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On the left and right joint spectra in Bapach algebras
by

CHE-KAO FONG (Ottawa) and ANDRZEJ SOETYSIAK (Poznat)

Abstract. The main result of the paper says that the left joint spectrum of an arbitrary finite set
of elements in a Banach algebra is always contained in the right joint spectrum of these elements if
and only if the Banach algebra is commutative modulo the radical.

Throughout the paper Banach algebras are always assumed to be complex
and unital. The unit element is denoted by 1 and we always write 1 instead of
A1 (e C). The symbol rad A stands for the (Jacobson) radical of a Banach
algebra A, ie., the intersection of the kernels of all irreducible representations
of A or, what is the same, the intersection of all the maximal left ideals of 4 (see
[1, p. 124

If a,, ..., a, are elements of a Banach algebra A, then their left joint
spectrum, denoted by of'(a,, ..., a,) or simply by g/(a,, ..., a,) if there is no
confusion, is the subset of C" defined as follows:

oay, s @) = {(gs oo A)EC Y A(a,—A) # A}
=1

The right joint spectrum c,(a,, ..., 6,) is similarly defined. _
The joint spectrum or Harte'’s spectrum a{ay, ..., a,) is defined teo be their
union:

ady, ..y @) = 0,(@y, ..., @)V 60, ..., @)

Notice that for a single element a € A Harte’s spectrum coincides with the usual
spectrum of a. '

The left approximate point spectrum of an n-tuple (a,, ..., a,) of elements in
a Banach algebra A, denoted by tf{a,, ..., a,) or simply by 1,(ay, ..., a,), is
defined to be the set

ag, oo @)= {(bys .. A)eC inf Y la;—~ )bl = 0}.
bl =1 j=1

The right approximate point spectrum t,(ay, ..., &,) can be defined in a similar
manner. The union of the left and right approximate point spectra is denoted
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by t(ay, --., a,) and called the joint approkimate point spectrum. (See [4] for the
properties of all these joint spectra.)

A nonzero complex homomorphism of a Banach algebra is called a multi-
plicative functional in the sequel.

Let A be a Banach algebra. We begin with the following simple obser-
vation: If A/rad4 is commutative, then e¢f(a,, ..., a,) = s?(a,, ..., a,) for
all a,,...;a,€A and every n=1,2,..., since they are the same as
g#™4(q, +-rad 4, ..., a,+rad 4). The next theorem shows the converse is also
true.

THEOREM. Let A be a Banach algebra and let of\(ay, ..., a,) < of\(a,, ..., a,)
forala,..,acA and all n=1,2,.., Then Afrad A is commutative.

Proof. Take a maximal left ideal M. Let MA be the right ideal generated
by M, ie, MA = {23;1 ma;: meM, aed, j=1,..,k k=12 .} Then
M = M A since A is unital. We claim that M = M A. Suppose, on the contrary,
M # MA. Then there exist my,...,meM and a;,...,a,64 such that
a=ma,+...-+m,a,¢ M. Let M, be the left ideal generated by M u {a). The
maximality of M implies M, = A. So there exist me M and be A such that
1 =m-+ba. Hence 1 = ml +#i,a, +...+,a, where i, = bm,e M, j =1, ..., n.
This means (0,..., 0)¢o.(m, /i, ..., M, and by the assumption there are
Coy €15 vo-y G A such that I = cym-+c¢ M, -+...+¢,M,, Therefore, 1 € M, which
is impossible since M is proper. Thus, M = MA, which means that it is
a two-sided ideal. Moreover, M is closed since it is left maximal, Hence we may
consider the quotient algebra A/M.

Let G be the set of all nonzero elements in A/M. The left maximality of
M implies that every element in G has a left inverse and moreover, that G is
a semigroup. Now we use the elementary fact that if G is a semigroup and every
clement in G is left invertible, then G is a group, Therefore A/M is a field. By
Gelfand—Mazur’s theorem A4/M is isomorphic to C. Thus

rad 4 = (7} {the ‘maximal left ideals of A}

= (1 {the “kernels of multiplicative functionals},

which implies that A/rad A is commutative. m

CoroLLARY. If ay(ay,...,a) <a,(ay,...,a,) for all @y, ..., aed" and
everyn=1,2, ..., then a/(ay. ..., a) = o,(ay, ...,'a,) for arbitrary a,, ..., a,c A
and n=1,2,... ' '

It would be interesting to know if the number of elements in the assumption
of the above theorem can be bounded. Therefore, we pose the following:

"PrOBLEM 1. Does the Theorem remain true if ofag, ..., a,) < olay,...,a,)
for all (ay,...,a)eA” with 1 <n<g< N, N>1 fixed?

