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On projeciions on sebspaces of codimension ome

by
5. ROLEWICZ (Warszawa)

Absiract, Let (X, | ) be a Banach spase. Let V be a subspace of codimension 1. Let
MV, X1 [Pl 2% P PX == V) oand lel TH1X) = supdA(V, X): codim ¥ =1} be the hyper-
plane projection constant. 3t is shawn thay I < ILAT0, 1] < 202/t

Let (X, || ) be a Banach space. Let Y be a subspace of X of codimension
one. By A(Y, X) we denote the infimum of the norms of continuous linear
projections P onto ¥

(N MY, X) =inf{|P|: P*=P, PX = ¥}.
The hyperplane projection constant is, by definition, the number

() H(X)=sup{A(Y, X): Y is a subspace of X of codimension 1}.
The aim of the present note is to prove the following
TueoreM 1. For all 1 <p < +o0

3 H(lPy < 221,

This result is better than other known estimates (cf. {11). However, the
proof goes in a different way and is very simple,
In order to prove Theorem 1 we need the following

PROPOSITION 2. Lt Yy, Y, be two subspaces of X of codimension 1. Let
T be an isometry mapping X onto itself and such that

(4) TY, = Y.
Then
(5) MY, XY =AYy, X).

The proof is obvious. _
For an arbitrary continuous linear functional fon X of norm one we write

©) Hy={x: f
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COROLLARY 3. Suppose that f, g are two continuous linear functionals on
X of norm one. If there is an isometry T mapping X onto itself such that
T*f =g, then

(N MH ;, X) = A(H,, X).

COROLLARY 4. Suppose that (X, || ||) is a reflexive Banach space. Suppose
that for arbitrary two continuous linear functionals £, g on X of norm one there is
an isometry T* mapping the conjugate space onto itself and such that T*f = g.
Then for all subspaces Y of X of codimension 1 the numbers A(Y, X} are equal to
each other. '

One can construct a nonseparable measure j in such a way that the spaces
17(2, 2, p) satisfy Corollary 4 (cf. [5], Proposition IX.6.7).

By simple calculations A(H ,, X) is a Lipschitz function with respect to f.

A consequence is

" TuporeM 5 (cf. also [4]). In the space 17[0,1], 1 <p< +co, for all
subspaces Y of codimension 1 the numbers A(Y, LP{0, 1]) are equal io the
hyperplane projection constant H(LP[0, 1]).

Proocf. For arbitrary f, ge(L*[0, 17)* = LI[0, 1] of norm one and for an

arbitrary & > 0 there exist h.e L*[0, 1] of norm one and an isometry T, of '

I4[0, 1] onto itselfl such that
(8) | T.f— Thl <.

By Proposition 2, I(H,, X) = A(H,,, X). The continuity of A(H,, X) and
(8) together imply that
)] AMHp X) = 1(H,, X). m

Theorem 5 and the standard averaging procedure (cf, for instance, [6])
together imply .

TueoREM 6. H(LF[O, 17) = [Pyl ,, where

1
(10 Pox = x—{x({t)dt-1
o]

and where we denote by || ||, the norm of linear operators acting in LF[0, 1].

Proof. By Theorem 5, we can choose as Y the subspace

(1 Y= {x: [x()dt =0}.

(=R

In the space L*[0, 1] there exists a group of isometries T, 0 < 5 < 1.
Namely, we can take : . |

_ JxC+s)
Lxl = {x(z+s—1)

if t+s<1

ife4s>1 COSSSD
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Observe that Y is invariant with respect to all 7;. Let P, be a projection onto
Y with minimal norm. By the averaging procedure, we find that the operator

1
(12) Pyx=|TP, T, ' xds
Q

is again a projection with minimal norm. It is casy to verify that P is of the
form (10). =

We do not know a formula for the norm ||P,],. (Added in proof:
Recently C. Franchetti has found one.) However, we can estimate this norm as
follows:

TrEOREM 7.
(13) H(L[0, 1]) = [Py, < 2P/~ 1.

Proof Observe that [Py, = [|Fy),. = 2and | Py, = 1. By the M. Riesz
interpolation theorem, log [Pyl is @ convex function of 5 on the interval
[0, 1]. This immediately implies (13). =

It is not known if H(Z) < H(X) whenever Z is a subspace of X. However,
it is easy tc prove

~ PropostTioN 8. If Z is a subspace of X then
(14) H(X/Zy < H(X).

Proof of Theorem 1. Since I? can be represented as a quotient space of
17[0, 1], Proposition 8 immediately implies Theorem 1. m

The author would like to express his thanks to Professors P. Mankiewicz
and P. Wojtaszezyk for their suggestion to apply the M. Riesz interpolation
theorem in the proof of Theorem 7.
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