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Configurations of points in sets of positive measure and in Baire sets
' of second category

by

Frangois Destrempes and Ambar Sengupta (Ithaca, NY)

Abstract. Let Ey, ..., E, be subsets of a topological group G. If G is locally compact Hausdorff
and every E; has positive Haar measure, or if G is simply a topological group and the E;’s are Baire
sets of second category, then there exist non-empty open subsets V3, ..., ¥, of G such that any con-
figuration Xy, ..., %, With x; & ¥ for all #, admits a translation by some element ¢ of G such that
xit € E; holds for all i, We prove this and related facts which generalize some classical results.

Tntroduction. A well-known result of Steinhaus [4] says that if 4 and B are sets
of positive Lebesgue measure in the real line then the difference set 4~ B has non-
empty interior. This was a strengthening of an earlier result of Sierpiniski. Steinhaus
also proved stronger and more general results about configurations of points lying
in linear sets of positive measure. In Section 1 of this paper we prove results which
greatly generalize and unify the results of Steinbaus, and the approach followed
leads to considerably simpler proofs. Our results also easily imply the following result
(see Bick [2]): if E is a set of positive lebesgue measure in R” and C is a finite set of
points in R" then E has a subset C* which is similar to C, in the sense that C can be
transformed into C* by applying a rigid motion followed by a ‘radial’ scaling down
with respect to some point. In particular, the set E contains the vertices of some
equilateral triangle, of some square, eic. Analogous to Steinhaus’ result is the result
of Piccard (quoted in Oxtoby [3]) which says that if 4 and B are Baire sets of second
category in R then 4— B has non-empty interior. This was generalized to topological
groups by Bhaskara Rao and Bhaskara Rao [1]. We present, in Section 2, a version
which relates to the existence of configurations of points.

1. Configurations in sets of positive measure. Let X be a topological space #
a o-algebra of subsets of X, u a non-negative, finitely additive and countably subaddi-
tive set function on # with u(@) = 0. Let & be the set of elements of # on which p
is finite. Bquip & with the pseudo-metric d(4, B) = u(AAB). Let " be the set of
all compact sets belonging to & and which satisfy

u(K) = inf{u(¥): V open, Vel and Vo K},
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Let G be a topological space, Gx X~ X a continuous map which has the
following properties: (a) for any Ee &, and any ge G we have gEe & and
4(gE)y = u(E) and (b) if g€ G and Ee X then gEe X" Thus we bave a map
¢: GxF - (g, E)—~4gE, which takes Gx A" into X"

LavMa 1. ¢ is continuous on Gx A .

Proof. Let g, ke G and E, Fe & <&. Given Ke A" and open UogK with
Ue &, thete is a neighborhood Q of g such that U> QK. Then for any he Q:

d(gE, hF) < d(gE, hE)+d(E, F) < 2d(E, K)+d(E, F)+d(gK, hK)
< 2d(E, K)+d(E, F)+2d(gK, U) .

It is easy to see from this that ¢ is continuous on Gx . &

If Y is a topological space then we denote by ITY the countable product of ¥
with itself, equipped with the “box-product” topdogy. We can form the product
map @: [I(Gx &) —I1F defined by &({x,}) = {p(x,)}. Clearly & is continuous.

The map m: II¥ =0, c0): (E) = p{Niz4 E) is continuous since:

(e 1 EQ— 1 (Oxz 1 Fl € Zin HEAF)

Thus we have proved:

PROPOSITION. The composite map m®: II(Gx &) — [0, ), taking (g, Bzt
to ((nyz 19 By, is continuous. In particular, if, in the above setting, u(Ny» 19 B > 0,
then there exists, for k = 1, a neighborhood Vy, of g,. such that for any sequence (X 1.
with x, e Vy for all k, we have p(x EQ)> 0.

Specializing more, we have the following corollaries. Recall that if y is a measure
on a g-algebra £ of subsets of a set X then, for any Ec X, u* (E) is defined to be
sup{u(K): Ke# and K< E).

CoRroLLARY 1. Let u be a Borel measure on a Hausdorif space X such that every
compact subset is regular, let G be a topological space, Gx X— X (g, x) —gx a con-
tinuous map, e an element of G having the property that ex = x for all x e X. Suppose
that for any Borel set E < X, and any g € G, gE is also a Borel set and p(gE) = u(E),
Let Ec X and 0 < p » (E). Then there exists a sequence (V) of neighborhoods of e in G
such that for any sequence (x,) satisfying x, e V,, the followzng holds:

H* (mn>1an)> 0.

Proof. Follows from the proposition on setting all E,’s equal to some compact
subset K= F, with u(X)>0. H

COROLLARY 2. Let u be left Haar measure on a locally compact Hausdor[f topo-
logical group G, E a subset of G with u (E)> 0. Then there exists a sequence (V)
of neighborhoods of e such that for any sequence (x,) with x,eV,, we have
wx({te G: x,te V, for all n > 1}) > 0. In particular, if y * (E)> 0, then there exists
a sequence (V,) of neighborhoods of e such that for any sequence (x,) with x, € V,,
a configuration (x,t) lies in E.
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Proof. Immediate consequence of Corollary 1, noticing that
Auz1% LE = {teG: x,te E for all n} . B

Corollary 2 gives the following fact: if E is a set of positive Lebesgue measure
in R then there is a sequence of neighborhoods ¥, of 0 in R” such that for any
sequence (x,) satisfying x, € V, for cach k, there is some ¢ € R" such that each x,+1 € E.
Therefore, if C = {x,, ..., x } is any finite set of points in R", we get Ax;e V; by
taking A e R small enough and then translate by e R” to obtain Ax;+1 € E. This
gives a simple proof of the result mentioned in the introduction.

