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Equivalent norms on separable Aspland spaces

by
COFINET (Mons) and, W, SCHACHERMAYER (Linz)

Abstract. Uvery Banach space £ with separable dual has an equivalent norm such that the
dual nornz on E* shares many properties of the norm of I', For example, the unit ball of E* is
the closed convex circled hull of 4 sequence of strongly exposed points (with a uniformity in the
strong exposition), similarly to the ball of /' which is the closed convex cireled hull of the unit
vectors. As an application we show e.g. that for given ¢ > 0, there is an equivalent norm on E
such that for every proper subspuce F & E* the ball pB{F) of radius ¢ of F is not weak-star
dense in the unit bail of E* whenever p < 2—e¢. This is similar to the situation for the case E*
= {', where this result holds true even for ¢ = 0. In particular, the mentioned result solves
affirmatively a question of D. van Dulst and I. Singer [2].

Introduction. We consider the problem of renorming separable Asplund
spaces 10 have some “smoothness properties”.

In particular, we are interested in the characteristics of subspaces of dual
spaces. The notion of characteristic was introduced by J. Dixmier [1]. Let us
recall the definition. The characteristic of a subspace X of a dual space E* is
ihe greatest number r = r(X) such that the unit ball of X is o{(E*, E) dense
in the ball of E* of radius r. Obvicusly 0 < r(X) <€ 1.

D. van Dulst and . Singer studied the influence of Kadec-Klee norms
on the characteristics [2]. If E is a Banach space with separable dual and if
the norm of E is a Kadec—Kiee norm then any proper subspace of E* has
a characteristic strictly less than one. Therefore every Banach space E with
separable dual has an equivalent norm such that any proper subspace of E*
has a characteristic strictly less than one.

. van Dulst and 1. Singer raised the following problem. Let £ be a
nonreflexive Banach space with separable dual. Does there exist an equiva-
lent norm on E such that for some constant o < 1, we have r(X) < « for all
proper subspaces X of E*! In this note we shall seitle this question
affirmatively: It is possible to renorm a Banach space E with separable dual
so that the number x(E) is strictly less than one, where y (E) is the supremum
of the characteristics for alt proper subspaces of E* (Corollary 8).

Let us note that for u nonreflexive Banach space E, we have y(E) = 1/2
[2].

G. Godefroy and P. Saphar proved that if E is an M-ideal of its bidual
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then x(E) = 1/2 [5]. And it was shown by B. V. Godun and M. L. Kadets
that if E is a quasireflexive Banach space then there exists an equivalent
norm such that x(E)=1/2 [6]. Our renorming technique provides the
following result: If E is a separable Asplund space then for every z = 0, E has
a (Fréchet-differentiable) renorming satisfying y(E) < 3+¢ (Theorem 9).

Acknowledgements. The authors thank Professor G. Godefroy and Pro-
fessor H. P. Rosenthal for some conversations on the present topic,

Notation, definitions. Let E be a Banach space. We denote by B(E) (resp.
S{E)) the closed unit ball (resp. the unit sphere) of E. We denote by E* the
dual of E. [x,] denotes the norm-closed linear span of a sequence {x,). We
also use the notion of w*-basic sequence [7]. A sequence (x¥) & E* is called
w*-basic provided that there is a sequence (x,) = E so that (x,, x*) is
biorthogonal and far each y in the w*-closure of the space generated by (x¥),

n

Yyt Sy,
f= 1
A. Renormings of separable Asplund spaces. The following properties
have been used by J. Lindenstrauss [8], J. Partingtons [9] and the second
author [10] in the study of norm attaining operators.

Derinmion 1. {a) The Banach space X has property o if there are 0 < J

<1 and a family’ {(x,, y)luer €X x X*, with |Ix,]| = [iy,]| = (Xz, ¥ > = |, such
that:

() For B #u, [{x,, yp3] € A
(i) The unit ball of X is the norm-closed circled convex hull of ) et

(b) The Banach space X has property B if there are 0 <A1 <1 and a
family {(xqs Yadlaer €X % X*, With ()l = Iyl = Cxa > = 1, such that:

(M) For B a, [<x,, yp> < 4.
(i) For xeX, |[x|| = sup {|¢x, yol: aell,

The typical example of a space with property « is {*; on the other hand,
the spaces ¢, ! and finite-dimensional spaces with polyhedral unit balls
have property §. '

