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On a problem of sums of mixed powers
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L. Introduction. The pruning technique means that if major arcs are too
Ioﬂg and numerous for a straightforword treatment of the generating function
%e prune them. R. C. Vaughan [6], [7] first introduced one sort of pruning
te‘3hnique; some of those techniqus were extended by J. Briidern [1], [2], [3].

Ow, further improving the pruning technique yields the following.

Let R, .(n) denote the number of representations of n as the sum of one
S':Iuare, four cubes, one bth power and one cth power of natural numbers.
C. Hooley [5] got an asymptotic formula for Ry s(n) in 1981, and from
- Briidern’s work [3] one can easily deduce that, for all sufficiently large n,

I (3/2)T (43T ((k+ 1K)

(11 - 76+ Lk 76+ Lk—21 Kk +e
) Ry (n) Fn+sasn  olon +0(n ),

Where

9

12)  gm=S 47 T S,0.05%4a)S,4 0S4, a)e(—an/q)
g=1

a=1
(a.g)=1

With

q

(13) Si(g.a) = Y elar/y).
a=1
Here and throughout ¢ is a sufficiently small positive number not necessarily
¢ same in different formulae.
Furthermore, we can establish the asymptotic formulas for Ry (n)
@<k < 6) and give lower estimates of the expected order of magnitude for
4x(n) (7<k<17), Rs;(n) (5<j<9) and Re,(n) 6<1<T).

Tueorem 1. For all sufficiently large n, we have
‘\‘\______-_
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4/3)* T (5/4)*
(14) * Raaln)= r?/(?/gi‘/‘:;;+l(/é}) Caa (40 (n*371279),
I (3/2)T (4/3)*T (5/4)T (6/5 o
19 Rt ATl Sea O 014
F(3/2)T 43T (5/4)T (7/6
08 Bl (r/{l)xziix;Jr 1(,’4411}6)/ )6“-6 (m)n®/%+0 (79901440,

THEOREM 2. Ifb=4,7<c<17,0rb=55<c<9,0rb=6,6<c <’
we have

{l.?} Rb‘c {n] » n5f6+1|fb+1f¢'
for all sufficiently large n.

In the present paper, we only prove (1.6) and (1.7) for the case b =4 and
¢ = 17. The other results can be deduced similarly.

2. Notation and auxiliary results. Let

(2.1) P, = n'/,
2.2) L@ = Y elx a).
xs Py

For S=n® 0<p<1/2) and 1 <a<q<S§ with (a,g) =1, let wl(q,{’}
denote the set of real numbers o with [x—a/g| < S/(qn), let M denote the'
union, and note that the M(qg,a) are pairwise disjoint and contained i
(n"'S,n"'S+1]. Let m=(n"*S,n 'S+ 1]\MW. By the standard method
estimating generating functions on minor arcs, we have

2.3) £, (@) € nt/2¥eg—112

uniformly in «em.
Further, put

(2.4) v () = :fe(ﬁt"}d:,

(2.5 Vi(,q,a) = q7'S,(q.a)v, (x—a/q),
and define V,(x), 4,(x) on M by

(2.6) V(@) = Vi(a,q,0)  (xeM(q,a)),
@7 8@ =L@~V (M)
Observe that, by Theorem 2 of Vaughan [9], we have
28) A (0) < g'*(1 4 nla—a/q))"'2.

Next, for T=n" 0<o<g) and 1<a<q<T with (a,9)=1, Jet

N(q,a) denote the interval {a: |l@a—a/q| < T/(gn)}. The N(q,a) are pairwi¥
disjoint and contained in M. Let 9 denote their union.
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LEmMMA 2.1. We have
29) fiula) € (/) H 4812,
Uniformly in oeIM\N.

Proof. By (2.7) and (2.8), for eI, we have

Jo(@) < |V (@) +¢"* (1 +nla—a/ql)'? < |V, (o) + 812 7=
And by (2.5), (24) and Theorem 4.2, and Lemma 2.8 of Vaughan [10],
(2.10) V(@) < ¢~ Y*min (n'*, |a—a/q| ).
Since aeW\N, we have g > T or |x—a/q| > T/(gn), that is,
Vi (0] < (n/T)".

