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Shape morphisms and spaces of approximative maps
by

V. B, Laguna and J. M. R. Sanjurjo (Madrid)

Absteacs. A structure of separable metric space is defined on the set A(X, ¥) of all approxi~
mative maps of a compactum X towards a compactum Y. It is proved that the shape morphisms
from X to ¥ can be represented as path-components of the corresponding topological space. This.
result is not in general true when the set A(X, Y) is endowed with other natural topologies as it
has been already proved.

1. Introduction. Shape morphisms between compacta X and ¥ can be described
as homotopy classes of approximative maps of X towards Y. The notion. of an appro-
ximative map was introduced by K. Borsuk in his foundational paper of shape
theory [2]. This notion is strictly related to the concept of “a map towards a space”,
used by D. E. Christie [5] in his construction of the the weak homotopy groups.
By an approximative map of a compactum X towards a compactum ¥, which is a sub-
set of a space Q& AR (that in this paper is assumed to be the Hilbert cube), we
understand a soquence of maps fi: X¥—Q satisfying the following condition

For every neighborhood ¥ of Y in Q the homotopy fi = ferq in V holds true
for almost all k.
We shall denote this approximative map by f= {f;, X~ Y}. In [8], the authors
introduced two topologics on the set A(X, Y) of all approximative maps of X
towards ¥, where Y was supposed to lie in the Hilbert cube Q. The first of them was
induced by a metric d: A(X, Y)xA(X, ¥)~ R given by the formula

dCf, g) = sup{dist(fo gl ke =1,2,..} for f,ge A(X, Y).
The sccond one was induced by a pseudometric d*: A(X, NxA(X, Y)-»R
given by
d*(f, g) = inf{sup {dist(fe, g1 k2 kYk =1,2,.}.

The paper [8] was devoted to the study of some properties of the obtained spaces
A(X Y)d and A(X Y)w. In particular, it was proved that if two approxmatlve
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maps f and g belong to the same path-component of A(X, Y); then fand g are
homotopic. However, an example was given proving that there exist compacta X, ¥
and homotopic approximative maps f, g € 4(X, ¥) which do not lie in the same
path-component of A(X, ¥);. The same example applies in the case of the space
A(X, Y),. The authors believe that it could be interesting to have a representation
of the shape morphisms between two compacta X, Y as the path-components of
a certain space of approximative maps between X and Y. As we have just explained,
this is not the case with the spaces 4(X, ¥), and 4(X, ¥)44. In this paper we intro-
duce a metric e on the set A(X, Y) which makes-A(X, Y) into a topological space
with the desired property. The obtained space has some good topological pro-
perties. For instance, it is separable and contains the function space ¥~ as a closed
subset. It also has a property which is in some degree surprising in the present context,
namely it is connected.

The reader is supposed to know the most basic facts about shape theory as can
be found in [3], [6], [9]. All compacta are assumed to lie in the Hilbert cube, Q. We
consider the usual metric on Q.

2. The space A(X, Y),. Consider compacta X and ¥ lying in the Hilbert cube, 0.
We define a metric on the set 4(X, ¥) of all approximative maps of X towards ¥
_by the formula

e(f,0) = sup({ T dist (0, a)/2 xe X}

v {|dist( (), ¥)—dist(gi(x), Y)|| xe X, k=1,2,.})
for everyf= {fis X Y}, g="{g, XY},
This paper is devoted to the study of the correspondmg metric space which we
shall denote by A(X, 1),.

Remark 1. If we consider the set (X, Y) endowed with the metric d studied
in [8], it can be easily seen that the identity 1 Lacx, y: AX, V)y= A(X, Y), is a uni-
formly continuous map.

The next proposition and its corollaries can be easily proved.

