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An example of a nonseparable Banach algebra
without nonseparable commutative subalgebras
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Abstract. The aim of the paper is to construct & Banach algebra as in the title, It provides
the answer to a question raised by W, Zelazko.

Let A be a set which we will call the alphabet. With the letters of this
alphabet we form words, finite sequences with values in 4. Let S denote the
set of all words, ie. § =], , A" where by definition A® = {}, the empty
word. If seA”, we say that the length of s, I(s), is ‘equal to n. The product
$; 8, of two words is obtained by first writing the letters of s; and then those
of 5,. We also put (s = s =g for all seS. The set S equipped with that
product is called the free semigroup (with unit) over the alphabet A. It is
noncommutative if card A > 2. : '

Congider RS, the vector space of all real functions defined on §. In RS we
may also define multiplication, For s €8, let é; denote the function equal to 1
at s and zero elsewhere. Thus any x €R® is represented as ) . x(s)d,. For
51, 8; €8 define &, #4,, = J;,,, and for x, yeRS let
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1) xxye= 3 x{s1)y(s2) 0y # s,
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(Y x(sthy(s—i)é,

se8 0%k&l®
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(s] k is the word obtained by omitting the letters after the kth and s—k is the
sequence obtained by omitting the first k letters). The inner sum is finite and
xxyeRS, It is a matter of simple checking that the multiplication = is
associative and distributive with respect to addition, with d, as the unit
element.

Thus (RS, 4, ») is an algebra with unit, and if card 4 = 2 it is not
commutative.

This algebra does not have divisors of zero. Indeed, lét x, y €R¥\ {0} and
take an s, €S of minimal length such that x(sy) # 0; s, is defined similarly
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for y. We have

xxyB15)= Y x5 [Hysisa—k) = x(s) p(sy) #0,

kSi{sq 1+ Iss)
thns x+y # 0,

Let I'(S) be as usual the Banach space of those xeR® for which ||x||
= Yes | (8) < oo || [ is the norm in [(S), and by (1), {lx«ll < [Ix] |Iy].
Hence (I'(S), +, ») is a Banach algebra. We will now show that if § is
uncountable (equivalently A is uncountable), then * (3) is the algebra we are
looking for.

‘For a set X = §, we write Lett (X) for the set of all letters appearing in
words from X. ‘ '

Lemma. If x, yel' S\ {0}, x(@)=y(@) =0 and x*y=yxx, then
Lett (supp x) = Lett (supp y).

Proof. Assume, by contradiction, that e.g. Lett(suppy) ¢Lett(supp x),
Le. there is a letter a which appears in some word s with y(s) % 0, but x()
= 0 for all words ¢ containing a.

Let s, be a word of minimal length with x(s,) # 0.

If a letter a appears in a word s, set

74(s) = min {k eN: s{k) = a},
and define ‘
*a=Tmin {7,(s); @ appears in s and y(s) # 0}.
Let s; be a word of minimal length such that a appears in Sz, y(s2) £ 0
and r,(s,) =¥,. We thus obtain

Vyxx(sy8) = Z V(52511 k) x (555 —k)

0 <k <Hs)+H(sq)

= 2 F Y Ayl x(s)+
0<k<r, ra&k <lfsg) I{s5) <k <i(sg) +l(sq)
= y(s2) x(sy),

while

X#Y(5;5) = Z

0 <k <U(s7) + lixy)
= Z N o Z = 0.
O <k <r, Fp Sk <ligg)+sy)
Hence x*y # y»x and this contradiction proves the lemma.

(5251 | Ky (s 5 —K)

Assume. now that X is a commutative subalgebra of I'(S). I x,eX is
not a multiple of the unit, then I = Leti(suppxo) is countable. By the
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lemma for any y eX, Lett(suppy) =/, (note that x and y commute iff 55+ x
and y commute}. Hence X <['(Sq) where 8, is the subsemigroup generated
by Iy. Sp is countable, thus /'(S,) is separable, and so is X.

Remark 1. The lemma says more, namely the commutant of any
element x &' ($), not a multiple of the unit, is separable.

Remark 2. 1t is easy to see that for any semigroup & we may define
on the Banach space I'(%) the “¥* multiplication and I'(%) becomes a
Banach algebra. If we take for & the set of countable ordinal numbers with
addition defined as addition of ordinal types (see [KM] for precise defini-
tion), then we obtain a Banach algebra with the property as in the title of
this note. It was in fact the first example solving the problem. It seems
possible that any uncountable semigroup with only countable commutative,
subsemigroups works too. - -
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