We can give a positive answer to this problem only in a particular case:
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ProPOSITION 1. Let of be a von Neumann algebra. If ola,.b) = o,.(a, b) for
all a,be.od, then & is commutative.

Proof Suppose that &f is noncommutative. Then . has a noncentral
projection e. Let ¢, and ¢, be the central supports of ¢ and 1 — e respectively
(ie, ¢y is the smallest prdjection in the centre such that e < ¢,, which means
ec, =c.e =e). Then c ¢, # 0, since otherwise ¢; = e contradicting the fact
that e is noncentral. By [2; Lemma 1, p. 217] there exist nonzero projections
€,, ¢, such thate, <e, ¢, < 1 —e, and ¢, ~¢,, i.c, v*u = e, and uu* = ¢, for
some uc./. Replacing u by v=e,ue, if necessary, we may assume
¢yi = uey = i

Now (1 —ey)+u*u = 1, which implies & (1 —e,)+.%/u = .. But (1—e )&
tust # o since u((}—e ) +ue) = (u—ue,) o +(ue e,u)f = {0} Thus
0, 0éo(l—e,, u and (0, O)eo, (1 —e,, u). Looking at 1—e, and u we can see
that (0, 0)¢g,(1—e,, u) but (0, Oyeo,(1—e,, u). m

In the remaining part of the paper we examine some connections between
the approximate point spectra and the left and right spectra. We start with the
following:

PROPOSITION 2. Let A be a Banach algebra. If t,(a) « 1,(a) for every ae A,
then o(a) = o,(a) for all acA.

Proof The equality o,(a) = 0,(a) (acA) is equivalent to the fact that
whenever ab = 1, then ba == 1. So, assume ab = 1. Then e = bg is an idem-
potent. We have l|x|| = ||xabl; < |xa| |5, so |xa| = |b] ™! |x|| for all xe& A4,
which means 0¢7,(a). By the assumption 0¢,(a) and so there exists § > 0 such
that flax|| = 6 |x| for all xe 4. But ge = a(ba) = (ab)a = a and consequently
0= |la(l—e)|| = &||1 —efj, which implies e= 1. =

To show that the converse is not true we give

ExampLe 1 (cf. [5] or [6, Ex. 3.11; p. 33]). Let & be the free (noncom-
mutative) semigroup with generators x, y, z, and with the empty word 1 as its
unit element. Define a norm on % in the following way:

Put ||1], = . An arbitrary word we %, w # 1, is a finite product of the
“elementary” words x", y™, z¥ (n, m, p 2 1). The norm [|w|, is the product. of
factors corresponding to these elementary words according to the following
rules:

— to x" there corresponds the factor 1/n!, ‘

— to y™ one associates 1/{m-+1)! unless the word w begins with y™, in which
case 1/m! corresponds to y”, -

— to z* the factor 1/(p-1)! is attached unless w ends with z”, in which case

1/p! corresponds to zF. '

Notice that |x"|, = l/nl, |y"le = 1/m!, |z°}, = 1/p!, and, moreover,
W, Wsllg < Wyl [Walls (W, wye ). Let A be the I*-algebra over &, ie.,
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A consists of all sums a = ¥ yep AW (4, €C) with fla] = D e Ay ] [Wle < co.
Then A is a Banach algebra with generators x, y, z

We claim that 4 has no idempotent except 0 and 1. Suppose ec 4 and
e =e Let e= ) ,epi,w. Then

er= % AuAv=3Y (Y Ai)w
u,pes” wes ne=w
and 80 A, = Y =y 4,4, for all we .

