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1. Introduction

1.1. Setup and notation. Throughout this article we fix an odd prime
p and an integer d > 2. Let K be a number field that admits a unique prime
p lying above p. Let K o be a d-dimensional p-adic Lie extension of K in
which only finitely many primes of K ramify and p is totally ramified. Fur-
thermore, we fix a Zy-extension K°/K contained inside K » and assume
that

o Gal(K 00/K°) is torsion-free and abelian;
e Every prime of K that ramifies in K ~ decomposes into finitely many
primes in K°.

For example, when d = 2, we may take K = Q(u,), K¢ = Q(up=) and
Ko 0o the Kummer extension Q(upe, P3/a), where o # 0 is an integer
such that p|a or p||a?P™! — 1 (such an « is said to be amenable for p,
and this ensures that p is totally ramified in K ; see for example [Leel3,
Proposition 2.4(i)] or [Viv04, Theorem 5.2 and Lemma 6.1]). For a general d,
we may take K ~ to be the multi-Kummer extension

Q(:U'P‘X’? poo\/ at,..., pOOV O‘d71>7

where a; # 0 are integers whose images in Q,/(Q,)? are linearly indepen-
dent over F,, and the products o} - - a:ﬁ’ll, 0 < n; < p—1, are all amenable
(this implies that p totally ramifies in all cyclic subextensions of K o0/ K°).

We consider the Galois groups G = Gal(Kxo oo/ K ), H = Gal(K o 00/ K°)
and I' = Gal(K¢/K). In particular, we have the isomorphisms G = H x I,

H=zd"Y and I = 7,
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For 0 < m,n < oo, we denote H,,, = H?", I, = """, Gy = Hyy x I, <
G and K, ,, = K£"£ We define &), ,, to be the Hilbert p-class group of
K, m and write e, ,, for the p-exponent of #X,, ,.
For any p-adic Lie group L, we shall write A(L) for the Iwasawa algebra
Zy[lL]] = lim Zy[L/N].
N<,L
If G is a pro-p group and z1,...,x, € G, we shall write (z1,...,z,) for
the p-adic completion of the subgroup generated by z1,...,x,. Similarly, if
X1,...,X, C G, then (Xy,...,X,) denotes the closed subgroup generated
by Xl,... ,X,«.

1.2. Main results. Let X (respectively X”) be the Galois group of the
maximal abelian pro-p extension of K. o that is unramified everywhere
(respectively unramified outside p). When Ko o/K is a Zpy-extension, a
classical result of Iwasawa [[wa73a] says that X is torsion over A(I"). Our
first result is a generalization of this result.

THEOREM (Theorem [2.11). The A(G)-module X is torsion.

On studying the structure of X as a A(H )-module, we shall prove an
asymptotic formula for e, ,, with n fixed and m — oo.

THEOREM (Corollary [3.4)). For a fized integer n, there exist integers pu,
and N\, such that

€n,m = an(d_l)m + )\nmp(d_Q)m T O(p(d—2)m)
for m > 0.

In other words, this gives us the asymptotic growth of the class numbers
in the H-direction. In the example above, this tells us how the size of the
p-primary part of the ideal class group of the extension

Q(Mpn7 PW’ - pm/ad_l)
varies as m — oo. In particular, these extensions are not Galois in general.
This is analogous to the main result of [CM81] for Galois extensions of
number fields whose Galois groups are isomorphic to direct sums of Z,. In
fact, our proof relies heavily on the analysis of torsion A(H)-modules in
Cuoco and Monsky’s work.

Let My (G) be the category of finitely generated A(G)-modules M such
that M /M (p) is finitely generated over A(H), where M (p) denotes the sub-
module of Zj,-torsions inside M. In non-commutative Iwasawa theory studied
by Coates, Fukaya, Kakde, Kato, Ochi, Ritter, Sujatha, Venjakob, Weiss and
many others [CFK ™05, [Kak13, [(OV02, RWT1), Ven02, Ven03b], X’ is conjec-
tured to be inside My (G) for totally real fields. Since X is a quotient of X7,
this would imply that X € My (G) as well. When K¢/K is the cyclotomic
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Zy-extension, Iwasawa [Iwa73al, [wa73b] conjectured that the p-invariant as-
sociated to this extension vanishes (this is a theorem of Ferrero-Washington
[EWT9] when k/Q is an abelian extension). This conjecture turns out to
be equivalent to X itself (not just X'/X(p)) being finitely generated over
A(H) (see Theorem below as well as [MF16, Lemma 3.3] and [CS05),
Lemma 3.2] for the same result in different settings).