ProrosiTION 1. Let X, X', X", Y be compacta, Ifg: X'=Xis a map then
the function y,: A(X, ¥),— 4(X’, Y)E defined by

1) = {fg, X' =71},

is uniformly continuous.
If, besides, h: X' X' is another map, then

yah A(X Y)e"»A(X” Y)e

Jor every f = {fi, XY} e A(X, ),

. Oy ’Yg
Finally,

» = Lyt AX, 1), » AX, V),. B
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CorOLLARY 1. Let X and Y be compacta and X, a closed subset of X. Then,
the restriction function g: A(X, Y),— A(X,, Y), defined by

0(f) =Slxo = {filxo» Xo =Y},  for every f= {f;, X>Y}e A(X, Y),

is uniformly continuous. W

COROLLARY 2, Let X, X', ¥ be campacta If X is homeomorphic to X', then

A(X, Y), is homeomorphic to A(X', ¥),. B
The following statement analyzes a situation related to that of Corollary 2 but
its proof is not immediate.

ProrosttioN 2. Let X, Y, Y' be compacta where Y and Y' are Z-sets in Q
(see [1] or [4D. If Y is homeomorphic to Y’ then A(X, Y), is homeomorphic to
A(X, Y'),.

Proof. Let hy: ¥Y— ¥’ be a homeomorphism. Then (see Chapman [4], Theo-
rem 11.1) there exists a homecomorphism s: O~ Q such that A(y) = ho(y), for
every y & Y. This homeomorphism allows us to define a function ¢,: 4(X, ¥),—~
—~A(X, Y'), by the expression ‘

ol f) = {hfi, XY}, for every f={fi, X+ Y} e A(X, T),.

Let us prove that ¢, is continuous. For this purpose, let f = { fi, X= Y} € A(X, Y),
and fix a positive & Take &' >0 such that

()  dist(h(gy), h(g)) <&, for every gy, ¢, € Q such that dist(g;,g,) <&'.

Consider an index ko1 such that

@ T a<en,

k=kpt1

where 4 is the diameter of @, and

® dist(fu»), ¥Y)< &2, for every xe X and k> k.
From (3) and (1) it follows that
) dist(h+fi(x), ¥")<s, for every xe X and k> k.

Moreover, for every integer k with 1 <k <k, there exists 8> 0 such that
(5  dist(h(g,), M{g2)) < min{e, 82%2+ky}

for every ¢q,qz € @ with dist(gy, 4,) <8.-2*.
Consider & = min{&'/2, 6}, ..., Of,}. Then, for every approximative map
g = {gi, X— Y} such that e(f,g) <5 we have ; ’
©) dist(y(x), gu(R)/2“ < e(f, g) <8 for every xe X, k=1, ... ko
which, by virtue of (5) implies that

M dist(hf0, hg )2 < of2ky  for every xe X, k=1, ko -
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Then, as a consequence of (7) and (2), we get
®8) ¥ dist(h-fi(x), b gu(x)/2* <Ko &/2 ko +ef2 = &  for every xe X .
k=1

On the other hand, the relation e(f,g) <9 also implies that

(%) [dist( fi(x), Y)—dist(g(x), Y)| <5<8/2
for every xe X and k= 1,2, ...
From (9) and (3) we deduce that

(10 dist(gy(x), ¥) <8, for every xe X and k >k,
and by virtue of (10) and (1) the relation
an dist(h-g,(x), Y) <&, for-every xeX and k> k,

holds. Now, from (4) and (11) we get
(12)  |dist(h-fi(x), Y')—dist(h-gi(x), ¥")| <e for every xe X and k>k, .
Moreover, (6) and (5) imply that
(13) ldiét(h Silx), Y)—dist(h-g,(x), ¥) < dist(h£;(x), kg(x)<e,

for every xe X and k =1, ..., ky .
Then, from (8), (13) and (12) we conclude that

e(pi(f)s olg)) <&

which proves the continuity of ¢,.
In an analogous way, it is possible to conmsider the continuous mapping
Pp—1: AX, Y'), =+ A(X, Y), and it can be easily seen that

i @r = Lagt,vyes OntPut = Lage vy, -

Hence, ¢, is'a homeomorphism and the proof is finished.

