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Extending holomorphic maps from compact sets in infinite dimensions
by
N. V. KHUE and B, . TAC (Hanoi)

Abstract, The aim of thiy paper Is to study the exiension ol holomoerphic maps from compact
sels in metric vector spaces with values in some Jocally convex spuces and in complete C-manilolds,
Moreover, the theorem of Siciak -Zakbaryuta for continuous separately holomorphic functions
with values in Banach-Lic groups is established.

Introduction, The extension of separately holomorphic functions defined on
special subsets of C* has been investigated by many authors, for example Siciak
[8], Zakharyuta [11]. In [97 and {10] Siciak and Waclbroeck have considered
this problem for compact sets in C”. Moreover, Waelbroeck has also
considered this problem for unique compact sets in a Banach space. Here
a compact set K in a topological vector space is called unique if for every
holomorphic function f on a neighbourhood of K such that f|K = 0 there
exists a neighourhood U of K such that /{U = 0. This paper is devoted to the
study of the extension of continuous functions on compact sets K in
topological vector spaces with values in locally convex complex manifolds to
holomorphic functions on a neighbourhood of K.

in Section 1 we investigate the interrelation between the holomorphic
extendability and weakly holomorphic extendability of continuous functions
on a compact set K in a metric vector space E with values in a locally convex
space F such that F* is a Baire space. We prove that if either E or F is nuclear,
then holomorphic extendability and weakly holomorphic extendability are
equivalent. This has been established by Siciak in [9] and Waelbroeck in [10]
in the case where dim E < . Our method in the case where E is a nuclear
metric vector space is based on an idea of Wacelbroeck [10]. We first prove the
nuclearity of the DF-space injlim{H” (U} A,: U = K} where H*(U) denotes
the Banach space of bounded holomorphic functions on U equipped with the
sup norm and Agi= {feH(U): f|K =0} {In the case where K o C" this
proof is not difficult) Next following Waelbroeck, using the closed graph
theorem for maps of barrelled locally convex spaces into B-complete spaces, we
obtain the above result. _

In the case where K and F are Banach spaces we prove that there exists
a Banach space F containing F as a closed subspace such that every continuous
function on a compact set in E with values in F having the weakly holomorphic
extension property can be extended to a holomorphic function on a neighbour-
hood of K but with values in F.
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Using the above result we prove the equivalence of the weakly holomorphic
extendability and the holomorphic extendability of continucus functions on
a commpact set in a metric vector space with values in a complete C-manifold.
Finally, in Section 3 we prove the Siciak—Zakharyuta theorem for separately
holomorphic functions f with values in a Banach-Lie group under the
additional assumption that f is continnous.

§ 1. Extending weakly holomorphic functions from compact sets with values
in locally convex spaces. In this section we investigate the holomorphic
extension of weakly holomorphic functions defined on compact subsets of
metric vector spaces E with values in locally convex spaces. The problem has
been investigated by Siciak [9] and Waelbroeck [10] in the finite-dimensional
case and for unique compact sets in Banach spaces also by Waelbroeck [107.

1.1. THEOREM. Let E be a metric vector space and F a sequentially complete
locally convex space such that F* is a Baire space. Let one of the following two
conditions hold:

(1} E is a nuclear space.

(2) F is a complete nuclear space.
Then every map f: K— F, where K is a compact set in E, such that lof can he
extended to a holomorphic function on a neighbourhood of K for every le F* can
be extended to a holomorphic function f on a neighbourhood of K.

We need the following lemmas,

1.2. LEmMMA. Let T: A — B be a nuclear map between Banach spaces A and B.
Then there exists a neighbourhood Vof zero in A such that T(V) < U, where U is
the unit ball in B, and the canonical map T: H®(U)— H*(V) induced by T is
nuclear.