Our second result is an asymptotic formula for e, , as n — oo when
d = 2 and X is finitely generated over A(H).

THEOREM (Corollary . Suppose that d = 2 and X is finitely gen-
erated over A(H). If the unique prime of K above p is totally ramified in
Koo 00, then

€nn = Tnpn + O(pn)v
where T = rank gy X.

We remark that our theorem always applies when Koo oo = Q(ppe, PV a)
for some integer « that is amenable for p since the theorem of Ferrero—
Washington tells us that our hypothesis on X holds. In particular, it con-
firms the prediction made by Venjakob [Ven0O3al, §8] for the extension
Q(ppes, »°/p). Our result can also be seen as a generalization of the classi-
cal result of Iwasawa [Iwa73al on Z,-extensions in the special case that the
p-invariant vanishes. If G is abelian, that is, G = ZIQ), we recover the main
result of [CMRI] again in the case when the p-invariant is 0 (denoted by mg
in loc. cit.).

Perbet [Perll] studied the variation of class numbers when G is a general
d-dimensional p-adic Lie group with no p-torsion, without our assumption on
X being finitely generated over A(H) or any assumption on the ramification
of p. More precisely, if €, ,, denotes the p-exponent of #X, ,,/p" (rather than
X itself), Perbet showed that

(1.1) Enn = prp™ + pp®™ + O(npld=1m),

where p = rank, ) X and p is the p-invariant of X' as defined in [Ven02].
Under our assumption that X" is finitely generated over A(H), both p and
vanish. In this case, the formula of Perbet becomes simply O(np(dfl)”). Our
formula in Corollary is therefore slightly more precise. We shall show
at the end of this article that our method yields an upper bound of €, , in
the case d = 2 and X € My (G) (the constant p would be 0, but ¢ may be
non-zero).

THEOREM (Corollary [6.2). If d =2 and X € My (G), then
én,n < /~Lp2n + np" + O(pn)7
where T = rank 4 gy X' /X (p).
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2. Preliminary results

2.1. Ramification groups and class groups. Let Y be the set of
primes of K that ramify in K . In particular, p € Y. Since p is assumed
to be totally ramified in Ko o, its (unique) decomposition group inside G
is G itself.

If v € X, we have assumed that there are only finitely many primes in
K¢ lying above v. On replacing K by K, ¢ if necessary, we may assume that
v is inert in K°. In particular, if 1 and v9 are two primes of K o lying
above v, then they differ by an element in H.

Let M be the maximal unramified abelian pro-p extension of K o and
write X = Gal(M /K o) and Y = Gal(M/K). Note that X" is normal in
Y with Y/X = G. For each g € G, let g € Y be a lifting of g. If z € X, we
have the action 29 = §~'xg. This turns X into a A(G)-module. We recall
from [Perlll, Proposition 3.1] that X" is a finitely generated A(G)-module.

For each v € X, we fix a prime v of M above v and write I, for the
inertia group of 7 inside Y. We note that I, is isomorphic to G since we
assume that p is totally ramified in K o and it is unramified in M. In
particular,

(2.1) =X xG,

where we identify G with I,. Each element of ) may be written as (z, g) for
some z € X and g € G. Note in particular that under this identification,

(2.2) I, ={(1,9) : g € G}.

For 0 < m,n < oo, we define Y, ,, = Gal(M/K,, ,,). For each v € ¥,
we write I, ,, for the inertia group of our choice of ¥ inside V., and
fyn’m for its image under the natural projection YV, y, — Gy m. We note that
L, .. =1, . since the extension M/K o is unramified.

Since X is normal in ), it is also normal in Y, ,,,. Consequently, [X, Yy, ]
is normal in Y, ,, and we may consider the quotient Yy, /[X, Yinm]-

LEMMA 2.1. The image of I, .. i Vam/[X, Vam] is normal. That is,
(X, Ynmls Lo ) /X Yrom] L Vnm/1X, Vi)
Proof. Let (1,9) € Ip,,, (which makes sense thanks to (2.2)) and
(x,h) € Yn,m- Then
(2, h) 71 (1, g)(w, h) = (20" A1 gh).
Note that 297! = 71§ tzg € [X, Vn,m], hence the result. =

Let Cy, m be the subgroup of Y, ,,, generated by [Vp m,Vn.m] and by all
the inertia groups I ~ for v € X and 0 € X x H. This contains all the
inertia groups inside Y, ,, since any two primes of M lying above v differ by
an element in X x H. Finally, we define B, ,, = C),,, N X. Recall from the
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introduction that A, ,, is defined to be the Hilbert p-class group of K, ;,.
It may be described as follows.