The following result is an immediate consequence of Corollary 2 and Propo-
sition 2.

CoroLLARY 3. Let X, X', ¥, Y’ be compacta.-where Y and Y' are Z-sets in Q.
If & is homeomorphic to X' and Y is homeomorphic to Y', then A(X, Y), is homeo-
morphic to A(X', Y'),. B .

Each map f: X— ¥ can be identified in a natural way with an approximative
map fe A(X, Y),. We just consider f = {f, =f, X Y}. In this way we define
an injection i: ¥Y* > A(X, ¥).

ProOPOSITION . 3. The function i embeds Y* a5 a closed subset of A(X, Y),.

Under this correspondence, the set & of all homeomorphisms fi XY is mapped
onto a G,-subset of A(X,Y),.
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Proof. The first part of the proof is left to the reader. The second halfis a con-
sequence of the fact that the homeomorphisms are a Gs-set in ¥* (see Kuratow-
ski [7], Vol 11, p. 91). B

The next proposition asserts the separability of the space 4(X, ¥),.

PROPOSITION 4. The space A(X, Y), is separable for any compacta X and Y.

Proof. Choose an approximative map g = {g,, X— Y}edA(X, V),. It is
well known. that the space Q¥ endowed with the metric of uniform convergence is
separable. Let Dy be a countable dense subset of Q.

For every index ko2 let Dy, be the set of all approximative maps
b= {jy, XY} e A(X, Y), such that

he = g4, for every k =k, ,

hoe Dy,  for every k<k,.

(ko—1)
Dy, is countable since there exists a bijection from Dy x ........ x Dy onto Dy,.
o0
Let ll = ) Dy,. Eis a countable subset of 4(X, Y),. We shall prove that E is

kows 2 .
dense in A(X, Y),. To see this, consider f = {f,, X~ Y} e A(X, ), and ¢>0.
There exists an index ko 22 such that

w0

)] Y A4/ <e2 (4 =diamQ)
k= ko
and
()] max {dist(fi(x), Y), dist(gi(x), Y)} <& for every xe X, k>k, .

On the other hand, for every k = 1, ..., ko—1, there exists #; € D, such that

3) dist(f;, k) < minfe, e-25/2(ko— 1)} .
Consider h = {h, X— Y} € D,, defined by

@) he =, if k<ko—1,

®) he=g, ifkzk,.

Then, (1), (4) and (3) imply that
4]
© Y dist(/ix), m()/2" < (ko =1)e/2:(ko—1)+8/2 = 2.
L}
Morcover by virtue of (2) and (5) we have
(M |dist(f(x), ¥)—dist(h(x), Y)| <& for every xe X, k>ko
and from (3) and (4) it follows that

(®)  |dist(fi(x), ¥)—dist(h(x), Y)| < dist(fix), h(x) < &
for every xe X, k<k,—1.
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Ffom (6), (7) and (8) we deduce that -
) e(f,<e.

This proves that E is dense in A(X, Y),.

Hence A(X, Y), is separable and the proof is complete. H

The following example shows that A4(X, Y), is not, in general, complete.

ExampLE 1. Consider two compacta X, Y which admit a sequence of maps
Jot X=Y such that {f;, XY} is not an approximative map of X towards Y.
Let fi X—Y be a fixed map. We define, for each n = 1, 2, ... an approximative
map ¢" = {gi, X— Y} such that

- {8
U

It is easy to see that the sequence of approximative maps ¢", n = 1,2,..
is a Cauchy sequence in 4(X, Y),. However, the sequence g" has mno limit in
A(X, Y),, because if such a limit g = {g,, X~ ¥} existed we would have that the
sequence of functions g, n = 1,2, ... would' uniformly converge to g,, for every
k =1,2,... This would imply that g, = f;, for each k = 1, 2, ... in contradiction
with the fact that {f;, XY} is not an approximative map.