The duality between properties « and § has been studied in [107: X has
property o iff X* with the dual norm has property f8, where in addition to (i)
and (it} of Definition 1(b) the family (Vadeer = X** is in X. A typical example
is the pair X =7 and X* ==,

The example of the pair X = ¢o and X* ={! leads us to introduce a
new property which we shall call property f in the strong sense:

- DeriNiTiON 2. X has property B in the streng sense if X has property B
and in addition the unit ball of X* is the norm-closed circled convex hull of
(ya)asi . 1 I

Equivaleni norms on Asplund spaces 277

Clearly X has property f in the strong sense iff ¥* has property o,
where the family {yu),.; € X** in Definition 1(a) may be chosen in X. Note
that in general the unit ball of X* is the w*-closed convex hull of Yadaer-
Also note that a separablc Banach space wilh property f in the strong sense
has a separable dual,

Of course, property fi in the strong sense implies property fi, while the
converse is not true. Moreover, if X is a reflexive Banach space then X hag
property fi in the strong sense iff X has property 3 iff X* has property o.

In [9]. it is shown that every Banach space has an equivalent renorming
satislying property f. On the other hand, every WCG spdee may be
equivalently renormed to have property o [107.

[ this section we show that every Banach space with separable dual
may be equivalently renormed to hayg property fi in the strong sense,

The next lemma is a consequence of the results of [7].

Limma 3. Let X be a separable Banach space. Then X* contains an w*-
basic normalized sequence which is not equivalent to the usual basis of I*.

Proof. By [7], we may find an w*-basic normalized sequence (x5, in
X* and an associated biorthogonal sequence (%) in- X,

If (x¥} is not equivalent to the [*-basis we are done. If (x*) is equivalent
to the usuval basis of ', write (x)%, and (x})y=1 as a double-indexed
sequence ((xh, x¥9% )i 1, where the correspondence is given by n = 2%+ /—2.
Define, for k&N and 1 < m <k,

zk
= Z ’.m((]—— 1/2)/2":)3(11“
I=1
Zk
=270 Y r (1172725 <,
fe ]

where r,, denotes the mth Rademacher function on [0, 1]. Clearly the dguble
sequence (=7, 2% .. ) Is biorthogonal and the sequence (=3}~ ) is
bounded from above and below. Hence letting ef" = z§™/|lz}"||, we obtain an

w*-basic normalized sequence which is not equivalent to the usual basis
Now: stays

of ' as, by Khinchin’s inequalily, the sequence (Hk“”zﬁ.,_,]e;:"

bounded. . _
Finally, relabel ((¢f"™) . )s1 85 (€¥)%, and the lemma is proved,
The next proposition uses the idea employed in [9] and [10].

Provosirion 4, Let X be a separable Bunach spuce, D a nerm-separable
w¥-compact subset of X* and 0 <A <1. There exist bounded families
ww ) o, . 1 »
(e he 0y in X and ()2 ey in X* with (., x> =1 such that:

(j) F'(”. (F!i) # (kw “1 '<xi,‘}1 Yﬁi)i g- ‘J"‘
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¥ 3 o4}
(ii) If C denotes the norm-closed circled convex hull of (x})Z 1);= 1. then
C is w*-compact and C contains D.

Proof Without loss of generality, we may assume D to be circled and
convex. Apply Lemma 3 to find a normalized w*-basic sequence (ef)", in
X* which is not equivalent to the usual basis of I'. It is easy (o see thal we
may rearrange it into a double-indexed sequence ((¢¥){Z ) in such a way
that each of the sequences (ef)72 , is not equivalent to the usual basis of /',

By changing signs if necessary, we may therefore assume that for each

M
ieN and & > 0 there are scalars ()M, 0< ;< 1, ¥y 4y = 1, such that

M
12 wet <e.
=1

Let {(; )2 1 )=, be a bounded seqhence biorthogonal to ((¢f) )%, and
(z¥)2, a dense sequence in D. Let M=supllel: i jeN], N

= sup {|iz*||: z* €D} and K > (A7 '+ 1) MN. For i, j eN define x; ; and x}, in
the following way:
xy =+ Kely,  x=e/<e X

w

Clearly the sequences {(x;)2:)=1 and {(x¥)2 (=, are bounded since
[<en X2 2 e g Kefidl ~14e . 229 2 K~ MN > A7 MN.
And for i, jeN, one has (x;;, x¥) = L.
On the other hand, if (i, )+ (k, )
Vg XE 00 < Gt 28D+ K 50 D)
< MN/(A™' MN)+0 < 4.