LEMMA 2.2. We have the isomorphism X,y = X /By, .
Proof. Class field theory tells us that
Xom = Vinm/Cnom.
By the isomorphism theorem, we have X'/B,, ,, = XCy, 1, /Cy, . This gives
the short exact sequence
1 —= X/Bpm = Xnm = Yom/XCpm — 1.

Recall that Yy, /X = G, the last term of the short exact sequence can
be described by

Vom/XCpm = Gn,m/<[Gn,m,Gn,m],I_ng ve X o€ H).
But p € X and I_pn,m = Gy, since p is totally ramified in K . Hence,
this quotient is trivial and the result follows. m
In particular, this gives us the following short exact sequence:
(2.3) 0— Bum/la, X — X/1g, . X — Xqm — 0.
2.2. Description of B, ,,. We write I, ,, for the augmentation ideal

of Gy m in A(G), that is, the ideal generated by g —1 for g € Gy, . We have
the following description.

LEMMA 2.3. We have the equality
[X, yn,m} = IGn,mX-

Proof. Let x € X and y € Yy, . We write g for the image of y in Gy, .

Then

1 1

[z, y] =z~ ty tay = 2V

Hence the result. =

COROLLARY 2.4. The augmentation ideal Ig,, ,, X is a normal subgroup
Of ymm-

Proof. As we have seen in Lemma [X, Vn,m] is normal in Y, .
Hence, the result follows from Lemma .

The augmentation ideal allows us to describe the commutator subgroup
of Vp.m as follows.

ProprosSITION 2.5. We have the equality
D}mmu y'n,,m] = <IGn,mX’ [Ipn,'rrﬂ Ipn,m]>

Proof. Recall that & is normal in Yy m, YVam/X = Gy and I, X /X
= Gy,m- Hence, every element of V), ,, can be written as z-b for some z € X
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and b € I, ... Let x1b1, x2by be any two elements of Yy, written in this
way. We have the commutator identity

[21b1, Taba] = [x1, 22b2]" [b1, waba] = (1, w2ba]" [y, b][b1, 22]%2.
On the one hand, [b1,bs] € [1p, ., Ip,..] by definition. On the other hand,

both [z, x2bo] and [by, 2] are inside [X', Yy, ], which is equal to Ig,, ,, X by
Lemma [2.3] Hence the result. m

COROLLARY 2.6. We have
Cn,m = <IGn7mX,Ignym veX oge X X H>,
Bn,m:IGnme+<Ignm ved oe X NH)ﬂX.

Proof. By definition [Vpm,Ynm] C Cpm and Ig, ,, X C X, so we see
from Proposition [2.5] that

IGn,mX C Bn,m‘

Furthermore, Corollary says that Ig, ,, & is normal in Yy n,. Therefore,
the second equality follows from the first.
Recall that C,, ,, is defined to be

<[yn,m7yn,m]alyanym vedX oge X X H>

Therefore, the first equality follows from the description of [V m, Yam] in
Proposition and the fact that [I,, ., Iy, ] is contained in I, . =

PROPOSITION 2.7. The quotient By m/Ig, ., X is a A(H)-module gener-
ated by the elements v € X with the property that (xz,h) € I, for some
veX\{p} and h € Hy,.

Proof. Suppose that (x,h) € I, ,, for some h € H,, and v € X'\ {p}.
Then (1,h) € I, thanks to (2.2). Consequently, (z,1) = (z,h)(1,h)"" €
Cromn N X = By .

