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Statienary perturbations based on Bernoulli processes
by
ZBIGNIEW S. KOWALSKI (Wroctaw)

Abstract. i is shown that if random perturbations of an endomorphism by diffeomorphisms
are based on a Bernoulli process with a [inite number 5 of states, 5 = 3, then the iterations of the
perturbed endomorphism form a weakly mixing process. For s = 2, the above staterent is not true.

Consider the one-parameter family {T,},..; of transformations of the
interval [0, 1] into itself such that

(1) T ') =(1~e)y+eg(y),

where ge C*[0,1], g(0) = 0,g(1)=1,and a = (1—supg) ™%, b = (1 —infg) " ..
Moreover, assume that there exists exactly one point y, for which g'(y,) = 1
and g'(y) <1 for y <y, (the case g'(y) > 1 for y <y, is similar).

Let o: XN XN be the onesided (p,, ..., p)-Bernoulli shift. Here X
={1,...,s} and N = {1, 2, ...}. Such a transfermation will be called a Ber-
roulli process. Let T be an endomorphism of the Lebesgue space ([0, 1], &, m).
Using the process ¢ we will randomly perturb the endomorphism T by
s elements of the family (1). Namely, we take s functions T, , ..., T, & # ¢; for
i #j, and we define the transformation

T(x,y) = (ox), T,,,0 T ).

In addition we postulate that T presesyes the product measure, which is
equivalent to Y-, & p; = 0. The proof of this fact may be found in [3].
According to that paper the Bernoulli process ¢ and the diffeomorphisms
{1) generate more random perturbations in the case of § > 3 than in the case of
5=2,
In the present paper we prove the following theorems.

THEOREM 1. If's 2 3 and ¢ is a Bernoulli process, then the endomorphism T is
weakly mixing for any positive nonsingular endomorphism T,

TrroREM 2. If s = 2 and o is a (py, po)-Bernoulli shift, then for every pair
(g1, £5) such that &, p, + &, py = 0, there exists an automorphism T such that Tis
not ergodic.
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In connection with Theorem 1, we note that in [1], [4] there are described
the ergodic properties of the endomorphisms T'(x, y) = (7 (x), T1, (), where
Ty, ..., T,are Lasota—Yorke type transformations and ¢ is a Bernoulli shift. In
this paper we use some ideas from [4].

Before we start the proofs we make some additional considerations. Let
a be a Bernoulli shift. Let T, ..., T, be measurable transformations of the
space (Y, #, v) such that the transformation

T(J (xv _V) = (d(x)a T’C(l}(.}’))

preserves the product measure 4 x v. Here i denotes the {p,, ..., p,)-Bernoulli
measure. In this paper we assume that relations between sets hold modulo a set
of measure zero.

LEMMA_(S. Pelikan). Let A < XNx Y be an invariant set of positive WXy
measure (Ty A < A). Then there exists a set B Y such that A= XNx B.

CorOLLARY 1. Let Ty YA =A. Then there exists a set B such thar
A=X"xBand T7*B=Bfor i=1,...,s.

The following relations hold for transformations from the family (1):
(T =1 x=x:=T""(y), if B+#e,
2 (LT*TY(®>1 if x<x, when > f§ and if x> x, when ¢ < j.

Let s 2 3. For a sequence &, ..., ¢ such that ¢, # giforis#j, 1<i,j<3,
we will assume without loss of generality that ¢, < g, < 85. By (2) we have

(L' LY (x> 1 for x>x,,, (T;'Lyx) >1 for x< Xy,

We define the auxiliary transformation ¢: [x,,, X, ] = [Xes, X4 ) by

o (x) = T, T, (x)  for xe Xy, X1,
T T, (%) for xe(x,, x,,].

We have ¢'(x) > 1 for x #x,, and ¢’ (x;) = 1,

LeMMA 2. The transformation @ is ergodic with respect to the Lebesgue
measure, Le. the equality @~ ' D = D implies D = [x,,, X, 1 for every measurable
set D of positive measure.

Proof Observe that inf(e®(x)) > 1. Indeed, assume comversely that
(p?)(x7) =1 for some x. Then ¢ (x ") = @'{¢(x)7) = 1, which is possible only
if x = x,, and ¢ (x,,) = x,,. The last equality contradicts the definition of o. Let
¢~'D = D for some set D of positive measure. By Lemma 2 from [2], there
exists a nonempty interval I = D, By the definition of ¢, it is easy to see that
there exists # such that x, e ¢"(I). Hence we conclude that there exists exactly
one ¢-invariant set, which implies D = [x,,, x,.].
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Proof of Theorem 1. It is sufficient to show that the transformation
Tx T is ergodic. By the definition of T,

Tx T((x, ), (u, v)) = (ex o (x, u), T,_,,0 Tx T,,, 0 T(y, t)).

Let A be a T x T-invariant set. Then by the Bernoulli property of the process
oxo and by Corollary 1, A = X¥Nx X™x B where

(T 'xT WL 'x T Y(B)=B for i,j=1,2,3.