We are now going to give a series of results which are related to the exponentjal
law in A(X, Y),. Consider compacta X, ¥, Z and a map h: Z—-A(X, ¥),. We
have for each z€ Z an approximative map h(z) = {h(2),, X —¥}. Hence we can
define, for each k= 1,2,.., a function Hy: XxZ~ Q by Hy(x, ) = h(2)(x),
for every (x,z)e XxZ.

PROPOSITION 5. The function H, is continuous for every k = 1,2, ... Moreover,
if the shape of Z is trivial, then H = {H,, XxZ - Y} is an approximative map of.
XxZ towards Y.

Proof. Let k, be an index, It is easy to see that the | Li : 7Yy OF
doined by o y hat the function py,: A(X, ¥),~ Q ‘

if k<n,
ifk>n.

.pko(f) = ﬁ‘o’

is uniformly continuous if we consider in Qx the metric of uniform convergence.
Hence, for every k = 1,2, ..., the composition Pl Z- Q% is continuous and, as
a consequence of the exponential law for function spaces, the function ¢, : XX Z -~ Q
such that

for every f= {fi, X= Y} e A(X, Y),

for every (x,2)e XxZ

%, 2) = (2eh) @) (),

is. continuous. Now it is plain that H, = ¢, and this proves, the first part of the:
proposition. ‘

. To prove the second part consider a neighborhood Ve ANR of ¥ in Q. We
claim that there exist ¥, < V, a neighborhood of ¥ in Q@ and ¢>0 guch that

(1) |dist(g, Y)—dist(¢’, ¥)| > for every ge Vy,q'e Q-V.
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Indeed, take &> 0 such that
V)] {ge 0l dist(q, V) <28} ¥
and V, <V given by
3 Vo = {qe Q| dist(g, ¥)<e}.

Then, if qe Vo, ¢'€ @~V we have, by virtue of (2) and (3), that

diht(‘/v Y){B3 dif)t(q” Y),>128.
As a conscquence

[dist(q, ¥)~dist(g’, Y)| = dist(q’, ¥)~dist(g, ¥)> 28—¢ = ¢.

This proves our claint,
Consider now a ¢ >0 such that

“ e(h(z), h(z)) < ¢
Then, there are points zy, 2y, ..., 2, € Z such that for every z e Z there exists 7, with
0< i< n, such that dist(z, z;) < 4. ‘ '

On the other hand, there exists an index k, such that
©) h(z)e = h(@)sy in Vo

Let us sce now that H(X x Z) < V, for every k 2 k. To prove this, take (x, z) e Xx Z
and let i< n be an index such that dist(z, z;) < 6. Then (4) implies that

e(h(2), hiz)) <&

for every z,z e Z with dist(z,z) <6 .

for every k2 ky, i =0,1,..,n.

and, in consequence, we have

(6) [dist(Hy(x, 2), ¥)—dist(Hx, z), Y)| <e¢

Now, by (5) H(x,z)e V, for every k =k, and from (6) and (1) we have that
Hyx,2)eV for every k=k, .

for every k=1,2, ...

Since ¥ e ANR, for every k 2 ko there are a neighborhood T}, of Z in Q and a map
By: XX T,V with

) Ax, 2) = Hyx, 2)

Moreover, since the shape of Z is trivial, we have for every k>k0 a map
op: Zx [0, 11=T, such that

® %z, 0) = z,

Now we define for each k3 k, a homotopy F;: XxZx[0, 11—V by F(x, z, t)
= Hk(x, oz, t)). Obviously, from (7) and (8) it follows that :

(9) Fk(.x, Z, O) ] Hk(x,z), Fk(xs Z, 1) = Hk(x7 ZO)
for every (x,z)e XxZ

for every (x,z)e XxZ,

ulz, 1) =z, for every zeZ.
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and, from (5) and (9), it can be easily deduced that
H,~ H,yin ¥V, for kzk,.