Recall from Lemma that the image of Iy, . in Vium/[X, Vum] is a
normal subgroup. By Lemma we have [X, i, Yom] = Ia, ., X Hence,

<IGn,mX7 Ipn,m>/IGn,mX ﬁ Cn:m/IGn,mX

From Corollary we deduce that every element in Cy,n/1g, ,, X may
be written as a product o3 for some a € (I :ve X\ {p},0c € X x H)
and g € I, .. ’

Suppose that an element af as above is contained in By ./Ig, ,,X.
Then « is a product of elements of the form (x,,h,)? € I, ., where o0 =
(o, ho) € X x H. We have in fact

(€, hy)7 = (@l Dhe " gho™ )

1
given that H is abelian. But 20" """ e [X,X x H,] C Ig, X by
Lemma and the fact that h, € H,,. Furthermore, we have the iden-
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tity (2, h) (2, hy) = (2,2 hyhys), which implies that o = (z,h) for
some x € X is inside the A(H)-module generated by the elements x, as de-
scribed in the statement of the proposition and h € H,, with 8 = (1,h71).
Hence the result. =

2.3. The Zy-rank of B, ,/Ig, ,,X. In the previous section, we showed
in Proposition [2.7] that we may find explicit generators for the quotient
Bnm/1a,.,,X. We shall now bound its Z,-rank.

The aforementioned quotient is generated by the “projection” of Il}}nm
in X, where v € X'\ {p} and h € H. But the map Y — X, (x, g) — x, is not
a group homomorphism a priori. However, if (z, g), (y, h) € Vpnm, we have

(:):,g) . (y, h) = (xyg,gh),
and
ry! = xy mod [X, Vom| = Ia,, . X

by Lemma [2.3] Therefore, the map
ynym/IGmmX — X/IGWHX, (z,9) — x,
is a well-defined group homomorphism.

LEMMA 2.8. The quotient By m/Iq,, X is a finitely generated Z,-module.
Furthermore, its rank is bounded by ry, 1, where vy, 1, s the number of places

of Kpm above X\ {p}.

Proof. As discussed above, the quotient is generated by the projections
of I in X, where v € X'\ {p} and h € H, which corresponds to all the
inertia groups of the places of M lying above ¥ \ {p}.

If two primes of M differ by an element in ), ,,, then their inertia groups
coincide modulo Ig, ,, X, as we have seen in the proof of Proposition
Therefore, if for each prime of K, ,, lying above X\ {p}, we pick one prime in
M lying above this prime, the resulting inertia groups generate the quotient
Bynm/la, . X

Our result then follows from the fact that each of these inertia groups
has Z,-rank at most 1. Indeed, all primes in X'\ {p} are coprime to p by
assumption, so the maximal pro-p extension of K, is isomorphic to Z, x Z,,
which is of dimension 2, as given by [Ser63, I1.§5.6 Exercices|. Since K,
admits a one-dimensional unramified Z,-extension, the inertia group has
dimension at most 1. m

LEMMA 2.9. Let 1y be as defined in Lemma2.8, Then

(i) for n sufficiently large, vy m depends only on m;
(ii) 7m = O@ 2™ for m > 0.

Proof. Since there are a finite number of primes in K ,, lying above
each prime of X'\ {p}, part (i) follows.
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We now prove (ii). Fix a prime 7 of K o above v € X'\ {p}. As we have
seen in the proof of Lemma the inertia group of 7 is a p-adic Lie group
of dimension one. Furthermore, v is inert over K¢/K, o for n sufficiently
large. Therefore, the decomposition group of ¥ is of dimension two.

Let w be a prime of K, ,, above v. Let G be the decomposition group
of w in the extension K, ,,/K. Our observation on the dimension of the
decomposition group of v tells us that there exists a constant C' > 0 such
that |G| > Cp™™™ for all w. But

prThm = G : Gam| = Z |Gl
wlv
If 7y,m,, denotes the number of places of K, ,, above v, then
Trmw < pn+(d—1)m/(cpn+m) _ p(d_2)m/C,
which gives (ii). =
By combining these two lemmas, we deduce:

CoroLLARY 2.10. The quotient Bnm/la, X is a finitely generated
Zip-module with

rankgz, anm/IGnme = O(p(d_Z)m)
for m >0 (and independent of n).
2.4. Algebraic structure of X. Our analysis of B, ,, allows us to

study the structure of X as a A(G)-module. In particular, we prove the
following.

THEOREM 2.11. The A(G)-module X is torsion.

Proof. As we have recalled above, X is finitely generated over A(G)
by [Perlll Proposition 3.1]. In particular, if p denotes its rank, [Har00,
Theorem 1.10] tells us that

rankz, X/Ig, X = ppd" + O(p(dfl)”).

By (2.3), together with Corollary and the finiteness of &}, ,,, we have in
fact
rankz, X/Ig, X = O(pld=2m).