(1)

Let D= (TxT)B. Then by positive nonsingularity of T we get
(L', xT7 ' T)D)=D fori,j,n,m=1,2,3.

B

Hence
() UxT;'L)D)=D. (T]'T,xHD)=D for j=2,3.

Let D, = {v: (y, v)eD}. Then T,;' T,, D, = T,;' T,, D, = D, for a.e. y, which
implies @~ ' (D, n [X,,, X,,1} = D, n [, x.,] for ae. y. By Lemma 2, we have
D, > [x,,, T; ' T, (x;)]. Since T,7* T, D, = D,, we get D, =[0, 1] for ae. y.
Consequently, D = E x [0, 1] for some set E. By applying the equalities (3) to
the set E, we get E = [0, 1] and hence D= [0, 1]x[0, 1]. which yields
B=10,1]x[0,1] =

Proof of Theorem 2. Let g, p; 4+, p, = 0. We will find a set B such that
T,.'B= T,7!' B= TB for some automorphism 7. From the definition (1) we
see that it is easy to construct a set B, such that T,,T,7"' B, = B, and
0 < m(B,) < 1. Let B be such a set B,,. Observe that m(T,] ! B) = m(B). Indeed,

m(B) = uxm[T XN B = puxm[A, x 7 Bl+uxmf{A4, = T, B]
=p,m(T,; ' By+p,m{T,;t B) = m(T,7 B).

Let T be any automorphism of the interval [0, 1] such that TB = T, * B. Then
the set X¥x B is Tinvariant. m

Let I(x) = x for every xe[0, 1.

TreoreM 3. If o process o satisfies the assumptions of Theorem 2 and T = I,
then the endomorphism T s ergodic.

Proof, Let T-'A=4. Then A =X xB and T,J'B= T !B, where
&, Pytéap, =0. We define the auxiliary transformation v [x,,, X1
> [%y5 X,,] as follows:
T, for xe[x,,, Yol
W (x) = il(x) [%ers o
T (x)  for xe(yo, X,

Here v/ (x)>1 for x # y, and '{y5) = 1. The next part of the proof is
identical with the argument used for the sets D, in the proof of Theorem 1. =
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ExaMPLE. For g (y) = y* we obtain the family of perturbations by parabolas
T, (x) = (28) "  {[(1 —e)* +4ex]*+e—1} where ee(—1, 1).

Final remarks

I. Tt is not difficult to see that the above results may be presented, in a more
general form, as follows.

Let {T,} ooy be a family of transformations of the interval [0, 17 into itself
such that 0=(g, b)and T, = I, Te C2[0, 1], T,(0) =0, T,(1) = 1, T/ (x) > 0 for
every xe{0, 17 and ee(a, b). Moreover, assume that there exists y, (0, 1) such
that for every f, ee(a, b)

(T 0 > (T () for y <y, when f<s (£ < f),
(T 0) > (LY () for y>y, when &< f (B <2).

We define the transformation T(x, y) = (o (x); 'I;xmo T(y)), where T is a po-

sitively nonsingular endomorphism and &,,..., 8, & #¢; for [#j, satisly

e pdT7YY(») = 1. Then the transformatmn T preserves the product
measure and

a) T is weakly mixing for s = 3,

b) for every pair (g, &,) such that Y 7=, p,(T;, ) (y) = 1, there exists an
automorphism T such that T is not ergodic.

IL In this paper due to the assumption of Lemma 1 we only consider
a Bernoulli process ¢ We now show that if ¢ is an aperiodic Markovian
process then the assertion of Lemma 1 is not true in general. Let o: XN XN
be the one-sided shift preserving a Borel measure », and let T,..., T, be
measurable transformations of the space (¥, £, v) such that the transformation

T(x, 3) = (o (), Ty )
preserves the product measure y xv. Let f(x)e L, (n) and g (y}e L, (v). Then
(f-(Tx, )= Y 1L, fle(®)g(T0).

i=1

The equality (fg)(T(x, y)) = [(x)g () holds iff

Mv.

(4) Slot)=

L

Lay (94 S (),

1

il

where A, ..., J, are the numbers such that (T, () = 47 'g(y) fori=1,..., s

By (4) we obtain an example of an aperiodic Markovian process which does
not satisfy Lemma L. Let ¢ be a Bernoulli process, for s = 2. The partition
{Ai;, Aiss Agqs Ass}, where 4 = A;no" ' (4), defines an aperiodic Mar-
kovian process for s = 4. Let Y be the set { —1, 1} with the measure v such that
v(=1)=v(l) =4 We define T, ()) = (0} =y and T,(y) = Ty(y) = —y for
every ye ¥ Let f(x)= 1,(x)—1 ofx), where A= A;, UA;,, and g{y)=y
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for ye Y. Then (f-g)(T(x, y)} = f(x)g(y) and the set
x, ¥ S g0 =1} =Ax {1} uA x{~1}

is T-invariant.
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