For corollary 3 we need a lemma:
LemMMA 2. Let p be (Ieft) Haar measure on a locally compact Hausdorff topo-

" logical group G and E,y, ..., E,, n22, subsets of G with px(E)>0 for each i.
Then there exist g,, .. ,g,, € G such that u* (E; g, Esn...ng,Ey)>0.
Proof. We prove the case n = 2, the general result following by induction. .
Let K; and K, be compact subsets of G. We have:

UKD p(KD) = (uxw){(x,»): xeK; and x™'ye K,}
= [an(KynyK; )du(y) -

(ux u is the regular Borel product measure.)

Setting K; = K, shows that u(K; ") > 0 if x(K,) > 0. Returning to the general
situation (where K, need not equal K,) and taking K5 1 in place of K, we see that
if p(K,)>0 and u(K,) >0 then, for some ye G, u(KnykK,)>0.

The lemma is now clear. M

COROLLARY 3. Let u be Haar measure on a locally compact Hausdorff topological
group G and, for each K> 1, let E, be a subset of G with px (E)>0.

Then for each n> 1, there exists a family of non-empty open sets Vi, 1 <k<n,
such that for any sequence (X)y<k<n> With x,€ V), for all k, we have

B (MygpenXi B > 0.

We can choose an infinite sequence (x,) such that My % B # 9.

Proof. The first part is immediate from Lemma 2 and the proposition (applied
to suitably chosen compact subsets of the Ey’s). For the second part, we may assume,
without loss of generality, that each E, is compact. Applying the lemma we can choose
a sequence (xy)», such that

W(E X By .0 X, E)>0  for every nz2.

The result now follows by the finite-intersection property for compact sets. B
Corollary 3 generalizes Steinhaus’s results.
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2. Configerations in second category Baire sets. Let X be a topological space.
The Banach Category theorem (see Oxtoby [3]) says that the union of any family
of open sets of first category is of first category. A set B< X js called a Baire set of
second category if B is of the form UA N, where U is open and N is of first category,
and Bis of second category. Note that this implies that no topological group of second
category contains a non-empty open subset of first category.

We need the following analog of our previous lemma:

Lemma. If Uy, ..., U, are non-empty open subsets of a topological group G then
there exist non-empty open sets Vi, .., V, such that for any sequence of points
(Vd1gi1<n With v,€ V;, we have N, <1<,0,U; # O.

-Proof. Choose gy,...,9,€ G such that ee U = g, U, n...ng, U,, where e is
the identity element of G. Choose an open neighborhood ¥V of e with ¥~ *V < U,
The lemma now follows on setting ¥, = Vg, for each k. For if (v)); <,, satisfies
v;eV; for each 7, then Ny, U2 Nigiguvi97 'UD V, since each vygile V
so that Vo g7 U W :

The following result is analogous to Corollary 3 of Section 1:

PROPOSITION. Let G be a topological group and E; , ..., E, Baire sets of second
category in G. Then there exist non-empty open sets Vi, ..., V, such that for any
G1s s G With each g, e V;, we have g, E;...ng,E, # O.

Proof. Let, for 1 <i<n, E; = U;AN, where U, is open in G and N, is of first
category in G. Choose 74, ..., ¥, as in the lemma. Then for any 916V, wagneV,,
we have: g, Usn...ng, U, # @.

Now:

* 91E10..06,8,5[9: U1 0...0g, U]~ [g: Ny U...Ug, N, ] .

By the observation made earlier (following the statement of the Banach Category
theorem above) the right side of (x) is non-empty. This completes the proof. M
It would be satisfying to have a complete characterization, in some sense, of
sets which contain a suitable class of configurations of points. The following question
may be-asked: is it true that if a subset E of R" has the property that there exists
a sequence (¥,) of neighborhoods of 0 such that any sequence (x,) with x, eV,
for all n, has a translate lying in E, then E must have positive Lebesgue measure?
We are grateful to our friends and teachers for discussions and comments.

References

[1] K.P.S.Bhaskara Rao and M. Bhaskara Rao, On the difference of two second category
Baire sets in a topological group, Proc. Amer. Math. Soc. 47 (1975), 257-258, MR 50 # 2386.

[2] T.A. Bick, Similar configurations in measurable sets, Amer. Math. Monthly 1968, Jan.,
page 31,

icm

Configurations of points 159

[3]1 J. C. Oxtoby, Measure and Category, 2nd Edition, Springer-Verlag, 1980.
[4] H. Steinhaus, Sur les distances des points des ensembles de mesure positive, Fund. Math. 1
(1920), 93-104,

DEPARTMENT OF MATHEMATICS
CORNELL UNIVERSITY

Ithaca, NY 14853

USA

Received 16 September 1987


Artur