This implies that p = 0, and hence the result. m

This allows us to eliminate the most dominant term of Perbet’s formula
D).
COROLLARY 2.12. Let €y, denote the p-exponent of #X,, n/p". Then

Enn = up™ + O(npld=1m)

for some integer p.
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Under an additional hypothesis on X o, we can in fact show more:

THEOREM 2.13. The A(I")-module X5 is finite if and only if X is
finitely generated over A(H). In particular, when this holds, X belongs to
the My (G)-category.

Proof. The short exact sequence ([2.3) becomes
0 = Booo/IgX = X /IgX — Xogo — 0

if we take m = 0 and n = co. Corollary [2.10]tells us that the first term of the
short exact sequence is finite over Z,. Therefore, the second term is finite
over Zj, if and only the last term is. Suppose that X is finite over A(H).
Then X /Iy X is finite over Z,, which gives one implication of the theorem.
If on the other hand X o is finite over Zj, then so is X' /Iy X. Consequently,
Nakayama’s Lemma (see [CHOI, Lemma 2.6] or [BH97]) implies that X is
finite over A(H), which gives the other implication. =

3. Growth in the H-direction. In this section, we fix an integer n > 0
and estimate the growth in e, ,, as m — oco. Our strategy is to make use
of our estimation on By n/Ig, ,, from in conjunction with the short

exact sequence ([2.3)).

Recall that X is finitely generated over A(G). Consequently, X1, is a
finitely generated A(H)-module. In fact, we can say more:

LEMMA 3.1. The A(H)-module X, is torsion.

Proof. Let M be a finitely generated A(H)-module. If rank ) M =1,
then

rankZF MH’"L = rp(d_l)m + O(p(d_2)m)
(see [Har00, Theorem 1.10]).
The H,,-coinvariant of X7, is nothing but X'/Ig, A& Since &, , is
finite, (2.3) tells us that X'/Ig, ,, & has the same Z,-rank as By, ,/Iq, X
Hence the result by Corollary "

We recall the following definition from [CMSIl §4]. Let M be a finitely
generated torsion A(H)-module. A structure S on M consists of a fixed
integer my together with a finite set of pairs (7;, M;), where 7; € H \ Hy and
M; is a submodule of M. For every structure of M, we define, for m > my,

An(8) = I, M+ Bry iy (1) M,

where @,,, /., (X) denotes the polynomial (XP" — 1)/(XP™ — 1). Such a
structure is said to be admissible if rankz, M/A,,(S) = O(p'=3") (for
d > 3) or rankz, M /A, (S) = O(1) (for d = 2).
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Let M be a finitely generated Z,-module. We shall write M; for the
torsion submodule of M and e(M) for the p-exponent of the order of M.
The following result is proved in [CMS8I].

THEOREM 3.2. Let M be a finitely generated torsion A(H)-module and
S an admissible structure on M. Then

G(M/Am(S)) = MH(M) X p(d—l)m + )\H(M) X mp(d_2)m + O(p(d—2)m)

for some non-negative integers p(M) and A\(M) that are independent of m
and S.

Proof. This is [CM81, Lemma 4.9 and Theorem 4.13] when d > 3. For
the case d = 2, we have H = Z, and the result follows from the classical
results of [Iwa73al. m

LEMMA 3.3. There exists an admissible structure S on X, such that
Xom = X1, /Am/(S) for m > 0.

Proof. Let v € ¥\ {p}. Then I, is a subgroup of H,. Therefore, there
exists an integer mg such that H,,/I, vn.m 18 torsion-free for all m > my. Since
X is finite, we may assume that mg is an integer satisfying this property for
all v.

Recall from the proof of Lemma that each I, ,, is of dimension 1.
Suppose that 1, ,, = ((zv, hv)). Then hy, € Hypy \ Hing41. In particular, we
may write h, = kﬁmo for some k, € H \ Hy. Furthermore, for all m > my,
we have

v = (@ B P 0Y = (o) gy,

Therefore, Proposition [2.7] tells us that
Bnm = 1a,, ., X + Z ¢m/mo (kv)A(H)zy.

I m

Hence, if we take S = {my, (k,, A(H) - z,) : v € ¥ \ {p}}, then B, ,, =
Ap(S) as Xy m = X /By by Lemma Finally, the structure is admissible
because &, ,, is finite by definition. =
COROLLARY 3.4. For a fixed n, we have the formula
enm = (X0, )p ™ + Mg (X, )mpl 2™ 4 O (plm).