Proof By hypothesis, we can choose {a,,},, 1 < A* and {y,}5%, « B such
that

[*]
Tx =3 {a, xpy, Vxed,

n=1

"
M=} lla,ll Iyl < oo.
n=1

Without loss of generality we may assume that M < 1/2. Take a balanced
neighbourhood V of zero in 4 such that TV < U and sup{|x[|: xeV} < 1.
For each keN, define a continuous linear map [, H*(U)-»H>*(V) by
Lol (x) = (&g ()) (Tx)/k!, Vge H*(U), VxeV, where (d*g(0))" denotes the
polynomial map associated to d*g(0). Then I, is a nuclear map. Indeed,

Lhgl(x} = A (T, ..., Tx) = A3 <a,, DY, ..., 3. 4a,, x3V,)

= Z Ak(ynu"‘: ynk)<an1= x>--»<am,= JC>,

rit .t =0
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where A, = (d*g(0))"/k!. Obviously the map grs 4,(g; Yn,».--» Vu,) belongs to
[H*(U)]* for each fixed Gpyseoes ynk)eF"_ We have

S 1A Fuge oo Il Kt 531Ky 6]
Ayt tap=0
< sup 1A4g: yroeonr o)l U, |-t
gl &1
<5 sup (405 ) 1l 1,1l T
gl =1
e (d"g(o»“]
< K Lyl 1l 1mel e
Hﬂ‘llﬁlk‘ k!
< 934 4 vl ]
a
B ‘-<~. k! nu“<1 27[! MI[ A’k'ﬁ‘l “ ”yr“" ”am! ynk Hye
llgll =1
B 1oy gyl N
<J’c" 1
= k! Q)

where « is a suitable constant, 4 < a < 1. Put

Z’k

Then {T}} is a Cauchy sequence in the nuclear norm. By Lemma 3.13 of [3],
T(g):= lim,., , T.(g} is nuclear.

1.3. LeMma. Let K be a compact subset of a nuclear metric vector space E.
Then for every neighbourhood U of K, there exists a nezghbourhood Voof
K contamed in U such that the restriction map R: H*(U)—H® (V) is nuclear.

Proof. (a) First we prove the lemma for K = {0}. For each balanced
neighbourhood W of zero in E, put

Efy = {leE* = supldl, x)| < w}, W ={leEh: |y <1}
xal

Consider the canonical map e: E-—E**. Observe that ¢(W) < W** and
sup [<I, x)| = [/l = sup KKI, x)|
xaW xaWer

for every le E¥. This implies that
sup | T{uy, ..., w) = sup...sup |T(uy, ..., %)l
(H g yoentin)S D wEW  tineW

= sup ‘T(up-'-u un)t

TN 1
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for every Te &£, (E"), where %, (E") denotes the space of continuous n-linear
forms on E* which are bounded on W" and T denotes the n-linear form on
Ep¥ induced by T

Let f e H*(W). Then

o0

S =3 (P, N)x)

=0

Yxe W,

where

1 j' f(/bc) a2 (f‘ - 0),

2mi |Aj=r ln-l-l

xeWr. Thus |P, fllwie < || £ . Hence |[P,f | pwy < | wpn. This implies
that the form f(x) = Y% 4 (P, f) (x) defines a holomorphic function on W#**
and foe = f. We have

1 Flwee < CAf Il ¥r> 1, feH*(W),
Thus we obtain a continuous linear extension map
_ Sy HZ (W) — HX(W**/r).
Take a balanced neighbourhood ¥ of zero contained in U such that
lim n?6 (V, U)= 0,

e

P, f(x)

where .
8,(V, U) =inf{6(V, U, L): L< E, dimL < nt
SV, U, L}=inf{e > 0: L+eU > Vi

Let L< E, dim L <n, be such that V=4, (V, UYU+L. Put [} = {IeEx:
I[L = 0}. Then dim(E¥/I})<n Hence we can write Ef=L®L with
dimL < n. Since V= 6,(V, U)U + L, we have UL} < 6 (V, UYV*, where U*
and V* are the unit balls in Ef and E} respectively.
Let now x e U*. We write x = x, +x, with x,elf, x el and [x¥) < n+1.
;l;his implies that x e(n+ 1}5,(V, U)V*+ L. Thus G,(U*, V¥ )< (n+1)4,(V, U)
ence

L]

n*8,(U*, V*) < n*(n-+ 1)8,(V, U)—0.