The proof is complete.

LEMMA 2.2. Let G: MM — C be a function satisfying

@11) G() <q (1 +nla—a/q)™2 for aeM(g,a)
and let a real function
2.12) @)= ) n(he(ha)
[LIESY
Satf.?fy
2.13) de)=0, nh)=0
and log U < logn. Then
2.149 | G)®()da < (n©@)+T " Y n(h)n~1*e
o h#0

CorOLLARY. For all positive integers k = 2, we have

f2.15} j [V, @)** @ (@)da < (n(0)+ T ) n(h)n'*e.

w9 h#0

Proof. By (2.11) and (2.12),

216) | Ge@da< ¥ g2 -5 | (1+nif) 2P(a/g+pdp

Wweot gs8 a=1 9
@a=1""1

=2 q* ) ny( Y elah/q) § (1+n|p)~2e(hp)dp,
g<Ss [LIE24 “:;:1 ; Tita)

Where R(q) = {B: |p| < 1/2} if T < g<S and R(g) = {f: T/ign) < Il < 1/2}
Tg<gT '
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Since

§ (1 +niB)~%e(hP)df < n~'min(1,q/T)
- Riq)

9

2, elau/g)= 3 p(g/dyd,

(a‘.';;-: 1 d|ig.u)
the terms in (2.16) with h = 0 contribute
<n(0) Y ¢ 'n"'min(l,g/T) < n(Q)n "' **
q<S
and those with h # 0 contribute

<n7'*t % n(h)} Y d/g*min(1,q/T)

lal<u dlhg<S
h#0 dlg
<n lte Z q(h]Z( E 1/(Tr)+ z l/(rzd)]én'“"'x""1 Z n(h).
I:f :.ou dlh r<T/d r>T/d |:I fnv

The assertion now follows from (2.14) and (2.10).
LEMMA 2.3. Suppose that t > max(4,k+1). Then

2.17) (Vi (@) doe < ¥ =2,
L

Proof. By (2.5), (2.4) and Lemma 2.8 of Vaughan [10], for t > k+1, we
have

@fda< Y S 1g7'S,@al | Io(Brdp

9N Q=T a=1 Bl=1/2

q
<Y Y g 'S(g.a [ min@|pl""™rdp
qﬂT[an:]il 1Bl=1/2

<Y Y s, @,

g=T a=1
(a.g)=1

also, by Lemma 4.9 of Vaughan [10], for ¢ > max (4,k+1),

q
> Y a7 'S(g,a) <n,
qsT a=1
(a.g)=1

therefore (2.17) is proved.
LEMMA 24, Let 2 <k, <k, <...<k, satisfy

2.18) Y UkSUk, j=1,2,..,5-1,

i=j+1
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Then
2.19) hf‘[ fi (@) do € pi/ki ¥ et ¥ 1k ve,
0i=1
3. The case b =4 and c = 6. Let
(3_]) Q, =nl73360 g —pt0 Q. =pS2
(3‘2} Qu=n'? Qs=n" 1, =Qin".

Feri1gax g < Q; with (a,q) = 1, let M (g, a) denote the set of real numbers
% with |a—a/q| < Q;/(gn), and let M, denote their union. Note that the M;(q, a)
are pairwise disjoint and McMy-; 2<j<53), My < (14,7, +1]. Further-
More, let m, = (z,,7, + 1]\M,.

