+ )b, {Vz};50) > eVhN}),
for which we can apply Lemma [3| Note that p(B) < u(A). u

COROLLARY 5. Let b > 2 be an integer, let h and N be positive integers
such that N > h, and assume that € satisfies

(1) ZeIN/R]TV2 <

1
= bhb’

(') These functions are Rademacher functions, just in base b" instead of the usual
base 2. See for example |13} Section 1.1.3] for more details.
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Then for all integers M > 0 and a satisfying 0 < a < b*, for any subinterval
A of [0,1] and for any positive integer jo,

p({z € A: F(M + jo, N,ab™", (a+ 1)b~", {Vz};50) > eVhN})

—&2ph° .
< ,u(A)2heXp< £bh > + 2770,

529
Proof. The corollary follows from Lemma [ and the fact that
2671 —b7") <267 < 528" 1A 0

forallb > 2 and h > 1 (for the second inequality above it is sufficient to check
that 2772 < 528475 for integers h > 1, which can be done numerically). To-
gether with assumption (T) this implies that 26="(1—b=")+ 2¢| N/h| “1/2 <
52967 1h70. m

REMARK 6. For any 0 < oy < ap < 1, and for any sequence (z;);>1 of
reals, a trivial bound yields

F(0,N, 01,02, (x;)j>1) <2 sup F(0,N,0,q, (z;);>1).
a€[0,1)

And, for any o € (0,1), for any sequence (z;);>1 of real numbers, and for
any non-negative integers N and k, we have

F(0,N,0, e, (;)j>1)

k
<N+ (-1 F(0O,N,ab™", (a+1)b7" (2;);>1).
<N/ hz:l< ) ymax, F(0,N,ab™, (a+1)b77, (2)j21)

This observation follows from the fact that every interval [0, «) can be cov-
ered by at most b — 1 intervals of length b~!, at most b — 1 intervals of
length b=2,..., at most b — 1 intervals of length b=%, and finally one addi-
tional interval of length b=*. This decomposition can be easily derived from
the digital representation of « in base b.

The index set can be decomposed into intervals between powers of 2, and
every possible initial segment of the index set can be written as a disjoint
union of such sets. This fact is expressed in the following lemma.

LEMMA 7 (adapted from [10, Lemma 4]). Let b > 2 be an integer, let N
be a positive integer, let n be such that 271 < N < 2", and let M be a
non-negative integer. Then there are non-negative integers mi, ..., My Such
that me2t + 201 < N for £ = 1,...,n, and for any positive integer h and
any a with 0 < a < b",
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F(M,N,ab™", (a +1)b~" {t/x};50)
<SNV2p ST F(M 4+ me2' 2 ab " (a+ Db, () j0).

n/2<l<n

For the proof of Theorem [l| we proceed by induction, and define a se-
quence (£2)x>1 of nested binary intervals which gives us the binary digits of
the absolutely normal number which we want to construct. Set 2, = --- =
299 = (0,1) to start the induction. (We start at & = 100 in order to avoid
trivial notational problems with small values of k.) We will always assume
that b < k, so in step k only bases b from 2 up to k are considered. Different
bases are added gradually as the induction proceeds.

For integers k£ > 100 and b such that 2 < b < k we set
(b) . log 2
N = |2 = |,
b [ logbw
We define
N ={NeN:N" yar < N< NP}, k>100,2<b<k,
Ry ={NeN:N" < N<NP+dk}, k>100,2<b<k

The indices in [ J,, Rz are the “remainder”, and do not give a relevant contri-
bution. Their purpose is to separate the elements of N} b from those of NP ka1

so that b72 is significantly larger than /! whenever jy € Nk+1 and j; € Nb

The sets N,g and RZ form a partition of N except for finitely many initial
elements; precisely, they form a partition of N\ {1,..., N? {100 b}}.

max
For the induction step, assume that k > 100 and (2;_ is already defined
with

(2) () > 272k,
Set

n,ib) log 2-‘

b b b
n" = Nogy (N, = N — 4k)]  and Tb(k):{ Sog

For non-negative integers b, a, h, £ such that

2<b<k, 0<a<bd' 1<h<Tk), nl/2<e<n?
and non-negative integers my such that
(3) N 4 4k 4+ mg2t + 271 < N

we define
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H(b,k,a,h,t,my)
—{r ey : F(NY + 4k +mg2',270 ab™", (a + Db, P} j50)
> 46 20702732 gy 1)1/2),

Furthermore, set
Ty(k) bh—1

=J U U U B,k a,h,0,my),

h=1 a=0 n}(j)/2§€§ ;ﬂb) my

where the last union is over those my > 0 satisfying .
The following lemma gives an upper bound for the measure of Hy ;. The
proof will be given in Section [3] below.