By [5], it follows that the restriction map n: Ef—E§ is nuclear. This
yields the nuclearity of #*: E¥* —» Ef*. By Lemma 1.2, the map ¥
H>(U**) - H=(V**/r') is nuclear for some ¥ > 1, Hence the composition map
H“"(U)->H“’(U*"‘/r)—»H”“(V**/rr’)~—>H""(V/rr') 18 nuclear. '

(b) Now we can prove Lemma 1.3 when X is an arbitrary compact set in E.
By compactress of K, there exist {x,}!.; and balanced neighbourhoods {U, M.,
of zero in E such that ’

Ke | Jx+UycuU.

i=1
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By (a) there exist |p;}7, and balanced neighbourhoods {V;} . such that the
restriction  maps a0 9+ U)- " (y;4+ V) are  npuclear  for  all
YV s gt U
Let == {j: y;+ ¥, € 5+ U} and V= Jil (y;+ V). Consider the com-
muiative diagram

H*(U) “>H* (V)

o

" i i3

[TH" AUy [T TTH v+ V)

i1 el fely .
in which e, ff and y ure the canonical maps, Since o, is nuclear for all j and je I,
the map o is alse nuclear. Hence R is absolutely summing. Take now
a neighbourhood ¥ of K such that the restriction map Ry: H™ (V) - H*(V) is
absolutely summing. Then the composition map RioR: H*(U)—H*(V)
~ H(V) is nuclear [31].

1.4, Lemma. Let A, B, C be Banach spaces und let A, B, € be their respective

Sactor spaces. Let 80 A=+ B, T B+ ' be nuclear maps which factor through

A and B, respectively. Then the canonical composition map ToS: A+B-Cis
absolutely summity.

Proof Consider the commutative diagram

A S e

A T

Adp e
in which o, fi, y are the canonical maps. From the equality f*oT* = T*oy*
and the nuclearity of T* it follows that T* is absolutely summing. Similarly S*
is absolutely summing. Hence (S*oT** is nuclear. Thus (ToS)**
= Tk S o (S0 T#9% iy nuclear. I Tollows that T'o$ is absolutely summing
and the lemma is proved.

L5 Limma. Let K be o compact subset of a metrvic vector space. Then
oKy inj im 1 (0 A, is regular,

Proof. Since S(H(YA) e A8 (U)), where S(H7(UYAy) and
S(H"(U)) denote the unil balls in 1 (IN/A, and H™(U) respectively and
Ays H={U) - H*(U)/ A, is the canonical map, it [ollows that S(H* (U)/4,) is
compact in H(U)/A,. where

Ay | fe HUUY fIK =0},

Hence S{H(U)A,) s closed fn injlim H(U)/A,. This implies that
S{H*(UAy) is closed in injlimH{U)/ Ay, Hence injlimH™(U)/ A4y is regu-
lar [2].
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Proof of Thecrem 1.1. (i) Let {U,} be a decreasing fundamental system
of neighbourhoods of K. Put A, = Ay, for every neN. By Lemma 1.3 we can
assume that the restriction map R,: H®(U,}—» H"(U,.,) is nuclear, and by
Lemma 1.4 that the map R H®(U,)/A,~H*(U,)/A,+ induced by R, is
also nuclear.

Let now f: K—F be a continuous map such that lof can be extended to
a holomorphic function (lof)” on a neighbourhood of K for all le F *, Define
a linear map §: F*—H*(K)=injlimH*(U)/A4, by S()= (lofY modd,,
where ne N is such that ({of)" e H*(U,). By the closed graph theorem [6], S is
continuous. Since F* is a Baire space, F* is continuously mapped by § into
H=(U,)/A,, for some . Since the map ﬁ,,o: H* (U, WAy~ H(Ung s 1) Ayt
is compact, we can assume that S is compact. We shall prove that S is
continuous, as a map of F* into H* (U, )/A,,, where F¥ is F* equipped with
the topology of uniform convergence on compact subsets of F.