Obviously, we have

+1

(33) Reg(r) = | £@ 15 fa(0)s(0e(~no)da.
LemMa 3.1. We have

(3.4) L= | H@F @@ s@e(-nadx < ni72oneeo,

B.3) Iy = J 4,05 @) o @)e(—magdo € nt91H4s0 7,

Proof. By (2.3), (3.1, Lemma 2.4, Hélder’s inequality and Hua's in-
*quality we have

gt (f | ) dry”® (} U 6012 G ) (] L ) da ] £ o)
And by (2.8) and in the same manner as for I, we have
I, < iﬂ'“’m“(jl' Ul(a)l”da)”“(,lf 1@ f8 (allzda)”‘(j |3 (@) dor)*”® (i |3 ()| do"*
< niToonIss0 % ’ ’ ’
Lemma 3.2. We have _
B6) ILi= [ V,@f©)f(@)fs@)e(—na)da €n'72%1440%¢,

M \My

3.7) L= | V,@f @f@fs@e(—nxda € n'7221450w,
M\ MMy

(33) Iy= [ Vy(@ff©@)f;(@)fs(@e(—na)da < nl79%1440%e,
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Proof. By Lemma 2.1,

(39) f3 (m) < nl?!!?zo +E
uniformly in «e \IMM, and
(3.10) fro) < n®

uniformly in ae9MM,\IM; and o e M,\M,,, therefore by (2.15), (3.1), (3.2), Lemma
2.4, Holder’s inequality and Hua's inequality we have

13 4{1‘!”3”20-”)3”( I iVZ{(I)l“U;(C!}l“dC!)IM

Wiy \ DI

1 1
x ([ 1fs @121 f, (a}i“da)”“(g |f5 (2)|*dar)'/?

« n113f480+£(nl+l}'2+t+n2+ﬁQ2—l)l,n'4"lj6+ 1/3+¢ 4 “1799||’144(]+:’

Lo <2 ( [ [V @)fs @I do)
b LPAR L EY

1 1
X ([ 1/3 () f& (@) do) " (f 1.f5 (@) * do)' 72
o ]
< nlf! (nl+l}2+:+n2 +:Q;l)lf4nlf2 +e < n1799f1440+g

and by Lemma 2 of Briidern [3],

1
Is < (PP ([ [V (@)1 fs (@) fo (@) *do) 2 ([ 1 f5 ()] * det) /2

b e 0
< n4!9(n5f12+ 1/4+1/6 +£+n”2+ lf3+£)1.l'2nl.f3+!: < nl799fl440+:

LemMma 3.3. We have
B Ig = (] Va@ (3 @~ V3 @) fa () fo (e (—na)da < nt 7221502,
My

3.12) I,= j V, (o) V4 (@) £ (o) fi (@) e(— no)doc < n' 79971440+

Brg\WMs

(3.13) Ig= [ Vy(0) Vi (@) 44 () fs (2)e(—na)dor < n 79911440,
(B.14) Iy = [ Vy(a) Vi (@) V(@) 4g (0)e( —no)da < n' 79011440+,
Ms

Proof. By (2.7),
J3 (@)= V3 (@) < |45 (@) {|V3 (@) + 43 @)),

hence by (2.8), (3.2), Lemma 2 of Briidern [3], Lemma 2.3, Holder’s inequality
and Hua’s inequality we have

T <5 [ 1V, @)1V, 00 £, @ @lda-+n [ 1V @11, @011, (@)
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< nuaﬂ(gi! [V @) | fi (@) f6 ()2 dt) 2 ( | |V (2)|®der)'?

+n2i3 +z( I v, (05)|4 da)”“ U e (a)l4 do:)”“ (S £ (a)|2da:)1:z

<< nlf6+8"]f4+1f6+8n1f2+c+n2f3 +£n1f4+cnl|f12+znl.|’3+£ « n1799|“440+l:l
By (2.15), (3.2), Lemma 2.3 and Hélder’s inequality we have
Li<( | W@ fa@l*da) ([ V3 @)®1f6 @I de) 2 ( ] V5 (@)i*do)'*
Wa

Wa\ D s 04 \Dig
< (ﬂ3;2+c+n2+zQ; l)lf4(n7;6+x+n4f3+zQ5—1)1{2n1f12+z

< "T,Flﬁ +r.n'?,f12+£nl,’12+z < n1799f1440+a_

And by (2.8), Lemma 2.3, Lemma 2 of Briidern [3] and Holder’s inequality
¢ have

Ig < n'Bre( [V, ()2 |fs (@)2do)' 2 ( | Vs (2)Bda)'?