This proves that H = {H,, XxZ—Y} is an approximative map and completes
the proof of the proposition. B

It should be noted that the second part of Proposition 5 does not hold without
the condition of shape triviality of Z as the following example shows.

ExaMPLE 2. Suppose X = {p} (a point),
Y=Z=58"={z=(2,2) d4+5 =1},

the unit circle in the plane, and let s: S*— S be the map defined by s(zy, z,)
= (—z,,2,). It is easy to see that the function h: Z—A4(X, Y), defined by

z if k is Odd »
h(2)(p) = {s(z) if k is even

is a continuous mapping, but the associated sequence of maps Hy: X'xZ-Q
-does not define an approximative map of X'xZ towards Y.

The next result is a converse to the second part of Proposition 5. Consider
compacta X, Y, Z,amaph: Z— A(X, ¥),and, foreach k = 1, 2, ..., the function H,
defined just a line before Proposition 5. If H = {H,, XxZ~ ¥} is an approxima-
tive map, then we say that H is the approximative map associated to h.

PROPOSITION 6. Let H = {Hy,, XxZ~Y} be an approximative map, where
X, Y, Z are compacta. Then, there exists a map h: Z— A(X, Y), whose associated
-approximative map is H.

Proof. Consider for each z € Z the partial approximative map «* = {a}, XY}
e A(X, Y), such that

1) . : %(x) = Hy(x,z), -for every xe X, k=1,2, ...
We define a function h: Z— A(X, Y), by
) h(z) = &%, for every zeZ.

We must prove that 4 is continuous. To see this take zo€Z and &> 0. Consider
an index k, >1 such that

3) Y A/2*<e/2, where 4 = diam Q
k=ko+ 1
and
@ dist(H(x, 7), Y) <z, for every (x,2)e XxZ, k> kg .

On the other hand, for every index k < ko, there exists a number &, > 0 such thal
(5)  dist(H(x, 2), Hy(x, z)) < min{e, e-2%/2 k,}
‘ for every xe X and z e B(zy, §)) .

L.
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Let § = min{dy, ., Oy} > 0. If dist(z, z5) < § in Z, then by (3) and (5) we have

©) kzl dist(Hy(x, 2), Hy(x, 20))/2" <ko-8/2 ko +8/2 = &, for every xe X.
By (4) we have

() |dist(H(x. 2), ¥)~dist(H(x, z), ¥)| <& for every xe X, k> ko

and from (5) we get

(®)  dist(H(x, 2), Y)~dist(H(x, z0), Y)| < dist(Hy(x, 2), Hx, z)) <6
for every xe X and k <k, .
Then, (6), (), (8), (2) and (1) imply that

e(h(z), h(zp)) <&
and, as a consequence, i is continuous. Moreover
h(2)(x) = oil(x) = Hy(x, 2).

Hence, H is the approximative map associated to A This finishes the proof. B

The next corollary whose proof is left to the reader allows us to identify the
spaces A(X, Y)? and A(XxZ, ), when the shape of Z is trivial.

COROLLARY 4. Let X, Y, Z be compacta and suppose the shape of Z is trivial.
Let s A(X, V)i A(XxZ, V), be the correspondence which assigns to each map
h: Z—dA(X, ), the associated approximative map H = {H,, XxZ—Y}. Then ¥
is an isometry, If we consider the wmetric of uniform convergence on A(X, Y)Z. M

The following result was the main motivation of this paper.

COROLLARY 5. Two approximative maps f,g: X— Y are homotopic if and only
if they lie in the same path-component of A(X, Y),. As a consequence, the shape
morphisms of X to Y are in bijection with the path-components of A(X, Y),.

Proof. fand ¢ are homotopic if and only if there exists an approximative map
H = {H,, XxI-Y} (see Borsuk [3], p. 206) such that. .

