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Consider a full subcategory of the category of finitely generated modules over
an Artin algebra or of the category of lattices over an order. Suppose the
subcategory is closed under isomorphisms, direct sums, and nonzero direct
summands. If the direct sum of any two Ext-projectives is Ext-projective, and
the direct sum of any two Ext-injectives is Ext-injective, we give a criterion for
the existence of almost split sequences in the subcategory. If the subcategory is
closed under extensions, the above-mentioned conditions on the Ext-projective
and Ext-injective modules are certainly satisfied. Hence in the case of Artin
algebras our result is applicable to a wider class of subcategories than the basic
existence theorem of Auslander and Smale. We indicate how to use the
criterion to prove the existence of almost split sequences in certain categories of

relatively projective modules. These categories contain the categories of
representations of BOCS’s.

Introduction

Let A be an Artin algebra or an order over a commutative noetherian
equidimensional Gorenstein ring, and 4-mod the category of [initely generated
left A-modules or of A-lattices [3]. Throughout the paper we fix ¥ —a full
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subcategory of 4-mod closed under direct sums, nonzero direct summands, and
such that if a module X ¥ is isomorphic to a module Ye A-mod, then Ye&.
When 4 is an Artin algebra, the general theory of almost split sequences in
% was developed by Auslander and Smale in [2]. We need to recall some
notions they have introduced.

An exact sequence in € is an exact sequence ... X, > X, > X;;+... of
modules in 4-mod in which the nonzero X’s are all in 4. A module Ne% is
called Ext-projective if every exact sequence 0 > X - Y—>N—-0 in € splits.
A module Le € is called Ext-injective if every exact sequence 0L —->Y >Z -0
in € splits.

A morphism g: M — N in ¥ is said to be right almost split in € if (i) g is not
a splittable epimorphism and (ii) for every morphism h: W —- N, where We®¥
and h is not a splittable epimorphism, there exists a morphism j: W - M
satisfying h = gj. A morphism f: L - M in % is said to be left almost split in € if
(i) fis not a splittable monomorphism and (ii) for every morphism h: L— W,
where We% and h is not a splittable monomorphism, there exists a morphism
j: M — W satisfying h = jf. € is said to have right almost split morphisms if for
each indecomposable N € ¢ there is an M € ¥ and a morphism g: M — N which
is right almost split in ¢. Dually, € is said to have left almost split morphisms if
for each indecomposable Le % there is an M e% and a morphism j: L- M
which is left almost split in ¥. Finally, € has almost split morphisms if it has
both left and right almost split morphisms.

An exact sequence 0 - L L M % N =0 in € is called almost split if fis a left
almost split morphism in €, and ¢ is a right almost split morphism in €. € is
said to have almost split sequences if it satisfies the following conditions:

(a) € has almost split morphisms.

(b) If N is indecomposable non-Ext-projective in €, then there is an
almost split sequence 0 +L—-M —+N -0 in %.

(c) If L is indecomposable non-Ext-injective in ¥, then there is an almost
split sequence 0 LM >N -0 in €.

1. The main result

DerFINITION. We say that the Ext-projective (Ext-injective) modules in
% are closed under direct sums if whenever X and Y are Ext-projective
(Ext-njective) in €, X@Y is Ext-projective (Ext-injective) in ¥.

THEOREM. Suppose that both the Ext-projective and the Ext-injective
modules in € are closed under direct sums. Then € has almost split sequences if
and only if it satisfies the following conditions:

(i) € has almost split morphisms.
(i) If N is indecomposable non-Ext-projective in €, then there is an exact
sequence 0 > L—-M & N -0 in € with g right almost split in €.
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(i) If L is indecomposable non-Ext-injective in €, then there is an exact
sequence 0 L-LM >N 50 in € with f left almost split in €.

Proof. The necessity is obvious. We prove the sufficiency.

Let N be indecomposable non-Ext-projective in . Consider an exact
sequence 0—» X 5 Y -5 N -0, where t is a minimal morphism corresponding to
the right almost split morphism g given by condition (ii). Then X is a direct
summand of L, so that X €%, and ¢ i1s minimal right almost split in €. We only
have to show that s is left almost split in ¥. Let X,,...,X, be the
indecomposable direct summands of X. They are not all Ext-injective because
t is not a splittable epimorphism, and the Ext-injective modules in € are closed

under direct sums. For j=1,...,r consider an exact sequence
(1.1) 0-X,5v5w-0

in €, where if X; is not Ext-injective, h; is minimal left almost split in € (use
condition (ii1)), and if X, is Ext-injective, then ¥V, = X, W;,' =0, h; = 1. Note
that h; is a minimal morphism in both cases. Let 0— X 5V % W—0 be the
direct sum of the exact sequences (1.1) for all j; it does not split because some of
the sequences (1.1) do not split (remember that not all X /s are Ext-injective).