Wi s
@ nlf3+£(nif4+lf6+l+nlr'3 +l)l!2n5.fﬁ+a < n1799,|f1440+c,

bo <l +2( [ |V, )l da) ™ ([ IV, (I3 dot) "3 ( V3 (@[ do)/* ( ] [Vs (@)f* da)*®
Ms Ws s Wis
< nl‘-‘99.f1440 +c_

By 4 standard argument one can deduce
3 V2@ V3@ Vel Vs (@)e(—noyda
_ T 3/2r @3 r(5/4)r(1/6)
r(1/2+4/3+1/4+1/6)
Th“'l‘lcfo::pre (1.6) is proved.

: 4. The case b =4 and ¢ = 17. Throughout &, n,, #, 4 and v denote
"mCiently small but fixed positive numbers, and let 5 < 5,6,

Sy.6 (MN>'4 40 (n1 79971440+

[4‘1) X =Py8=pl24  W=p,
"2 A (P3,W) = {n: n< Py,pln = p< W)},
43 filsmy= Y e(ax?),
{xx,n‘f}l‘;!l
“ay galsmy= Y  e(ax?).
W xesd (Pa/m,W)
€ define

{4'5) F(a) = Z Z S3(@;pyp,)g, (P:lia;pl)ga (p%a;pz),
X<p SXW X<pSXW
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1
(4.6) RE 17 (n) = [ £ (@)f3 (04 (2)f17(2) F (2)e (— no)da.
(4]
Clearly, R¥ 7(2) is the number of representations of n in the form
x3+x3+x3+x)7+y3 +pizd 4+ pizd

with X <p, p, < XW, (y,p,p,) = 1 and z;e s/ (P,/p;, W). Since no numbef
not exceeding n'/? has more than 7 prime divisors exceeding n'/?4, it follows
that

4.7) Ra.17(n) = (1/49)R% 5 (n).
We now show that
(4.8) R* 5 (n) > n233/204
Let
(4.9) R, =n!S34+48 R _ p1i3, R, = n®?s,
(4.10) R,=n'"?* R, =(logn), 1,=n"'R,.

For I <a < q <R, with (a,9) = 1, let R,(4.a) denote the set of real numbers
x with |z —a/q| < R /(gn), and let R; denote their union. Note that the R,(g,4)
are pairwise disjoint and R; c R;_, (2 <j<5), R, < (1,,7,+1]. Further, let
n, =(1,, 75, +1\R,.

LemMMA 4.1. We have

@1) Iy = (L @0f @ @17 (0) F (@e(—na)da < n?33/204-2,

ny

(4.12) Jp = I A, () f5 (o) fy (@) f17 (@) F(x)e (— na)do < n233/204-35,

"y

Proof. By Lemmas 3.7, 44 of Vaughan [11] and (4.1) we have, fof
= 1,2;

1
Z _(Uﬁ(“;P1P2}|2193{P{“§Pi}|4d°‘ < I (P53, W, 1/8)
X<pisXWO
K P3TEXTIW A PYOHX TR WS, (Py/ X, W)H3
K PIVXTIW A PO X TIRW((Py/X) A HORI3 g pYatex T

hence by Cauchy’s inequality and Schwarz’s inequality
1

(4.13) JIF (0)*da < X2W3P31o%e ¢ X2nl 3012
0

And by (2.3), (4.9), Lemma 2.4 and (4.13) we have

Jy <RV ([ @) f (@07 ()] da) ([ |F (o) da)'?

