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Spectral characterization of operators with precompuct orbit
by
ANDRZE) SWIBCH (Warszawa)

Abstract. We churacterize the Bapach space operators 4 for which the orhit {A™,,, has
compact closure in the operator norm topology. 1t is shown that this occurs if and only if the
spectrum of A consists of a closed set contained in the open unit disc and an at most finite number
of cigenvalues of A on the unit circle which are poles of the resolvent (AI—A)"" of order 1. The
number of accumulation points of the orbit is finite if and anly if all the eigenvalues on the unit
circle are roots of unity.

1. Introduction. It is natural to describe the behaviour of the powers of
a bounded linear operator 4 on a Banach space X in terms of its spectrum. In
[2] Tamison proved that if 4 is power bounded and X is separable, then 4 can
have an at most countable number of eigenvalues of modulus 1. The case when
liny,. o, A™ exists is well known and was fully characterized by Kaliha in [3]
and [4] and by Luecke in [6] (see also Li [5]). In these papers one can find
many statements equivalent to the existence of the above limit, the most
concise one saying that SpA\{{} < {z: [zl <r <1} and 1 is a pole of the
resolvent (AI—A4)™" of order at most 1 ([3, Theorem 2]). Very interesting
results about almost periodic operators were obtained by M. Yu. Lyubich and
Yu. L Lyubich. A part of their main structure theorem is quoted below as
Proposition 1, and we shall use it in the sequel. However, no attempt has been
made to describe the intermediate case when the powers of an operator form
a precompact set with respect to the operator norm. In this paper we shall deal
with this problem which seems to be very natural and connecting the
previously obtained issues. We shall show that the compactness of {4},
can be characterized by spectral conditions similar to those obtained for the
case when lim,,.. ., A" exists. For matrices the result was obtained by Mott and
Schneider in [8).

2. Definitions and preliminaries. Let X denote a complex Banach space and
B(X) the Banach algebra of all bounded linear operators on X equipped with
the operator norm. For T'in B(X) we shall write N (T for the null space T 1{0)
and R(T) for the range space T'X. The smallest positive integer n such that
N(T") = N(T"" ') will be called the ascent of T and denoted by o(T). If no such

1980 Mathematics Subject Classifleation: Primary 47A10; Sccondary 47A35, 47005,



icm

278 A, Swiech

integer exists we put o (T) = co. Similarly, the gmallest positive integer n such
that R(T™) = R(T"*%) will be called the descent of T and denoted by &(T). If
there is no such integer we set 6(T) = co. We shall write Sp T for the spectrum
of T

The following proposition is a part of [7, Theorem 3.1]

PrOPOSITION 1. Let A& B(X) be such that for every xe X the set {A™ X}z
is compact, Then there is a direct sum decomposition X = X o ® X, where X,
and X, are both closed subspaces, Xo = {x € X: iy, A" x = 0} and X, is the
topological direct sum of the eigenspaces of A corresponding to the eigenvalues of
modulus 1.

3. The result. The result of this paper is the following theorem.
THEOREM 2. Let A € B(X). The set {A™},,5, is compact in B(X) if and only if

there is an at most finite set of distinct complex numbers A;, ..., 4, with
A= ... = |4, =1 such thar

() SpAN{Ay, ..., A = {2zl v <1}

(ii} Ay, ..., A, are poles of the resolvent (AI—A)™* of order 1.

Note that in this situation the points 4,, ..., A, are eigenvalues of 4 (see
for example [, Proposition 1.40]).

The essential step is contained in the following lemma which strengthens
the result of Jamison [2] in our case.

LemwMa 3. If the powers of an operator A form a precompact set in B(X), then
A has an at most finite number of eigenvalues on the unit circle.

Proof. Let U be the set of these eigenvalues, Suppose, contrary to the
claim, that U is infinite. Then there exists an accumulation point A, of U. Fix
0<d< Put

my = min{meN: 0 < [margl,] <3},
]t | | if [myargi,] =0,
17 \min{meN: 2n < m[myargl,]}  otherwise,

where [a] &[0, 2x), [a]] = @ (mod 2x), and we understand that argze&[0, 2n).
Let {a,};» be the increasing sequence of the natural exponents a such that

48— o) < 6.

Note that if |[aargd,]| —argiy| < & then |4§—1,] < §, so that obviously by the
definitions of m, and m, we have '

1 G —g;Smymg=Ly fori=1,2,...

Without loss of generality we can assume.that for every & > 0 there is AgU

for each J and ieN,
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such that Jarg A—arg Ay| < & This may not be true if 2, = 1 but we can get
around this by setting argze(—2xn, 0] in that case.
Let then A,eU\{4,} be such that

(2) (Lo+1)|argd, —argl,y| < 8.
1t follows from (1) and (2) that
(3) 0 < (g —a)jargd, —argdyl <& for i=1,2,...

Because for every i the point A is in the d-neighbourhood of 4, it is clear from
(3) that every arc of length 58 contains an infinite set of elements of the
sequence {A{}iz( (for every i we have |A%*1--A%| < 248, therefore either
[aper—a) argdy] < 46 or [(a..; —a) argly] = 2m—48). Since

And
[i’&‘éﬁ}‘:?;;ﬁ};i] g, —asgdl > 2,

where [a] denotes the integer part of a4, it follows that if A% is in the
5¢-neighbourhood of -+ A4, then there must exist I,

r+d
4 k<l k| s |
@ Inl:larg/l,—arglolil
such that |4' 4 4, < 56.
We now construct two subsequences {a. }izy {84 bz Of {G}imy:

{a- .}z consists of the clements of {a},»; for which |i{'— 1,/ < 56 and
{a4}iz1 of those for which |Al'+4,] < 56. By (4) we have

Qg ipy =y S [w-—-mw--m—-m—-—il =L, fori=1,2,..