Proof. This follows from combining Theorem with Lemmas
and 3.3 =

4. Interlude: review on A(I')-modules. We identify A(I") with the
power series ring Z,[[X]] by choosing a topological generator v of I" and
identifying v — 1 with X. We write w, = (1 + X)?" —1 for n > 0 and
&, = wp/wp—1 denotes the cyclotomic polynomial of order p™ in 1+ X for
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n > 1. We fix a primitive p"th root of unity (,» and write €, = (n — 1.
Finally, we write @, /,, = wn, Jwn, for n > ng as in
Let F' € A(I"). The Weierstrass Preparation Theorem tells us that there
exists a factorization F' = uptg, where u € A(I)*, p € Z>p and g is a
distinguished polynomial. We shall write pp(F) = p and Ap(F) = deg(g).
If M is a finitely generated torsion A(I')-module, it is known that there
exist F,...,F, € A(I") and an injective A(I")-morphism

,
¢: M/M' — P A)/(F),
i=1

where M’ denotes the maximal pseudo-null A(I")-submodule of M and the
cokernel of ¢ is pseudo-null. Note that a pseudo-null A(I")-module is simply
a module over A(I") with finite cardinality.

The A(I')-ideal generated by the product [[;_, F; is called the charac-
teristic ideal of M. We write up(M) = > up(F;) and A\p(M) =S Ar(F;).
We remark that the condition that X, o be finitely generated over Z, in

Theorem is equivalent to pr(Xs o) = 0.
The following result of Iwasawa in [Iwa73a] is well-known.

THEOREM 4.1. Let M be a finitely generated torsion A(I')-module. Then
there exist constants vp(M) and ng such that Mg, s finite with
e(Mg,,, ) = pr(M)p" + Ap(M)n +vp(M)
for all n > ny.

This result has been reproved in many different places, e.g. in [Kob03|
§10.2], [NSWO0S8, §5.3] and [Was97, §13.3]. We shall give a sketch proof in the
special case where the characteristic ideal of M is coprime to w, for all n.
In doing so, we shall be able to say how large n needs to be to ensure that
the formula for e(Mg, , ) holds and give information on vp(M).

LEMMA 4.2. Letn > 1 and F € A(I") with ged(F,w,) = 1. Consider the
projection map

T AL/ (Fywyn) = A(L)/(Fywp—1).
We have

(i) rankz, A(I")/(F,w,) = rankz, A(I")/(F,w,—1) = 0;
(ii) kerm, is finite and e(ker m,) = ord,, F'(ey).

Proof. This is well-known (see e.g. [Was97, §13.3] or [Kob03, Lem-
ma 10.5]). =

COROLLARY 4.3. In the notation of Lemma[£.2] if

.
F=up[[F,
=1
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where uw € A(I')*, p = pr(F) and F; are distinguished polynomials of de-
gree d;, then
e(kerm,) = pup™ 1(p — 1) + Ap(F)
whenever p"~Y(p —1) > d; fori=1,...,r.
Proof. Firstly, it is immediate that orde, (u) = 0 and ord,, p* = p x

p" " 1(p — 1). Secondly, for each i, we may write F; as X% + pG; for some
polynomial G; defined over Z, with degree < d;. As

di = orde, (GZZ) < pnil(p —1) < orde, (pGi(en)),

we have ord,, Fj;(e,) = deg F;. Hence the result. =

COROLLARY 4.4. Suppose that F is as in Corollary[£.3] Then

e(A(I)/(F,wn)) — e(A(I")/(F,wno)) = p(p" — p"°) + Ar(F)(n — no)
for all n > ng, where ng is a fized integer satisfying p™~1(p — 1) > d; for
1=1,...,7.

Proof. For m € {n,n —1,...n9 + 1}, Lemma [£.2(ii) tells us that

e(ker ) = e(AXD)/(Fywm)) — e(A(T)/(Fom1))-

Hence the result by Corollary .

LEMMA 4.5. Let M be a finitely generated torsion A(I')-module, with
mazimal pseudo-null submodule M'. Let ¢ : M/M' — A/(F) be an injective
A(I")-morphism with finite cokernel. Suppose that gcd(F,wy,) = 1 for all
m > 1. Then Mr, is finite and

e(Mr,) = e(A/(F,wyp)) +e(Mp ) for alln > 1.
Proof. Let C be the cokernel of ¢. Our assumption on F' implies that
A(D)/(F) == A(I)/(F)

is injective. Applying the snake lemma to the short exact sequence 0 —
M/M' — A/(F) — C — 0, we have the exact sequence

0— CIn — (M/M")p, = A/(F,w,) = Cp, = 0.