For each j=1,...,r we have a commutative diagram
0-X,%v5%w-0
Jw lvj lw_,-
0-X3YLN-O
where u;; X;— X is the natural inclusion. Really, this is obvious if X; is
Ext-injective, because ts = 0. If X; is not Ext-injective, then note that su; is not

a splittable monomorphism because of the minimality of ¢, and use the fact that
h; is left almost split in 4. Hence we get the commutative diagram

0 XBVEWS0

[ LA
0 X5YLN-O

where v is induced by the vs, and w by the wjs. If w is not a splittable
epimorphism, there exists a morphism f; W — Y satisfying w = tf, whence the
top sequence splits by [7, Ch. III, Lemma 3.3, p. 74], a contradiction. Hence
w is a splittable epimorphism, and wg = 1 for some g: N — W. We now arrive at
the following commutative diagram of 4-modules:
0-X->Z->N-0
Il 1
0-XHVEWSO0
Il v
0 X3YLN-O

Since wq = 1, vp is an isomorphism, whence Ze%, V =Imp®Kerv, and



196 R. BAUTISTA AND M. KLEINER

Imh < Imp. If v is not an isomorphism, then h is not a minimal morphism,
which contradicts the minimality of all h/s because a direct sum of minimal
morphisms is a minimal morphism. Thus v is an isomorphism, w is an
isomorphism, and W is indecomposable. Since ¢ is a minimal morphism, so is &,
whence none of the X s is Ext-injective. Therefore r = 1, X is indecomposable,
and s is left almost split.

If L is indecomposable non-Ext-injective in 4, an exact sequence
0—- L&YV A5 W0, where 4 is a minimal morphism corresponding to the left
almost split morphism f given by condition (iii), is almost split in €. The proof
is similar to the preceding arguments. =

Recall that when 4 is an Artin algebra, the basic existence theorem of [2]
states that if € is a dualizing R-variety closed under extensions, then % has
almost split sequences. Since Ext is an additive bifunctor, if a subcategory is
closed under extensions, then both the Ext-projective and the Ext-injective
modules in it are closed under direct sums. Thus our theorem may be viewed as
an extension of the above-mentioned result of Auslander and Smale.

2. Applications

Let R be a field or a Dedekind domain, A a finite-dimensional R-algebra or an
R-order [1, p. 85], respectively, and i: A — A a A-ring. Denote by inducA the
full subcategory of A-mod determined by the induced modules, i.e. by the
modules isomorphic to A® ,M with M e A-mod. Let p(4, A) be the full
subcategory of A-mod consisting of the direct summands of all modules in
inducA. The induced modules and their direct summands are called relatively
projective, or (A, A)-projective, modules. We use the theorem of Section 1 to
prove in [4] the existence of almost split sequences in p(A4, A4), assuming that
the unit i: A — A of the A-ring A is injective, and Coker i as a A-bimodule is
isomorphic to @7, I,®xP,, where I, is injective in A-mod, and P, is
projective in mod-A, the category of right A-modules, for all s. That both the
Ext-projective and the Ext-injective modules in p{A4, A) are closed under direct
sums follcws from the following descriptions given in {4]. A module N is
projective in A-mod if and only if it is Ext-projective in p(A, 4). A module L in
p(A, A) is Ext-injective if and only if it is injective in A-mod.

As shown in [6], the set of morphisms C = Hom_ 4(A4, A) in mod-A is
a A°P-coring which as a right A°°-module is finitely generated projective, and
there is a duality between p(4, A) and i(C, A°P), the category of relatively
injective C-comodules. In fact, as we prove in [4], the above-mentioned
conditions on the A-ring A are satisfied if and only if the counit ¢: C— A°° of
the A°P-coring C is surjective, and Kere is isomorphic as a A°°-bimodule to
@1.,Q,®P,, where Q, (P,) is projective in A°°-mod (mod-A°F) for all s. Thus
our restriction on Kere means exactly that C is a free BOCS in the language of
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[5]. 1t is shown in [6] that the category of induced C-modules is equivalent to
the category of representations of the corresponding BOCS. If the BOCS is
triangular [R], we show in [4] that idempotents split in inducC, whence every
direct summand of an induced comodule is induced, ie. every relatively
injective comodule is induced. Therefore almost split sequences exist for
representations of free triangular BOCS’s.

Another application is the existence of almost split sequences in the
category of relatively projective modules over a Frobenius group G with
respect to its nontrivial proper subgroup H whose intersection with gHg ™! is
trivial whenever ge G—H.
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