Assume that we have chosen the eigenvalues 7,, ..., 4, and corresponding
pairwise disjoint sequences {as 1z, F = (i, .-os Jus i = + or —, such that
for every k= 1,..., n we have for all ieN

IA;:J""“"A‘(Jl < 55 Qr I,l,‘:J‘.(,.'_ ;Lo| < 55
according as j, = — or 4, and
) it gy S Ly

We now proceed in the same mannet as for 1,. Choose A,y 18 UN{4y, ..
vos Ay} such that

6 (Lo 1) Jarg Ay g —~arxgdg) < 6.
Then (5) and (&) yield

(@41 —dy)|argd, . —arglo <9
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Hence (as for ;) for each J and for every arc of length 58 there is an
infinite set of elements of {a, ;};» contained in this arc. So for each fixed J we
can choose two disjoint subsequences {dy, —yitiz 1, {0y, +1.itiz1 of {as:}iz1 such
that, setting J' = (j,, ..., jps ju+ 1) = J, =) or (J, +), we have for all ieN

|Aaf—Aol <3¢ or |AF{+Ael <50
according as j,4; = — or -, and

2n+6 - L
|arg Ay —argiyl s

This completes the induction step.

Apiv1—8y; € [
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Having constructed these sequences we are able to finish our proof. For.

each ne N we shall find n elements of the set {4™}, 5, such that the distance
between any two of them is greater than 1. Given 1 < k < n we choose any
element b, of {a;;};», with j,= + for s #k, j,= —, s=1,...,n and an
eigenvector x;, with {x,|| = I, corresponding to the eigenvalue 1,

Taking 4%, ..., A" we see that, if 1 <i#j<n then

JAM— A% > | A x,— AP x| ,
2 1240 %l ~ A2 xi— Ao x| — |2 xy+ g %, B 2= 5555 > 1,

This contradicts the compactness of {4™},;, hence the lemma is proved. =

We can now set about the pro'of of Theorem 2,

Proof of Theorem 2. Assume first that {4"},., is compact. From
Proposition | we get X = X,® X, where X, and X, are as in the statement
of Proposition 1. But by Lemma 3 we have an at most finite decomposition

X, =Y%®..87%,

where Y7, ..., Y, are the eigenspaces of 4 corresponding to the cigenvalues
Ags---s 4, On the unit circle. Because X, Y;, ..., Y, are invariant for 4 we have

Spd =SpAly,u{d,, ..., 4}

(L1, Proposition 1.37]), so in order to finish the proof of (3) it suffices to study
SpAly, It is enough to show that [ 4™y, <1 for some m, From the
compactness there is an operator BeB(X,) such that a subsequence of
{A" ¢, m= 1 converges to Bin B(X ). By the form of X o We conclude that B = 0.
Hence there must be powers A"y, having arbitrarily small norm.

It remains to show (it). By [1, Theorem 1.547 it suffices to prove that
a(d; I—A) =d(A,T—A)=1 and R(4;I—A) is closed for each i=1, ..., n.

Let Z, =X, @Y, ® .. 0% @Yy @ ... @Y, for i=1,..,, n Since
SpAlz, does not contain A, ([1, Proposition 1.37]), the operator (4,1 — A)|,, is
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invertible, and since (4,1~ A) Y, = {0}, we have

R\ J—A) = R4 I~A)=2, fori=1,.., n
Thus R(A,I—A) is closed and 8(4,I-~A) = 1.

If the ascent of A, 1—4 is not equal to [, then there exisis
xEN(L T~ AP\N(, L~ A), L. 4y x-Ax =y # G and Ay = 1, y. From the first
equality we have A, Ax— A% x = Ay and by an easy computation 47 x—A4%x
=24, 9. Repeating this procedure we obtain for each meN

A g AN X v m APy,

" which contradicts the boundedness of {A"x},:. Hence ([ 4) =1 for

every i = 1, ..., n, and the proofl of (i} is complete.

The converse implication in Theorem 2 is a simple consequence of the
Riesz decomposition X = X,@Y,® ... @Y, corresponding to the given
structure of Spd. Condition (ii) and [1, Proposition 1.40] imply that
(A, I—A) Y, = {0} for i = 1,,.., n. We remark that, sincc the spectral radius of

. Aly, is less than 1, [ 4"y, || converges to zero, In view of this special structure of

the operator A it is easy to construct a finite c-net for {A”},5, for each
£>0m :

Remark. It is worth noticing that the set of all accumulation points of
{A"}, 5, is finite if and only if all the A, in our theorem are roots of unity. This
is a simple consequence of [3, Theorem 2. Indeed, if all 4, are roots of 1, then
AM, where M is the least common multiple of the degrees of A, fulfills the
assumptions of Koliha’s theorem, therefore {47 lim,, w0 4™y« 18 the set of
all accumulation points. Obviously, if some 4; is not a root of 1, then the
number of accumulation points cannot be finite.
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