LEMMA 8. For k > 100 and 2 < b < k we have
p(Hpy) _ 1

(1) — 2%

For the function F' appearing in the definition of H (b, k,a, h, ¢, my), we
can write

@) FNY 44k +m2' 27 ab ™", (a+ Db, ({P2)) j20)
NP 4dk4m2t42-1 -1
= | > e enpen (Vb =]
j=N +4k4m2t
Note that 1(,-n (441y5-») (@) is a step function which is constant on intervals
ranging from one integer multiple of b=" to the next. Accordingly, for some 7,
Lyt (ariyp-my ({07 2})

is a step function which is constant on intervals ranging from one integer
multiple of "7 to the next. Thus F in is constant on all intervals

b _
ranging from one integer multiple of b=hp= (N +akt+m2/+271-1) 4 the next,
and thus by h < Ty(k) and by (3) it is a})so constant on all intervals ranging
from one integer multiple of b~ Ts(k)p~Nit1 to the next.

As a consequence, Hy, j, consists of intervals whose left and right endpoints
are integer multiples of

n(b) o, k+1 00
(5) b—Tb(k)b*NIETI — b_|r glolg§2~|b_|72 -'l—oglbg2~|

We call these intervals elementary. We have
§€>log2 (b)
bi{Tgb} >2 n, /Qb 1 >2 (log2 k+1)/2 1b 1 >2 k/2 2b 1

k+1 lo
b | a2 ] > 92" -1

Y
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so the total length of these elementary intervals of Hp; is at least
92 —k/2-2p -2

Let H;, denote the collection of all those intervals of the form

6 a2k (4 1)272"F)  for some integer a
7 g

which have non-empty intersection with Hj ;. Note that by the calculations
in the previous paragraph the intervals of the form @ are much shorter than
the elementary intervals of Hyy, and thus the total measure of H 8‘7 i 1s just
a little larger than that of Hjj. In particular,

w(Hy ) < 15 0(Hpk).

Consequently, by Lemma [§ we have

k k
N 1
M(Qk—1 \ U Hb,k) > <1 - 21,)M(Qk—1) > (1)
b=2 b=2

Thus, there exists an interval of the form @ which is contained in (25_1,
but has empty intersection with all the sets Hy for b =2,..., k. We define
{2, to be this interval, and note that

(7) (82,) =272k,

Now we can make the induction step k& — k + 1, where guarantees that
the induction hypothesis is met.

3. Proof of Lemma [8 We use Corollary [5] to estimate the measure of

the sets H (b, k,a, h, ¢, my). More precisely, we apply the corollary with

jo=NO vak, M=mg2', N=2"1

A=y, e=46(n") — 04 1)1/2n2,
where
1<h<Tyk), n/2<e<n?

and my satisfies . So,

eVhN =46 - 20D/ =3/2(pn0) _ gy y1/2,

For the corollary to be applicable, we have to check whether N > h and
hold for our choice of variables. However, both conditions are easily seen to

(b)
k /271 which depends on

be satisfied, since by assumption we have N > 2"
(b)
k exponentially, while h < Ty(k) < (%Tlgizw and ¢ < 46 n,gb) grow in k

at most linearly (remember that we have assumed & > 100). Thus, we can
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apply Corollary [f] to obtain

DR ) < ()b~ -

= u(2_1)2h exp(—4b(n,(€b) — {4 1)h) 4 267,

462b(n\? — ¢ + 1)h—4h5> e

Note that by ,
; () _2Flog2 .
2b=0 = 2p N~k < op st 1 < 9po—2 itk < 9Bkt (0 ).

Using the facts that Ty(h) < k/2 + 1, that n{” < k for all b, and that
implies that there are at most 2"1(;})*5 < 2F different values for my, we obtain
Tp(k) bh—1

Z Z Z Z2b 3k+1 k/2+ 1)bk/2+lk2k2b 3k+1 S %bflC’

h=1 a=0 k /2S€Sn}(€b) my
where for the last inequality we again use the assumption k£ > 100.
Furthermore, from the fact that e™¥ < e %e ¥ for x,y > 2, we have

Ty(k) bh—1

>y > 3" 2hexp(—4bh(n)) — £+ 1))

h=1 =0 0 5 pcn® me

Ty (k)

ST S 2 2hexp(—2bh) exp(—2(n) — £+ 1)
h=1 ) ja<p<nt)

< (Z 2hb" exp(—Qbh)) Z exp(—(n;b) —(+1)) < %e_b,
h=1 n® j2<e<n)
<lle=t/10

IN

<372 e7"<6/10
where we have used b — logb > 1.3 for b > 2. Consequently,
Zthh —2bh ZQhe_hb logb) —bh <e bz2h€—1 .3h < 11 —b
h=1 h=1
<11/10
Thus,
1(Hpp) < 156 (1) + 3507 (1) < 27°p(021)

where we have used the assumption that b < k. This proves the lemma.

4. Proof of Theorem [1] The proof of Theorem [I| now follows using
well-known arguments, which allow us to turn the estimates for subsums
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over dyadic subsets of the index set, and over dyadic subintervals of the unit
interval, into a result which holds uniformly over all subintervals in the unit
interval, and for all initial segments of the full index set.