The set C contains D. Indeed, for given ieN and ¢ > 0 choose (,Laj)j?‘: | 88
above. Then

M M
o= X wxi| = K[| 3 webf <Ke.

J=1 Jj=1
Hence C contains each z¥ and therefore D, ‘

The set C is w*-compact, Indeed, let (W¥)pr = {3ty XF Juer be 2 net
of convex combinations of (x})2, converging weak-star to some w* & X*,
We have to show that w* is in C. We may assume that, for every (i, j), the
net (U, ;).e; COnvVerges to some y; ;. Let

By X,
. i,f

Clearly 0 € p< 1 and we may find a finite subset F = N x N such.that i
— Dper Hi Xt <.

icm
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For awel, let

T -
L= Y Moy X

(i, j) el
*
Uy = Z Aua,i,Jz;*u
(. eN2\F
¥
Uy = K Z Hay ‘??:i'
A eNIF

One has wi = if+uf +vf. We may assume that (1%),,,, (F)eer and (2)ne,
converge weak-star to (* u* »* respectively. Clearly,
e ¥ e
ry

On the other hand, for & > 0, there is w,ef such that for a > g

Y Hag <(l=p)+3,

LNy

Since D is w*-compact and is contained in € and & is arbitrary, u*e(1—p) C,
whence *+u* e,

Since the w*-basic sequence (e*)2, w*-converges to zero ({7],, Remark
111.2), ’

hence  uf e((1-pw+48)D.

=Ky
thaN?F
and therefore |[v¥]] < Kz, so that dist(w*, €) < [[v*| < £K.
This shows that C is w*-compact and we have proved the proposition. m

*
g€l

CorotLary 5. Every Banach space X with separable dual may be equiva-
lently renormed to have property f in the strong semse. In fact, the constant A
appearing in Definition 1 may be chosen arbitrarily in 70, 1[.

Proof. Given Ag]0, I[ apply Proposition 4 with D the unit ball of X*
to find bounded families (x, ). ( in X and (x)%. in X* with {x, x5O
= | salisfying (i) and (i), For xeX, define |||x||| = sup {| ¢x, x> i, jeN).
This is an equivalent norm on X such that (X, ||| '||)) has property £ in the
strong sense. m

B. Applications

1. A smoothness property. Let us recall the definition of almost uniform
smoothness introduced in [37], Let X be a Banach space. % (X) is the set of
the points of the unit sphere where the norm is smooth; for every x € %(X),
we denote by f, the support-mapping at the point x.

DipiNrrion 6. We say that X is almost uniformly smooth (a.us.) if there
exists a family (4)y..., of subsets of %(X) such that:
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() Yeel0, I1[, 36() > O:
[yeB(X*), xe4, and y(x) 2 1=4()] = [y—Al €«
{iy Veel0, 1[; B(X¥) =conv \f: xeA,+eB(X*).

ExaMPLES. ¢y(I) is a.uws. for any I'. Every superreflexive Banach spuce is
a.us. for every equivalent norm. if X and Y are superreflexive Banach spaces
then the space of compact operators from X to Y is a.us.

The motivation for the introduction of this class was the following:
among the aus. Banach spaces a nice characterization of dual spaces is
available [47]: an a.u.s, Banach space X is isometric to a dual space iff one
has ry(B) = ryw(B), for every bounded subset B of X, where ry(B) denoles
the Chebyshev radius of B in X,

rx(B) = inf {sup|lx—yl|}.
xeX yeB

Let X be a Banach space with property f in the strong sense. There
exist 1 &[0, 1[ and a family {x,, y),e; © X x X* as in Definition 2. Note that
the points (Ve are uniformly strongly expesed by w*-continuous lunctio-
nals: indeed, let ¢ >0, choose d(s) ={1 -2 /2. Let x*eB(X*) and z€l.
Without loss of generality, we may assume that there exist scalars p; (i
=1,....n such thal

Sl =1, xX* =Y iy, @ =a.
) :

i=1 i=1
One has

L—(1~2)s/2< 3 i {Xgs Va, >
=1

< b+ 3 Il <o 3 < ol + A0~

Therefore 1-¢/2 < |y and Jjx*—3,) <«

Hence if X has property f in the strong sense then X is almost
unifermly smooth. Note that in this case the family (A4,)g «,«; i just reduced
to one set A= x,),.,.