We first prove that for each b*e(H=(U,)/A4,)*, b*oS: F¥—C is con-
tinuous. By [6], it suffices to show that the restriction of /oS to each W is
continuous, where W® denotes the polar of a neighbourhood W of zero in F.
Let {x} = W® and x* -0 in the o (F*, F)-topology. Then {S(xg)} converges to
geH"(U,)/A,, Since Lm(Sx}¥)(z) = limx}f(z)=0 VzeK it follows that
g(z) = 0 for every ze K, where ge H*(U,) is such that gmod4,, = g. Thus
5=0. On the other hand, by compactness of {S(x¥)}, it follows that
b*0S5(x*¥)—0. Let now x¥—0 in F¥. We then have

sup [{Sx¥*, b*)| = sup [{x¥, $¥ob*}| 0.
RiCdES! [[b* =1
Hence §: F¥—H®(U,)/A,, is continuous.

From the nuclearity of R, , this map can be factorized through I'. Thus
there ExistsA a continuous linear map §: F¥-s H*(U, +,) such that
Ang+108 = R, 0F, where A, . H*(U,,+1)— H® (U, 41)/A,, +, is the canoni-
cal map. Then the form given by f(z)(x*) = [§(x*)](z) for ze U,,,+, and x*e F*
defines a holomorphic map f: U, ., —F which is a holomorphic extension
of f.

(i} As in (i) we consider the map S F*—injlimH* (U )/A,. Since F* is
complete bornological, F* is a space of type (f) [4]. By the closed graph
theorem of Grothendieck [4], § is continuous. Since F* is Baire, as in (i) there
exists n, such that §: F*—» H*(U, )/A,, is continuous, On the other hand,
since F* is nuclear there exists a continuous lincar map §: F*—>H=(U,,) such
that § = 4, oS. It remains to repeat the last part in the proof of (i).

1.6. THEOREM. Let K be a compact subset of a metric vector space E and
f a map from K into a Banach space B such that lof can be extended to
a holomorphic function on a neighbourhood of K for every le B*. Then there
exists a Banach space B containing B as a closed subspace such that f can be
extended to a holomm:phic map on a neighbourhood of K but with values in B,

icm
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Proof. Let T be the unit ball in B. Put B = [*({T). Then B contains B as
a closed subspace. As in Theorem 1.1 consider the map S from B* into the
regular inductive limit injlimH*(U,)/4,. By [6], § is continuous, hence there
exists n, such that S(B*) & H”(U,)/4,, and §: B¥ - H"(U,)/4,, is con-
tinuous. Consider the map PoS*: (H*(U,)/A,)* - B, where P: B** -8 is
a continuous linear projection, By the Hahn--Banach theorem there exists
a continuous linear map S H*(U,)* ~ B which is an extension of PoS*.
Hence §*: B* —H* (U, **-H(U,) is continuovs. As in Theorem L1, §*
induces a holomorphic extension f: U, — B of f.

§ 2. Extending weakly holomorphic functions with values in a C-manifold.
Let X be a locally convex complex manifold, ie. a complex manifold modelled
by open sets in locally convex complex spaces. Let Cy denote the Carathéodory
pseudometric on X defined by

Cylx, ¥) = sup{e(f(x).f(): feHX, D)}

where D = {zeC: |z| < 1}, ¢ is the Bergman-Poincaré metric on D and
H(X, D) is the space of holomorphic maps from X into D. ‘

As in [7] we say that X is a C-manifold if Cy is a metric on X, Moreover, if
X is complete for C,, then X is called a complete C-manifold. In the
finite-dimensional case, it is known [7] that Cy induces the topology of X, In
this section we prove the following,

2.1, TemoreM. Let X he a finite-dimensional complete C-manifold and
K a compact subset of a metric vector space E. Let {1 K—X be a continuous
map such that aof can be extended to a holomorphic function on a neighbourhood
of K for all oe H*(X). Then [ can be extended to a holomorphic map on
a neighbourhood of K.

