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Abstract, The aim of this note is to answer a questién from [M-R], and to show that the
examples constructed in [M-R] have several other properties.

In [M-R] D. McCullough and L.R. Rubin presented an interesting con-
struction and proved the following result: for each n 3> 2 there exists an #-dimensional
continuum, X such that the space E(X, R?" of imbeddings from X into R*" is dense
in the space C(X, B*") of continuous maps to R*". The authors asked the followmg
question: .

Is this property related to the phenomenon of #-dimensional compacta whose
products have dimension less than 2n?

The aim of this note is to answer this question (see Theorem 1.1), and to show
that this property is equivalent to some other properties (see Theorem 2. 2). At the
end of this note we pose a problem (*) which, taking into account the above result of
D. McCullough and L. R, Rubin and the results of this note, seems to be very
important, 1t is a more concrete form of the above problem.

1. An answer to the question. In this section we prove the following

1.1. THEOREM. Let X be an n-dimensional compactum, nz1. If E(X, R*)
is dense in C(X, R*™) then dimX'x X < 2n. ‘

This theorem is a direct consequence of 1.4 and 1.5.

By D" we denote the closed unit ball in R".

A mapping f: X-»D™ is said to be transversely trivial with respect fo a mappmg
g: Y—D" (briefly: f and g are transversely trivial) if there exist two mappmgs
F X ~*D"‘><D" and G: Y->D"xD" satisfying the conditions:

(1) Added in proof. Affirmatively solved by S. Spiez.
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@) F(x) = (f(x), 0} for xef~*(aD™),

(i) G(x) = (0, g(»)) for yeg™'(aD",

(i) F(X)nG(Y) = .

Here 0 denotes the origin of R*. If fand g are not transversely trivial then they
are said to be transversely essential. If f is transversely trivial with respect to itself
then we simply say that it is transversely trivial.

For the definition and properties of essential mappings see e.g. [K].

1.2. If fxg: Xx Y—D™xD" is essential then [ and g are transversely essential.

Proof. For suppose there exist mappings F = (fy, /) and G = (g4, g,) as in
the definition above. By (iii) and [K-L], 2.2, f; xg, Xx Y—=D"x D" is inessential.
By (i) and (ii) we have f;] f~1(@D™) = f| £~ *(8D™), and similar cquality holds for g,
and g. It follows that fx g is inessential (see e.g. [K], 1.1), a contradiction.

1.3. If f: X—D™ and g: Y->D" are transversely essential then there exists
an &> 0 such that for every mapping F: X — R™x R" whichis ¢-close to (f,0): X —
— R™ x R", and every mapping G: Y— R" x R" which is ¢-close to (0, g): Y— R"x R"
we have F(X)nG(Y) # D.

Proof. Put ¢ = %. Consider two mappings F = (i, /f2) and G = (¢, ¢2)
satisfying the hypothesis. Let «, §: [0, «0) = [0, 1] be given by the formulae:

0 1<%, 1 1<%,
a() = 961-3  }<t<y, B() =q-6r+4 I<1<},
L 2%, 0 >4,

Define F': X—>R"xR" and G': Y- R"x R" by

F'(x) = (1=a(AEN) A +a(l LG S G, ﬁ(lfx(x)l)fz(x)) ’
GO = (Blg2(Ng1(), (1= (19209200 +(1920))g () -

Since im F'uim G’ < D" x D", F'(x) = (f(x), 0) forf(x) & 8D™ and G'(y) = (0,9(»))
for g(y)edD", by our hypothesis there is a point (x,y)e Xx ¥ such that
F'(x) = G'(y). Then we have

| (V=2 £iIN) A1) +a(l L) £ )] < g3 (0D < %

It follows that | fi(x)| <% since |fi(x)—f (x)] <%. Similarly |g,(»)| <4, and we
conclude that F'(x) = F(x) and G'(y) = G(y). This completes the proof.

V4. If X is a compactum such that E(X, R*) is dense in C(X, R*) then any
two mappings fi: X(—D"-and f,: X, —D", where X, and X, are disjoint closed
subsets of X, are transversely trivial. In particular, fy xfy: X X X, -D"xD" i
fnessential.

Proof. Suppose f; and f, are transversely essential. Let &> 0 satisfy 1.3 for
S=fiand g =f,. Let h: X—>R"xR" be a mapping whose restriction to X, is
(/f1; 0) and restriction to X}, is 0, f,). By our hypothesis there exists an imbedding
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H: X— R"x R" which is an g-approsimation to 4. Then F = H|X; and G = H| X,
are g-approximations to (fy, 0) and (0, f,) respectively, with disjoint images. This
contradicts 1.3 and proves the first assertion. The second follows now from 1.2.