Summing up we obtain the subsequent consequence of Corollary 5:

Cowrorrary 7. Every Banach space with separable dual may be equiva-
lently renormed to be almost uniformiy smooth.

2. Characteristics of subspaces of dual Banach spaces. The following
corollary solves in the affirmative a problem raised by D. van Dulst and 1.
Singer [2].

icm

Ewuivalent norms on Asphind spoces 281

Corortary 8. Let X be a Banach space with separable dual. Then there
exists un equivalent norm on X such that y(Xy is strictly less than one.

Proof. Indeed. it has been shown in [3] that x{(X) is strictly less than
one for an almost uniformly smooth Banach space X. w

By making direct use of the renorming technique of Corollary 5, we can
give a more precise version of this result. It is known that if X is a
quasireflexive Banach space then there exists on X an equivalent norm such
that x(X) = 1/2 [6]. We now prove that it is possible to renorm a Banach
space X with separable dual so that x(X) is close 1o 1/2.

Tieorum 9. Let X be a Bunach space with separable dual and & > 0.
There is an equivalent norm on X such that y(X) < 1/2+ 6.

Proof. Let |[[-]]] be the renorming of Corollary 5 with A < »/8, where n
=45(1-+28)"". Let (x)%, « X and (x¥)=, = X* be two sequences satisfying
Definition 2 for the above i. We have to show that for every hyperplane
Z & X* there are x* e X™, (|Ix*] €1, and an w*-neighbourhood ¥ of x*
such thal, for z*eZ b, 2% = 2—n [2].

Let geX*, |iigll = [, such that Z =kerg. By the property (ii) of
{)el}nition Ha) for the norm ||| we may [ind n, €N such that ¢y, X2 >

Let ¥ be the w*-neighbourhood of xj, defined by
Vo= x*eX*: (x,, x*>>1-4].

Now let us suppose that there is x*eZ mV with ||x*| < 2—#. As the
convex combinations of {x*)/% | are dense in the unit ball of (X, [ |Ih* we
then could find N = ny and real scalars (). ; with

N
(1) Z ‘,H“| =< 2“'7
=1

S

such that, for p* = }‘_‘:’ i Xk we get [<y, p*) < A and y* eV Clearly |||y
< 21 Let

N
o - i -
VE = e M= R
ne |l
It # ey

We have [<x, 130 < 24, whence (x, y) > (1-4)—24 = [ 34, Therefore

(2) Hog > 1= 34.

It follows that <, y¥> » (1=3{1—2). As <y, y*3 < A, we get
[<y, i > (1 =34 (1= 4) -4
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Hence

(3 3 > (1301~ — 4.
bt

(2) and (3) give
N
3ol > (=3 (1~ )~ A)+ 134
n=1

2 2-A8~34) > 2—84.

It follows by the choice of A that

N
Z |I~£n’ > 2'"775

=1

in contradiction with (1). This completes the proof of the theorem.

CoroLLary 10, Ler X be a nonreflexive Banach space with separable dual
and O < & < 2. Then there exists an equivalent norm ||| 1| on X such that rhere
exists no projection p from X QRx** onto X with x** e X**\X and kerp
= Rx** of norm |||p||| € 2—-4.

Proof. Let||- |l be the renorming of Theorem 9 with 4 < §/(2(2—8)). One
has x(X) < 1/2+ 4. Observe that y (X) may also be computed by the following
formula: .

y(X)"t = il {ilplll: p is the projection of* X @Rx**
HE **\X

x*HEY

onto X of kernel Rx**}.

Hence for any projection p from X @Rx** onto X with x** e X**\ X and
kerp = Rx**, one has [[|pll >2-0. =

Remarks. 1) The assumption that X is an Asplund space is essential
in Corollary 8 and Theorem 9. Indeed, if X is a separable Banach space then
there exists a o(X**, X*) dense sequence (x,) in X** so r[x,] = 1. Thercfore
if X is a separable Banach space with nonseparable dual then for every
equivalent norm x(X) is just one.

2) Since the Fréchet-differentiable norms of a Banach space with sepa-
rable dual are dense in the set of all norms, it is possible to renorm a Banach
space X with separable dual in such a way that the equivalent norm is
Fréchet-differentiable and satisfies y(X) < 1/2+35.
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