Fix b > 2, and assume that N is “large” (depending on b). Then there
is a number k such that NV is contained in either ./\/’,i’ or Rz Let x be a real
number in (1,5, £2;. Such a number exists, since (£2;);>1 is a sequence of
non-empty nested intervals. Then, for arbitrary 0 < a1 < ag <1,

F(Oa N,Oél, a9, {bj'x}jZl)

b .
(8) < F(0,N)y 01,00, ({Ha})j20)
(9) + Z N(b) + 4r, N(b) (N;b) —|—4T),041,042,{bj1‘}j20)
r=|k/2]
(10) —i—F(N,ib),N—NIEb) —4k,a1,a2,{bjx}j20)
(11) +#{is jeURrL i< N}
k

The term in line (§)) is bounded by ka)/% < 2”“/2 1°g2 +1 < 2V/N, since

N > N(b) > ok igig by assumption. Now we bound the term in line @D

Using Remark 6] and Lemma [7] and the definition of the sets Hy, for every
r such that |k/2| <r <k — 1 we have

FIN® 47, N, — (N® + 4r), a1, 02, {tz}>0)
(b) (b) 0 of—1 3—
<A/ N +20b—-1 E g F N +4r +mg2°, 2 b=
e 2 ) ogzi)zh rome ¢

ni?) j2<e<n®) h=1
(a+1)b" Wl‘}a>0)
(for my,..., m_@) as in Lemma )

<VNO r20-1) S S a6 20020 gy 1)1/
n® j2<p<n® h=1

< /N +206-1)-46 (ih3/2>
h=1

<2.62

X ( 3 2@-1)/2(”&17)_“1)1/2)

() j2<e<n?

<om” /25720 g-u/21/2<4 15908 122,04, /NG,

< NO, 1709 5y /NO, < 710 b 201072 [N,
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Consequently, for the term in line @ we get

k-1
Z F(N® + 4r, Nr(i)1 — (N® 4 47), a1, g, {Px} j>0)

r=|k/2]
k—1
<7110 Y 20HR2 IND) < 2495 by /N < 2425 bV/N.
r=[k/2]

Similarly, for the term in line (10| we find that
FIND N = N — 4k, a1, 00, {ba}j50) < 71154/ N, <1005 - bV/N,

where we have used the fact that 2N > N ]iljzl.

Finally, the term in line is bounded by 4k[k/2] < v/N for sufficiently
large N.
Concluding our estimates for 7, we finally get

F(0, N, a1, g, {Px}j50) < (2 4 2425 + 1005 + 1)bV'N = 3433 - b/ N
for all sufficiently large N. This can be written in the form
Dn(({¥z})50) < 3433 - bN /2
for sufficiently large N, which proves the theorem.

4.1. Computational complexity. The real number determined by our
construction is the unique element x in (), ~; £2%. The definition of (£2;)r>1
is inductive. Assume that §2;,_; is given. The interval §2; is the leftmost
interval of the form

(@2 2"k (a+1)272 ok

that lies in

k
D1\ U Hy.
b—2

So, {2, is one element of the partition of {2;,_1 into 22"+1 qubintervals. Let us
first count how many mathematical operations suffice to test if one of these
subintervals is outside U}gzz Hy .
Recall that
b —1

k E o Ty(k)
U= U U U U HO .k aht,my),
b=2 b=2 h=1

=0 b b
a nl,(C )/2§£§n§C ) e

where the last union is over those m, > 0 satisfying N lgb) + 4k +mg2t 4201

< N®

()
p+1- There are at most 2™ —¢ values of my, and for each of them the
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evaluation of

PN + 4k +m2' 27 ab™", (a + 1)b~", {biz}j50),

20=1 indices.

T . . . . . (b)
Hence, the total number of indices involved in the inspection is 2% —¢.2¢~1

— 2%, Observe that b < k, Ty(k) < k/2, n,(fb) < k, and there are k/2
values of £. Thus, ignoring the operations needed to perform base change,
the number of operations to test whether one candidate subinterval is outside
Ulzfzz Hyj, is at most

for any fixed x and fixed k, b, a, h, requires the inspection of

k- k)2 KRk,

In the worst case we need to test all the subintervals (except the last one),
and there are 22°+1 of them. This dominates the total number of mathemat-
ical operations that should be performed in the worst case at step k, which
consequently is of order at most (’)(22k+1), say. Since this is doubly exponen-
tial in k, the number of mathematical operations performed from step 1 up
to step k is also at most of order (’)(22k+1).

At step k the construction determines 2¥ + 1 new digits in the binary
expansion of z. Thus, at the end of step k the first 25+1 digits will be deter-
mined. Then, to compute the Nth digit in the binary expansion it suffices to
compute up to step [logy N|. This entails at most (9(2210gN) = O0(2") oper-
ations. In conclusion, there is an algorithm that computes the first N digits
of the binary expansion of x and whose number of operations is exponential
in N.
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