1.5. For an n-dimensional compactum X the following are equivalent:

(1) dim X x X < 2n,

) for every mapping f: X —D" its square f x fi X x X —~D"xD" is inessential,

(3) for any two mappings fy: X, D" and fy: X, D", where X; and X, are
disjoint closed subsets of X, fyx fo: Xy %X X, —+D"xD" is inessential.

Proof. (1)=-(2). This is well known. (2)=>(3). Suppose f; X fz is essential,
Let /2 X~D" be any extension of the mapping X, u X, — D" given by f; and fa
Then f'x f is essential since its restriction to X;x X, = Xx X (equal to fy % f2) is
essential. This contradicts (2).

(3)=(1). Suppose dim X x X = 2n. Then there exists an & >0 such that for
every go-mapping Fi'Xx X— Y we have

(a) . dimF(Xx X)z2n.

There exists an 1 > 0 such that for every n-mapping f: X-»P (P is to be fixed
from the next sequence omn) we have

(b) fxfi XxX—PxP is an g-mapping.

There exists an n-dimensional compact polyhedron P and an #-mapping

J: X—P. There exists an & >0 such that

c) 4 c:Px‘P) & (diamA < &;)=>diam(fx f) (A <& -

Let K be a finite simplicial complex such that |[K| = P, and let Kx K denote
the cell complex composed of all cells s; X s, <PXxP, where s,, 5, € K. We can
choose K so fine that

@ diam(st(c, Kx K))<e; for each ce KX K.
Now we are going to show that there exist two n-simplices sy, §5 € K such that
(e) FXS () sy x85)— 5, %85 is essential .

Suppose not. Then there exists a mapping F: X' X |(Kx K™ such
that for each ze X'x X

) both F(z) and (fxf)(z) belong to one cell of KxK.

Note that F is an so-mapping. Indeed, given y e imF there is e K x K con-
taining y and by (f) we have F~1(3) = (f x f)~!(st(e, Kx K)). The assertion follows
now from (d) and (c). But this is impossible: dim({im F) < 2n, contrary to (a). This
proves (e). '

6 — Fundamenta Mathematicae 133/3
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Now take two n-simplices 7, =s; and 1, s, so that 1y, = & and let
X, =f"3(t)), X5 =f"Yrp). Then X; and X, are disjoint closed subsets of X.
Letfy: Xy -1, and f,: X, — 1, be the corresponding restrictions of /. By (e) and [K],
1.9, fix fa: X;x X,—~ 1, X1, is essential, a contradiction.

2. Some equivalent properties. Theorem 2.2 shows that some seemingly different
properties of compacta are equivalent. Its proof relies heavilly on the following
lemma. :

2.1. Let X be an n-dimensional compactum. Assume any iwo mappings
®: A~D"and y: B—D", where A and B are digjoint closed subsets of X, are trans-
versely trivial. Then E(X*{0, I}, R*™) is dense in C(Xx{0, 1}, R*).

Proof. It suffices to show that the set of e-mappings C,(Xx {0, 1}, R*) is
dense in C(Xx {0, 1}, R*), for every ¢>0. So, let £>0, f+ Xx {0, 1} > R*, and
8>0 be given. It remains to construct a mapping 4 such that

) he C(X%{0,1}, R and d(h,f)<5.

In this proof we assume that X is equipped with a metric ¢ bounded by 1, and
the metric on X% {0, 1} is given by

d((e, 1), (0, ) = {i(x,y)

fori=j,
foris#j.

We claim that there exists 4 mapping p: X'— P, where P is a compact poly-
hedron with dimP<n, and a mapping g: Px {0, 1} -+ R* such that

) pis an e-mapping and  d(g o (pxid),f)<d/2.

Indeed, let X = lim{X, p X, - ...}, where X;, k>1, is a compact poly-
hedron with dim X, < ». Then there exist r > 1 and a mapping g': X, x {0, 1} — R*
such that d(g’ « (p, xid), f) < 8/2, where p, stands for the projection X — X.. Let
s2Zr be so large that p;: X— X, is an ¢-mapping. Setting P = X,, p = p, and
g =g’ (p,sxid) one easily sees that (2) is satisfied. This proves the claim.

Since p is an e-mapping there exists a finite simplicial complex K such that
|K| = P and i

)] s€ K = diamp~(s)< e
Applying the general position theory we may further assume that

(4) g maps vertices of Kx{0,1} to a maxirﬁal]y independent subset of R,
and g is linear on each simplex of Kx {0, 1},

S 9(S@) = {21, ..., z} and each set g~Y(z)) consists of two distinct points
(a;, 1) and (b, i” .
(if S(g) = J then A = go(pxid) satisfies (1) and the proof is complete),

6) q18(g): S(g)—P is an injection .
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Here S(g) = {xePx{0,1}: (x) #g7'g(»} and g¢: Px{0,1} =P is the
projection.
For x € P let s(x) denote the simplex of K which contains x in its interior. Then

s(a) and s(b)) are n-dimensional by (4). By (5) and (6), for each i <1, there exist
imbeddings '

wi % 0)>(s(a), @) vit (0%, 0)>(s(5), b)

having pairwise disjoint images. Let 4} = imu, and let B} = imv,. Moreover, we
can choose the imbeddings in such a way that there exist imbeddings

w D"‘xD"—fRz”, i<t,
with digjoint images and satisfying the conditions:
Q) diam(imw,) < 5/2, .
wi0, x) = g(vi(x), ).
Ix (VB x(").