Hy(x, 0) = fi(x),

But by Propositions 6 and 5 this is equivalent to the existence of a map a: I-+4(X, Y),
such that £(0) = f, h(1) = g. W

As a consequence of Corollary 5 we get a new characterization of shape-triviality.
The proof of this result is left to the reader.

COROLLARY 6. For a compactum Y the following three conditions are equivalent:

(a) A(X, Y), is path-connected for every compactum X.

(b) A(Y, Y), is path-connected.

(©) The shape of Y iIs trivial. W

5 -« Fundamenta Mathematioae 133/3

Hx, 1) = gx), for every xe X, k=1, ?,
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In view .of the results which we have obtained about the path-components
of 4(X, Y), it can be interesting to know something about the nature of the
(connected) components of A (X, ¥),. Here we get a quite surprisingresult: 4 (X, ¥),
is connected. To prove it we need before a technical lemma. The symbol [ £] means
the class of all approximative maps homotopic to f.

LemMA 1. Let X, Y be compacta and f: X—Y a map. Consider the approxi-
mative map f = {f,, X~ Y} generated by f (i.e. fi, =S, for every k) and let
g = {gx, X~ Y} be an approximative map such that g ¢ [f). Then, for every ¢>0
there exists he [g] such that e(f, h) < e.

Proof. Consider an index k, = | such that

6)) dist(g,(x), ¥)<e, for every xe X, k>kq,
o) Y A/2"<e,  where 4 = diam Q.
k=ko+1 )

We define an approximative map h = {f, X~ Y} by

3 - f=f Hk<k,
@ i {gk if k> ko
Clearly ke [g] and from (1), (2) and (3) it follows that
@ kzl dist( £4(x), B(x))/2¥ <& for every xe X
and that
; : 0 if k<k,
5 dist( £,(x), Y)—dist , =7 K<,
© AR, 1)~ dist (b, ) {dISt(gk(x): ) ifk>k

for every xe X.
As a consequence of (4), (5) and (1),

e(fib<e
and this completes the proof. B
CoroLLARY 7. Let X, ¥ be compacta such thai there are at least two different
approximative classes from X towards Y. Then, there exists a class [f] which is
- @ non-open set in A(X, Y)..and the rest of the classes are non-closed sets in A(X, Y),.

Prf)of.. Let f: XY be a map and consider the class [ f1, where f is the
approximative map geverated by f. Suppose that g: X— Y is an approximative

nlalap such that [g] # [f]. By Lemma | there exists, for every ¢> 0, an k& [¢] such
that

, e(f,B)<se.
This proves that [£] is non-open and [g] is non-closed. M
We are now in a position to prove our final result.
ProroSITION 7. A(X, Y), is connected Jor all compacta X and Y.
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Proof. If there exists only one approximative class of X towards ¥ then, by
virtue of Corollary 5, 4(X, Y), is path-connected. Hence, we can assume that

. there are at least two different approximative classes. If 4(X, ¥), is non-connected

there are two non-empty open sets Gy, G, of 4(X, ¥), such that

(1) A(X, Y),= G1UG2, Glﬁ(;'z:g.

Choose a map f: X'—Y and consider the approximative map f; X— ¥ generated
by f. Suppose that f'e G,. Since [f] is, by virtue of Corollary 5, a path-connected
subspace, we have that

@ [fleGy.

Consider an approximative map g€ G,. From (1) and (2) we get that g ¢ [f].
Since G is open in 4(X, Y), there exists &> 0 such that

) he G, for every he A(X, Y), with e(f, H)<e.

By virtue of Lemma 1 there exists an approximative map ke A(X, ¥), with
@ helgl,

® e(f,W<e.

Now (3) and (5) imply that & € G, and the fact that [g]< G, together with (4) imply
that h e G,. This contradicts the hypothesis that G, G, = @, and we have proved
that A(X, Y), is connected, M
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