Since C' is finite, the first and the last terms above have the same cardinal-
ity. Since F' is coprime to wy, A/(F,w,) is finite and hence has the same
cardinality as (M/M')p,.

Since M /M’ injects into A(I")/(F), the fact that multiplication by w, is
injective on A(I")/(F) means that it is also injective on M/M’. Therefore,
if we apply the snake lemma to 0 — M’ — M — M /M’ — 0, we obtain

e(Mr,) = e((M/M')r,) + e((M")r,),

which implies the result. =
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We note that M}, = M’ for n>> 0 (see e.g. [NSWOS, Lemma 5.3.14(v)]).

PROPOSITION 4.6. Let M be a finitely generated A(I')-module. Let F €
A(I") be a generator of its characteristic ideal. Suppose that ged(F,wp,) = 1
for all integers m > 1. Let ng be an integer such that every irreducible
distinguished polynomial that divides F has degree < p™~'(p —1). Then

e(Mr,) —e(Mr,,) = pr(M)(p" —p") +Ar(M)(n—no) +e(Mp, ) —e(Mp, )
for all n > ng.

Proof. This is an immediate consequence of Corollary [£.4] and Lem-
ma L5 =

5. Estimating the growth of ¢,, when d = 2. Throughout this
section, we assume that d = 2. Let m,n > 0 be integers and consider the
A(I')-module

My, == co,m = X/Boo,ma
where By, is as defined in §2.2, By definition, this is the Galois group
of the maximal pro-p unramified extension of K ,,. Then, by taking I5,-
coinvariants, we have

thanks to Lemma As X, is finite, M, is a finitely generated A(I")-
module whose characteristic ideal is coprime to wy, for all n > 1. We deduce
from Proposition [4.6] that for a fixed m, there exists an integer n,, such that
for all n > ny,,

(5.1) enm—enpm = pr(Mp) (" —p"™) +Ar(Mpm)(n—nm) +e;’b,m - e;lmﬂn’

where e, ,, = e((M;,)r,), with M}, being the maximal pseudo-null sub-
module of M,,. We shall study how A\ (M,,), ur(My,), e(M])) and n,, vary

in m.

5.1. Estimating Iwasawa invariants. In this section, we assume that
X € My (G), where My (G) is the category as defined in the introduc-
tion. Let us recall the definition of u-invariants of finitely generated A(G)-
modules. Let M be a finitely generated A(G)-module that is Zy-torsion. It
is proved in [Ven02|] that M is pseudo-isomorphic to

@A(G)/p""

for some integers n;. We have the p-invariant ug(M) := > n;. More
generally, if M is a finitely generated A(G)-module, we define ug(M) =
pe(M(p)).

We shall write X for the quotient X' /X (p), which is finitely generated
over A(H) by our My (G)-hypothesis. Let 7y denote the A(H)-rank of X.
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We have the short exact sequence
(5.2) 0— X(p) - X =X —0.

PROPOSITION 5.1. We have

Ar(Xm,) = map "V +0(1),  pr(Xa,) = pa(X)p™.
Proof. From , there is a long exact sequence
Hi(Hp, X) = X(p)g,, — Xg,, — Xy, — 0.
Since X(p) is Zy-torsion, this tells us that
rankz, Xp,, = rankz, X H,, -

But the latter is equal to 7xp™ + O(1) by [Har00, Theorem 1.10]. This gives
the formula for Ap(H,y,). )
We now turn to the p-invariant. Since X is finitely generated over A(H)

and hence over A(H,,), the homology groups H;(H,,, X) are finitely gener-
ated over Z, for all i > 0. Therefore, the same long exact sequence tells us
that

pr(X(p) ) = pr(Xu,,).
Following [CK13, Lemma 5.2], we have

Pl (X) = pr (X(p) ) -
But [G: Hy, x I'] = p™, so the formula [CS05| (4)]) tells us that

Pt (X) = pa(X)p™.

Now the result follows by combining the last three equalities. m

5.2. Estimating maximal finite submodules and ¢, ;. In this sec-
tion, we assume that the hypothesis pr(Mp) = 0 holds. We recall from The-
orem that this is equivalent to X being finitely generated over A(H).
This allows us to deduce the following estimates.