Proof. (i) Consider the holomorphic map §:= dce, where J: X —H“(X)*
and e: H*(X)*— B:= ("(S(H™(X)*)) are the canonical maps. Since X is
complete, 8: X ~&(X) is a holomorphic homeomorphism and X is a Stein
manifold [7].

Cousider the exact sequence of holomorphic Banach bundles:

Oor TX = TBAN 0

over X.

Since X is Stein, there exists a morphism S: N —+&*TH of holomorphic
Banach bundles such that RoS = idy [1]. Let Z denote the zero section of
N and 7: N =X the canonical projection. Then t: Z — X is a biholomorphism,

and hence ¢: Z - X is also a biholomorphism, where @: N — B is given by

@(n) = t(n)+n,S(n)
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and n,: 8* TB = X x B~ B is the canonical projection. Since for every neZ
we have

do(TN,) = de(TX,)+dt(TN_) = dn,0dS(TX ) +dn,0dS(TN,,)
= d1(TN_) +dm,cdS(TN,) = TX ,®N,, = B,

it follows that ¢ is a local biholomorphism at n. Thus ¢ can be extended to
a biholomorphism ¢ from a neighbourhood Wof Z in N onto a neighbour-
hood U of §(X) in B. Define a holomorphic map y: U—X by

() =100 (2)
Obviously (6z) =z for every ze X.
(ii) Assume now that f is as in the theorem. By Theorem 1.6, f can be
extendéd to a holomorphic map f of a neighbourhood G of K into B. By
compactness of K we may assume that /(G)< U. Then f = yof: G=X is
a holomorphic extension of f.
The theorem is proved.

for ze U.

§ 3. Extending separately holomorphic functions with values in Banach-Lie
groups. In this section we consider the theorem of Siciak-Zakharyuta for
continuous separately holomorphic functions with values in Banach-Lie
groups. First we recall that a map f: X xFUExY-Z, where X, ¥, Z are
complex spaces, E< X and F<= Y are compact sets, is called separately
holomorphic if '

{i) YweF the function zw>f(z, w) is holomorphic in X,

(i} Vzg F the function w—f(z, w) is holomorphic in ¥

‘We shall say that a compact set K in a Stein manifold W is P-regular if

o*(z, KnB(z, 1), B(z,r)) = ~1 Vr>0 and Vzek,

where zi—w*(z, A, D) is defined in [8], [11] for every subset 4 of a domain
Din W

3.1. TueoreM. Let X and Y be Stein manifolds and let ES X, F <Y be
compact sets such that E, F, the holomorphically convex hulls of E, F respectively,
are regular in X, Y respectively. Let T' bhe a Bunach--Lie group and
frZ:=XxFOEx YT a continuous and separately holomorphic fumction,
Then [ can he uniguely extended to a holomorphic function [ in the set

Zi={z, e X x Y: w*(z, £, X}+o*w, F, )< 0}

containing Z.

Proof. (a) First we prove that f can be extended to a holomorphic map on

a neighbourhood of Z. Let {X,} and {Y,} be two sequences of relatively
compact Stein subsets of X and Y respectively such that

ECX:::X11+15 FCY;,CY,H-;[ VF‘IEZV5
bl 4]
x={x, Y=U71.
n=1 n=1

icm
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For each n, put

Z,= X, xFOExY,, [ =[flZ,.