If w= 1, then 4; = 4}, which implies either 4, = 1 or 4, = 0. Further, if
w=x, then A, = A1, +1,4,. Hence, A,(1-24,) =0, which gives 1, = 0. For
the same reason 4, = 0 and 1, = 0. Now we proceed by induction with respect
to the length of w.

Assume that A, = 0 for all words u with length less than n and u + 1. Let
w be a word of length n. By the induction hypothesis,

Aw= 0 Ady = Ay A,+ A4
wp=wW
This implies 1,(1—24,) = 0 and finally 1, = 0. We conclude by induction that
iy =0 for all words w s 1, Hence either e =0 or ¢ = 1.
Now, suppose ab = 1. Then e = ba is a nonzero idempotent, since eb = b.
Therefore, e = ba = 1. So we have shown that o,{a) = o,(a) for all aeA.
Now look at x+y. We have |[y*| = 1/n! and

=
m+ 1) a1l

Thus, 0e 7,(x+ y}. On the other hand, if we write @ = A+a, x+a,y+a,z, then

ey < x4+ [y =

laGe+ )| = [ Ax] + Ayl + llay x* | + [a, xyl + [, yx|
+llaz i+ llagzx] + [ ay 2y
Z 20+ layxyl + la, yx|| + |la, zxi]
= 2| +3la; x| + [ay ¥ + lasz||
Z3l2+a x+ay+ayz] = gl

and so O¢t,(x+y). One can show in a similar way that Oéri{x+2z) but
Oet.(x+z).

We do mnot know if v,(a,, a,) = 1,(a, a,) for all a,,a,6 A4 implies that
o{a,, a;) = 0,(ay, a,). We do not even know whether the condition
(*) oay, -

for all (ay,...,a)ed" and every n=1,2, ... 'impﬁes that o/{ay, ..., a,)
=0,ay, ..., &) for all finite subsets {a,,...,a,} of A. Hence we pose

s a) <= tday, ..., a)
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ProBLEM 2. Does condition (x) imply that the algebra Afrad 4 is com-
mutative?

The converse is not true. This can be seen by the following:

ExampLE 2. Take the following four matrices:

010 109 010 000
e= [000]|, f=|000), g=1000], h=|010
000 100 010 000

Then ¢*=g*=¢f =he=fh=W=0, f*=f, B*=h, eh=e gh=yg, and

fe=g.
Let A be the algebra generated by e, £, g, b, and the unit matrix 1. A typical
element of A has the form

dot+A, Aj+i; 0O
a=2Ay+Ad e+ f+Ag+Ah= 0 Aot+iy O
}“2 }"3 ’10

It is easy to see that A/rad 4 is commutative. There are three multiplicative
functionals on A: '

@@ =1Ly, Yl@=Agth, xl@=42+4,.

Hence we have, for a,,...,a,€ 4,
oldy, .., a)=o0day. ..., a)=9ala,... a,)
= {((P(a’l)ﬂ L] @(a,,)), (lpb(al)s ey l,tl(a")), (X(ax)’ L] X(an))}

1t is a matter of simple computations to show that 7,(1+e, ) = {(1, 0), (1, 1)}
while 7,(1+e, ) = {(1, 0)} and moredver 1,(1+e, h) = {(1, 0)} but t,(1+e, )
= {(1, 1)}

Remarks 1. It is easily seen (by looking at the elements 1+e, f and
l+e, h) that for the algebra A of Example 2 the left and right joint
approximate point spectra 7,, 7, do not have the projection property while
their sum 7, being equal to the Harte spectrum o, has this property, Le.
Prlay, ..., Opim) = 1(dy, .., @) where F: ¢ C" is the canonical pro-
jection onto the first n coordinates (see [7] or [6, §3, pp. 34-40]).

2. If we take 4 to be the Banach algebra generated by e, £, g, and the unit,
then still 4/radA is commutative and moreover 7,(ay, ..., a,) = 1{ay, ..., 4,
for all {a,, ..., a)e A", n=12,... (see [7] or [6, Ex. 3.22, pp. 39»40]). But
{1+ f) = {(1, 0)} # (1 +e f) = {(1, 0), (1, 1)}. Thus the Corollary is not
true if we replace the left and right joint spectra by the left and right
approximate point spectra respectively.
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