(8) wix, 0) = g(ux), ),
) ‘ - g™ l(imw) =

The sets 4; = p~'(4}), B, = p~(B}), i<t, are pairwise disjoint and closed in X.
By our hypothesis the mappings @ A;-D", x—u; *p(x), and x_p;: B; D",
s -y *p(x), are transversely trivial. It follows that there exist mappings

F;: A;-»D"xD", Gy Bi»D"xD"

such that

) F() = (ip(,0) if p(x)eddi,
an G(x) = (0,07 'p() if p(x)<dBL,
(12) F,(A;)(\G‘(Bl) = Q .

Here 2 stands for the manifold boundary of the topological cells. For a ‘cell A by
intA we denote its manifold interior. Note that int4; and int B} are open in P since
they are n-cells lying in n-simplices of .P and dimP = n. It follows that the set

= {0, U ) (7 Gt (1) 0p™ Gt B) <)

is closed in X% {0, 1}. ‘ .
Now we are ready to define the mapping h: X% {0, 1} - R*".
We define & as follows:

for (x,H)e?,
for (x,j/) e d;x({),
for (x,j)e B;x ("),

g o (pxid)(x, )
w; Fi(x)
WG (x)

h(x,j) =

6*
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where j = 0,1 and i = 1, ..., t. By (10), (11) and (8), & is well defined. Hence 4 is
continuous as a combination of mappings on closed sets. Note that by (9) and (7),
fis (8/2)-close.to g o (p xid). Hence by (2) we have d(h, ) < 5. Now we shall show
that & is an g-mapping. So let z eim#h. First consider the case where z U imw,.
Then 77'(z)< ¥, and therefore (z) = g((p>id)(h™(z))) and (pxid)(h™*(2))
= Px{0, 1}\S(g). Since g is injective on the latter set it follows that (pxid)(h*(z))
is a one-point set ((c, /). Hence h™'(z) =p~ () (j) and by (2) we infer that
diamZ™!(z) < . Now consider the case where z e imw,, for some i< 1. Since the
images imw; are pairwise disjoint, by (9) it follows that ™Y z) < A, x (') U B, % @i,
From the formula defining # and (12) we infer that either K@) e A, % (i) or
h™Y(z) = B;x (i"). It follows that (p x id) (h™*(2)) is a subset of a simplex of K x {0,1}
and by (3) we conclude that diamA~(z) < &. Hence in either case diamh~1(z) < e.
This proves that 4 satisfies (1) and the proof is complete.

Two mappings f, g: X— Y are said to have the disjoint images property if for
every ¢>0 there exist mappings f',g’: X— ¥ with disjoint images and such that
d(f,./)<e and d(g,g") <.

2.2. THrOREM. Let n> 1. For an n-dimensional compactum X the following are
equivalent '

(1) any two mappings f,g: X — R* have the disjoint images property,

(2) any two mappings f,g: X—D" are transversely trivial,

(3) every mapping f: X —D" is transversely trivial,

(4) any two mappings fi: X{- D" and fo: X, —»D", where Xy, X, are disjoint
closed subsets of X, are transversely trivial, ‘

(5) E(Xx{0, 1}, R*) is dense in C(Xx {0, 1}, R?"),

() E(Xx C, R™) is dense in C(XxC, R™), where C is the Cantor set,

() E(X, R*) is dense in C(X, R™).

Proof. (1)=(2). This follows from 1.3. (2)=(3). Trivial. (3)=(4). Let
fi X—D" be an extension of the mapping X, U X, »D" defined by fi and f,. By
the hypothesis there exist mappings F, G: X — D" x D" satisfying the definition of
transverse -triviality for f. Then the mappings Fy = G|lX; and F, = G|X, satisfy
the definition of transverse triviality for Ji and f5. (4)=>(5). This is Jemma 2.1.
(5)=(6). It follows from (5) that, for each k3 I, the set E(Xx{0, ..., k}, R
is dense in C(Xx{0, ..., k}, R*). Then (6) is a direct comsequence of this fact.
(6)=>(7). Trivial. (7)=(1). By 1.4 we have (7)=>(4). Since (4)=(5) and (5)=>(1),
the conclusion follows. This completes the proof.

ProsiEM (*). Let X be an n-dimensional compactum, nz2, such that

dimXx X<2n Is it true {hat every mapping f: X—D" is transversely
trivial ?

(® See foornote () on page 247,
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