PROPOSITION 5.2. If M], is the mazimal finite A(I")-submodule of My,
then
e(My,) = O(p™).
Proof. We recall from §3| that there exist an integer mg, x, € X and
k, € H\ HP for each v € X'\ {p} such that

Boo,m = [HmX + Z @m/mo(kll)A(H) " Ty

for all m > mg. Since we are assuming that d = 2 here, we may in fact
assume that k, = h for all v, where h is some fixed topological generator
of H. In particular, we have

Boo,m = ¢m/mo (h)BOO,mo :
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Since we are assuming that X is finitely generated over A(H) and
H = 7Z,, the structure theorem for finitely generated A(H )-modules tells
us that
Booyme ~ A(H)" & T,
where ~ signifies pseudo-isomorphism, r = rank y () Boo,m, and T' is a tor-
sion A(H)-module. Therefore,

e(BOO,mo/BOO,m) = 6((Bm,mo)¢m/mo(h)) = e(Tqﬁm/mO(h)) =0@("),
as given by Theorem u (with H replacing I).
The isomorphism theorem gives us the short exact sequence
0 = Boomg/Boom — My, — My,, — 0.
Hence e(M,,) < e(Boo,mg/Boom) + €(Mp,), which finishes the proof. u
COROLLARY 5.3. If up(Mp) =0, then
enn = Tanp" + O(p").

Proof. Under our assumption on X, [DL17, Corollary A.4] tells us that
there exists an integer p such that the A(I")-characteristic ideal of Xp,
factorises into polynomials whose degrees are bounded by p. The same can
be said about M,, given that it is a quotient of Xy, . In particular, by
Proposition the estimates in hold whenever p"~!(p—1) > p. Hence,
we may choose n,,, = ng for some fixed ngy that is independent of m.

We recall from Corollary that epym = O(p™). Furthermore, if X is
finitely generated over A(H), then ug(X) = 0. Hence, our result follows by

combining ([5.1)) with Propositions and .

6. Bounding ¢, , in the case d = 2. In this section, we assume that
d=2and X € My (G). Since X is torsion over My (G) in this setting, we
have already seen in Corollary that the asymptotic formula of Perbert
can be improved to ~ 5
Enn = up™" + O(np").

However, the error term is larger than that of Corollary [5.3} We now show
that we may obtain an upper bound on €, , with the same error term under
our assumption X € My (G).

PROPOSITION 6.1. Assume that X € My (G) and write X = X /X (p).

Then
e(Xg,,.) < na(X)p™" + Tanp™ + O(p"),
where Tx = rank (g X.
Proof. From , we obtain the long exact sequence
(6.1) = XD)G ., — Xay, — Xa,, — 0.

We shall use e(/?Gn,n) and e(X(p)a,.,) to bound e(Xg, ).
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Since X is finitely generated over A(H), we have already seen in the
proofs of Propositions and that X, is a finitely generated A(I)-
module with

pr(Xm,) =0, Ap(Xm,) = 120" +O(1), e(Xf)=0@").

Consequently, e(é?gnyn) = Txnp” + O(p"™) by Theorem

Since X(p) is Z,-torsion and finitely generated over A(G), it follows
that X(p)g,, , is finite. Recall that there is a pseudo-isomorphism of A(G)-
modules

X(p) ~ @A(G)/p""

for some integers n;. In general, if M and N are pseudo-isomorphic A(G)-
modules that are both Z,-torsion, then [DL17, Lemma 4.2] tells us that

#Mc, , = (#Ng,,,)p°*")

under our assumptions. Therefore,
$XW)G,, = (F DG/ Gl /)7,

and hence

e(X(p)a,..) = p™" Z ni + p" = pe(X)p™™ + O(p).

1

This finishes our proof. m
COROLLARY 6.2. We have the upper bound
Enn < pa(X)p*" + Tanp™ + O(p").

Proof. First of all, we observe that é,, < e(Xg,,/p") thanks to the
short exact sequence (2.3)). Therefore, it is enough to bound e(Xg,, ,, /p").

Since &g, ,, is a finitely generated Z,-module, it is isomorphic to
23 & T,

for some integer a,, > 0 and some finite Z,-module 7;,. This gives an iso-
morphism of abelian groups

X6, /P" = (Z)p")* x T [p".
In particular, this tells us that
e(XGn,n/pn) = apn + e(T/p") < ann + e(Ty).

Since we are assuming d = 2, Corollary tells us that a, = O(1). Hence
we are done by the bound on e(T},) given in Proposition n
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