Let exp: TIL,— 1" denote the exponential map from the tangent space of I at
the unit element ¢ into I'. Note that exp is biholomorphic at zero in TT,. Let
H(Z, I') denote the topological group consisting of continuous and separately
holomorphic maps from Z into ' equipped with the compact-open topology
and W a neighbourhood of zero in T, such that exp: W = exp W, For each r,
put

¥, = dge (2, 1Y g(2,) & exp WL

Then ¥, is o neighbourhooed of the unit clement in H(Z, I'), hence V, generates
H(Z, ). This yields ¢,,..., g, V, such that f, = g, > g,. By the theorem of
Siciak- Zak haryuta [8], {117 the maps ¢,...., g, can be extended to holomor-
phic maps on a neighbourhood G, of Z, in Z. Thus f, can be extended to
a holomorphic map f: G,-»I'. By uniquencss we have

f;1('r',, iy = ﬁ,,. GG, Vel

Hence the formula [, = . defines a holomorphic extension of f to
G=|J G, a neighbourhood of Z in A

(b) As in (a) we can prove thal every holomorphic map [ Hy(r)— T, where
H, (¥} denotes the k-dimensional Hartogs domain given by

O<r<l)

can be extended (o a holomorphic map f: (H(r)" = D*~T, where (H,(r)" is
the envelope of holomorphy of H{r).

(©) From (b) it follows that every holomorphic map from a Riemann
domain £ over « Stein manifold into I' can be extended to a holomorphic map
from €, the envelope of holomorphy of &, into I'.

(d) Since Z is a domain of holomorphy and G = Z, it follows that f can be
extended Lo a holomorphic map [ Zosr

The theorem is proved.

H(#) = Sze Dzl lzeql < rbuize DYz > 1)
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Applications du théoréme de factorisation pour des
fonctions & valeurs opérateurs

pur

QUANHUA XU (Wohan ct Paris)

Abstract. In this paper we prove a factorization thoorem for analytic functions with values in
noncommutative L -spaces associgted with a semifinite von Neumann algebra. Then we give two
applications. The first is to show the Huagerup noncommutative L-spaces (0 < p < 1) associated
with an arbitrary von Neumann algebra are uniformly Hardy convex. In particular, they have the
analytic Radon-Nikodym property. The second is to compute the interpolation spaces between the
Hardy spaces of functions with values in noncommutative L -spaces associated with a semifinite
von Newmann algebra.

§ L. Introduction. On étudie dans cet article la convexité uniforme complexe
des espaces non-commutatifs L, (M, 7) (0 < p < 1) associés & une algébre de
von Neumann M, munie dune trace normale semi-finie et fidéle 1; on calcule
aussi les espaces d'interpolation complexes entre les espaces de Hardy de
fonctions 4 valeurs dans L,(M, 7). L’outil que 'on utilise est des théorémes de
factorisation pour des fonctions 4 valeurs opérateurs. Le probléme de factoriser
une fonction en certaines composantes canoniques est bien classique. On
présente, pour notre but, une forme de ces théorémes. Notre théoréme de
factorisation concerne la factorisation pour des fonctions dans les espaces de
Hardy 4 valeurs dans L,(M, 7). 11 se comporte presque comme le théoréme
classique de factorisation pour des fonctions scalaires dans les espaces de
Hardy usuels. On Papplique ensuite pour démontrer que L,{(M, 1) (0 <p < 1)
est uniformément convexe complexe en un' certain sens. On en. déduit, en
particulier, que L,(M, 1) (0 <p<1) a la propriété de Radon-Nikodym
analytique (an brel, ARNP). La deuxiéme application de ce théoréme de
factorisation est le calcul des espaces d'interpolation complexes entre lJes
espaces de Hardy de fonctions a valeurs dans L,(M, 7) (0 < p < 0). On
démontre que pour 0 < pg, Py, do» ¢y < 20, 0 <0<,

(11) (}:I (an(M1 '5))9 H;rl(!*‘qi(Ma T)))O = HP(LQ‘{M’ T))’

Po
ou Up ={1—~0)po+0/p,, /g =(1-0/qo+0/q;.

On présente le théoréme de factorisation dans le deuxiéme paragraphe.
Nous basons notre démonstration sur un théoréme classique de factorisation

X

pour des fonctions 4 valeurs opérateurs, di 4 Devinatz [D].