< nl:2+sRl— U2pli6+1/841/34 ey p1/2+38/4 < nzn;zm.—a‘
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dlso by (2.8) and R{*** < n'?**R Y2 we have
1 1
I3 < RY2T([ 1 f (@) fe (@) f17 ()2 doo) > (§ |F (o)) dot)'/2 < n233/204-3,
0 [+]

LEMMA 4.2. We have
(4'14) Jy= [ Va@)fs(@)fy (@) fi7 (@) F(@)e(—nx)de < n?33/204=4

Ri\Ra

is) Jy= [ V(@ A5 (@) fy (@)1 (@) F (x)e(—nojda < n?33/2042,
Ra

Proof. By Lemma 2.1 we have
£y (@) < (n2/3)113 4 p15168+20+5 & 2/9

iformly for ae®R,\R,, hence by (2.15), Lemma 2.4, (4.13) and Holder's
"Mequality we obtain

J3 < (?°) ([ V@ s @17 (@) o)

Ry\Ra

([ 1f3 @) f4 (@) f17 (@)[*der) 2 ([ |F (2)|* dor) 2
V] 0

< ﬂ”g(nl+”4+”” r:+n1+lf2+2,‘l‘.'+zR£ 1)1;4

X r‘HlZ'f- 1/16+ 1!68+zn!!2+36!4X < n233f204—d'

And by (2.8), Lemma 2 of Briidern [3] and (4.13) we have

i
Jo < n T f IV, @) 1f (17 ()7 ) 2 ([ IF () der)' 72
o

£ 5]
< nlf6+r("113+I,i4+l,|fl'}+:+nl}2+2)‘1?+a)”2nl3!24+36}4 < n233j204—6_

Lemma 4.3. We have
%16 U= | V0@ 000 F@e(—nda < n?05S,

Ha2\Ry
“17) Jo = [ V2 (@) V3(@) A4 (@) f17(0) F(a)e (—najdo < n?33/20472,
Rs

Proof. By (2.15), (4.13), Lemma 2.4 and Hoélder's inequality we have

Js<( | IVz(a}l4lf4(alfn(a)lzda)”“q (fa (@)f17 ()| dar) /12

R2\Rs

x(f V3@l fe (@i (@)f*de)" ([ IF ()| dor)'2

Ra\R3
& (nl + U4+lf17+e+R3— lﬂ'l + lf2+2}l'?+£)5312(nlf4+ 1!I7+£)l.f12n13f24+3|’lf4

< n233/204-3
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And by (2.8), (4.13), Lemma 2 of Bridern [3], Lemma 2.3 and Hélder’s
inequality we have

Jo <325 ( [V, (@)1 f17 (@ do)' ' (| V3 (@) *da)'/®
Ry R

x ([ Vs (a)|®dar)'’® (£ |F (o)) dor) '/

9
+ 3/204-48
« n3125+£(HGJZS*'Zlfl'!+f.‘+n4j|7+s)l,f4nlf8+5|f24‘l'£nl3!24 34/4 < n23 | 3

Now let
qm
(4.18) Sy(g,a;sm)y= Y e(ax’/q),
x=1
(x,m)=1

(4.19) Vy(a;m) = Vs (x,q,a5m) = ¢~ "'m™'S;(q.a;m)vs (e —a/q)  (xeR;(q,a)

3 n/q ne
(4.20) ¥ (@) = (—_—1 g /ql) .

By §6 of Vaughan [7] we have
421) Ay(a;m) = f3(m)— V(e q,a;m) < q'*d(m) (1 +nje—a/q))'’2,
(4.22) Vslasm) < (@)

and for ¢ < Wand j=1,2 we define

L logm %

4.23) w(Bip) = m~ % (——)e(m pm),
( g ,,,,Eg,,,,,;s 3log W,
where ¢(x) is Dickman’s function and
(4.24) W, (2;p) = Wy(®,9,a;p) = 4 'S3(q.pj @)w(x—a/q; p)).
In the same manner as in the proof of Lemma 5.4 of Vaughan [11] we hav¢
(4.25) g3 (Pjo;p) = Wslasp)+E5(e5p),

qPs/p;
(4.26) E, (a;p,-) < @;(1 +nle—a/ql),
(4.27) Y, Ejlmp) < 9Ps (1+n|a—a/q)).

. X<p;SXW L log P,

Since p; > PY/® > W we may have S3(q,pja) = S3(q,a), hence by Lemma 54
of Vaughan [11]

(4.28) W, (a;p)) < g~ Pmin(Py/p;, (] la—a/q)~*3),

(4.29) > Wilep) <y ().
X(p;ﬁxw
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Furthermore, we define

4300 Fx= Y Y Vilepipa)gs (PR p)gs (p3a;py),
X<piSXWX<pasXW
43  vw= Y Y V(o pip) W (o py) Wi (s py).

X<prSXW X<psXW

LemMa 4.4. We have
(432 Jo= [ Va(0) Vs (@) Vi (@) f17 () (F (@) — F*(@)e (— no)da < n?33/204=9,
R3

433)  Jg= [ V(@) Vi(0)Ve(@)fir (@) F*(@)e(—na)do < n?33204-4,

R\ Ry

(4.34) Jo = [ Vy(@) Vs (@) Vs (@) 417 (@) F* () (—na)do < n?33/2043,
Ra

Proof. By (4.21), for xR, we have
F@—F*@ <n®*( ¥ |g,(p°ap))
X<pSXW
and by Hélder’s inequality and Hua's inequality

1 1
@35). [ ¥ lg:(Pup)tda<(XW)? Y [lgs(pPo;p)fde

0 X<psiW X<p=XWO
< {XW)3 z (PJ;{P}E-*—E < n314+q+¢:‘
X<psXW
hence by (4.35), Lemma 2.3 and Hdlder’s inequality we obtain
J_’ « n3f25+zn1fl?(.“ | V2 {a)lf&da.)lﬂ@(“' |V3 {a]lsdot)”“

Ra Ra

X (] 1Vl (S lgs(ply*da)?

0 X<p<XW

< n3125+£nlll Ta1/4+e

n ”5}241-:"]}84—:“3{81-”}21-: < n233,f'204—6.

Moreover, by (4.22), Lemma 4.6 of Vaughan [10], Lemma 2 of Briidern
[3] and Hélder's inequality

(4.36) ,! Vsl IF* (@) de < (XW)* 3 [ [Va(@ly (@75 (p*o:p)l* da

X<psXW R,

<XWy ) (n®25E(Py/p)* +(Py/p)* )

X<p=XW
< (XW)S {nﬁr25+cn213x—-l +n4!3+zx—3}< 134_;3+,,+;‘
Therer()fe- by (2.15), (4.36), Lemma 2.3 and Hélder’s inequality we have
Jg <( Vo @*1f17 (@)f*do) ™ ( § V3 (o))" dor)'®
Ha\Ra A

X (§ (Vg @)Pda)'® ([ V3 @) F* (@) do)'?
Ha N3
<(nl+2f17+:+R4—lnl +4,"17+l:)|f4n|fﬁ+ﬂn2.lr3+lﬂz+!: < ,1233f204—5‘
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Also, by (2.8), (4.36), Lemma 2.3 and Holder’s inequality we have
Jt) <& rll.|’4['l+r.(!' |V2 (sc)|4da)”“(§ |V3 [a}lflda)l.fs
Ha Ha

X (§ 1Va(@)®da)'® ([ V3 ()l |F* (o) der)'/?
Ha Ha
< nl,.'48+:ns.flz+ac"2;3 tni2+c < n233,f204—d'

LemMmA 4.5. We have
@30) Jio= [ Va@Vs(@V,(0)Viy(@F* (@)e(—nu)de < n?332% (logn) ™"

Ha\Rs

(438)  Jyy = [ V2@ V(@) V(@) Viq (@) (F* (2) = V(x))e (—na)da

s

< n2333204 (logn}—v.

Proof. Let

q
S(q) = Z q_slsz{q,a)Sa(q,a)234(q,a)Sl—,{q,a}l.

u=1
{aq)=1

By Theorem 4.2 of Vaughan [10], ¢'/'"S(q) < g~ *'2. Thus Z:;ap"-'”S(p”
< p °". And by Lemmas 4.3 and 4.4 of Vaughan [10], for p > 17 we hav
p'Y7S(p) < p~* and p*'’S(p?) < p~>'*. Moreover, ¢''’S(q) is a multr
plicative function of q. Therefore, there is an absolute constant C such tha'

(4.39) T ¢V S(g) < [] (1+Cp~ 3% < 1.

4<Rq P<Ra
For g<n'* <p, (j=1,2), S;(q.4;p,p,) = ¢(p;p1)S5(q,a), therefore by
(4.19)
(4.40) V3 (%5 pyp2)l < (V3 ().
Noting that

Y lg:s(PPupl< Y (Py/p) <P,

X<=psXW X=psXW
we can obtain
Jio < [ IVa@Va@PVa@lViz@I( Y lgs(pa;p)l)de

W\ s X<p<XW

<Py | V@l Vs @) [Va(@) [Viq (0)lda

Ha\Rs

<ﬂ233,{204 Z S(q)min(l‘(q/Rs}s““””)

q=Ra

< n233,f204(R5— 1/17 Z ql,’lTS(q}_l_ Z S{q]) & nZJJ}ZO‘tRS—UIT_

4= Rs Rs<g=Ra
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NOW choose v with
(4.41) v < min (/17,1 — 4).

This establishes (4.37).
By (4.30), (4.31), (4.25) and (4.40)

Po-ve <@l Y Wepl Y Es@pl+( Y 1E@p))
X<psXW X<p<XW X<psXW

thug by (4.26), (4.29), {4.39}.and (4.41) we have
J11 < (RsP3/(log n)+ R3P3/(logn)?) [ [V, ()] V3 (@) [V, ()] V)4 ()| da
Ry

< n2£3+5312+ ”l?RS/(lOgﬂ) < ’1233;204(]08”) S
We further define
(4.42) V() = g 'Si(g,a) Y. (1/k)m"*" Te(m(x—a/q)).

m=n

Then for aeR; we have

V(@) = Vi (@) +0 (g~ "™ (1 +nja—a/g))) = Vi (@) +O(Rsq ' '),
Iht‘fl'(i'fore

Va () (Vs (2))* Vi (@) Vg (@) = V3* () (V3 (@) Ve () Vi (@)
< Ryq 171272314 10T (124234018 |y /|~ 112=2/3-113)

%0 that by (4.19) and (4.29) we have

I V@V (@)V, () Vi (@)V (@)e (= na)do

- [ @OPEORVE@OVE Y Y 2Py )
R

X<p=xwXx<psxw P1P2
x W, (a; p)e(—na)do+0 (Rgn'>' ™

=1+0(n**¥?%*(logn) "), say.
By

imitating the usual method of estimation on the major arcs, we obtain

l= :-:"4. 17 {”}J [n)+ (0] (11133:204 (lOg PI}_").
Wh&re

Iy =SITETTTTTA(5) g tebe e

Py P2 Y1 ¥z ¥3 Ve ¥s X x2 20 PiP2

1/3-1 ,1/4—=1_1/17-1
X (¥293%,X;5) ya' 5

y 0,02
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with
¢; = e((log x;)/(3log W)),
and the multiple sum is over p,, p,, Vi, V2, V3, Ya» Vs, X;, X, satisfying
yi<n (1<j<5), X<p,p,<XW, W<x;<np} (j=1,2),
Vi+Y2+y3+yatys+x,p3+x,p3 = n.
A simple counting argument combined with the fact that

e((logx,)/3log W)) > 1
for

W3 < x;<nfp} <n”® and X Y. ePp)pp) > 1
X<prSXWX<ps<XW

establishes
J ("} > ’12331204 .

Moreovér, S4.17(n) > 1, therefore the proof of (4.8) is complete.
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