ACTA ARITHMETICA
LVIIL4 (1991)

Note on a paper by H. L. Montgomery — II
by

K. RAMACHANDRA and A. SANKARANARAYANAN (Bombay)

1. Introduction. In this paper we apply the method of H. L. Montgomery
(2] to the Hurwitz zeta-function (s, f) defined by Y% o(n+f)~* (where
0 < < 1, s = g+it) and its analytic continuations and more general Dirichlet
Series. The omega-theorems like Q(¢'*77) in ¢ < 1/2 and Q((logt)'/?) for
0=1/2 can be proved by mean-value considerations. The method of
K. Ramachandra [3], developed by R. Balasubramanian and K. Ramachandra
[1], yields better omega results in 1/2 < ¢ < 1 for a dense set of f§ (see [4]). But
in the most general case, we can only prove

THEOREM 1. Let 1/2<06,<1, 0<0<2n, 6> 0. Let y, be the positive
Solution of e"° =2y,+1, let | be an integer constant satisfying =6,
¢, = 2y,/(2yo+1)%,0 < ¢, < ¢,. Then for T > T, depending on these constants,
We have

; 1
Re(e™ (g, +ity, ) = T—acocl(loglo)' o
—0p
Jor at least one ty in 3T* <ty < 3T, where ¢, = cos(2r/l)(log )™ L.

THEOREM 2. Let 0 < 0 < 2m, £ >0, &, > 0. Then for T = T,, depending on

these constants, we have
Re(e™"L(1 +ity, B)) = (3 cos?(0/2)—e,)loglogt,
Jor at least one t, in 3T* <ty <3T.

Remark 1. Proof of Theorem 1 uses the method of Montgomery [2] (see
also [5]) while Theorem 2 requires a change in the kernel function, the method
being the same.

Remark 2. In [4] we proved the following:

THEOREM. Let expyx = 2%, f =) a,/b, (we can take a,=1 for all
N> 1) where b, = 2 and b, ., = eXpoeXPo€XPo€XPoeXPob, for n = 2. Then we

have
logloglogt )1

1K1 +it, p)) = Q{exp( %

loglogloglogt
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Theorem 2 is an improvement of this theorem.

Remadrk 3. The investigations of this paper go through for very general
Dirichlet series. For example we can take Re(e™F(a,+it,)) where

F)= Y i

n=

d,20, Y x<n<2xd,=X and 0 < i; < 4, < ... with ,<n). The only further
condition that we need is analytic continuation and a growth condition of the
type |F(s)| < t* or even expexp(t/100) for ¢ > ¢ and ¢ > g,.

2. Notation.
(1) Let x be real and positive, s = a+it. We define

Xt =gt
(2) Let 0 <@ < 2n and k be real. We denote
F\(s, k0) = e*(s, p),

a5 __ ,—ash 2
Fy(s, 0) = (%) @+ 4 x 7,

if+as —if—as 8 - iy 2
- —e+
Fyls, m=(‘" e e te )

s

(3) [x] denotes the integral part of x.
(4) 0] = min,|0—n|, where n runs through all integers.
(3) f < g implies that |f| < Ag where A is some positive constant.

3. Some lemmas.

LEMMA 3.1. Let 0,, 0,, ..., 0, be distinct positive real numbers and supposeé
that 0 < 1/1 < 1/6, where | is an integer constant. Then there exists a positive
integer r' such that 1 <r' <J=1I™ and |r'0,| <1/l for 1 <m< M.

Proof. See for example Section 8.2 of [6].

LemMA 3.2. Let 0,,0,,..., 0, of Lemma 3.1 be Plog(n+p) where P is
a fixed positive integer and n runs through a set of integers which include those
satisfying |log((n+ﬂ)/x)| < 2a where x 2 1, B fixed and o is a positive quantit)
which will be fixed later. Let |, = r' P.

Then we have

(1) cos(2xl, log(n+ p)) = cos(2x/l),

(i) P<1l, <IMP.

Proof. See for example [5] or Section 8.2 of [6].
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LEMMA 3.3. For 1/2 < a0, < 1, we have

2

_ 2sinh(a(l—00)] 2 1-a0 -0
_(-l—_%_) x +0(x 7).

200—
[log((n +§r;n <20 (N+ )™ (

Proof. Replacing n+f by n in the left-hand side of the lemma gives an
error O(x™ %) and now the lemma follows from the fact that
1 xt-o

= 1=p H) + 06

ao
nsxh

and using Stieltjes integral and integrating by parts.
LEMMA 34, Let x>0, ¢ > 0. Then we have
] St logx if x=1,
E,_L,s_z ={0 if 0<x<l.
Proof. See for example [5].
LEMMA 3.5. Let >0, ¢ >0, x > 0. Then we have

1 ctio fems_gmas\2 2a—|logx| if |logx| < 2,
— — | X*ds =
TR ( ) ) {o if llogx| > 2a.

c~im
Proof. The proof follows from Lemma 3.4.

LEMMA 3.6. Let 0<0<2m, >0, 1/2<0,<1 be constants. Let
S=o+it, 5, = 0y+it, where ty = 1000. Then we have
l+iwm

5 | Fi(s+sq, —0)F,(s, O)ds

bl £ ]

log (ﬂ)D +0((log x)?).

llog((n +§m[ <2q(n+BF 0( X
Proof. This follows from Lemma 3.5.

Lemma 3.7. Let 0, o, g, be as in Lemma 3.6. Then the contribution of
It > 7 = t,/2 to the integral in Lemma 3.6 is O(xtg '2). Also the contributions
Jrom the integrals over [it, 1+it] and [—it, 1—it] are O(xtg ')
Proof. The proof follows from the fact that
{(s, ))=0(t"*) for 12<0<1.
LeEMMA 3.8. We have for t = ty/2,

Re (5:; _jit Fi(s+59, —0)F,(s, 9)ds)

= ¥ w(2a~‘log (Ejr—ﬁ)|)+0((log x)?).

llog((n + B)/x)| € 2a (n+ 3)"" x
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Proof. The proof follows from Lemmas 3.6 and 3.7.

LEMMA 3.9. For 1 = ty/2, we have

{max(Re F,(s+s,, —0))} (? [ Fss, 0)&'5)
|f|

|l|£r
5 5 Mﬂ(za_Pog( “2))+o(aoe )

llogln+pymi<2a M+ )

Proof. The proof follows from Lemma 3.8.

LEMMA 3.10. Let 7 =t,/2. Then we have

1
i?f_fu[L-Fz(s’ 0)ds = 40+ 0(1/7).
a=0

Proof. See for example [5].

4omax (Re F,(s+s,, —6))
> cos(§)( D (n+ﬁ)“’°(2a log( +ﬁ)
! {log((n + B)/x)| < 2

Lemma 3.11. Let t, = 2nl, where |, is as in Lemma 3.2. Then we have

lt) =t

a=0
Proof. The proof follows from Lemmas 3.2 (for an explanation see §4), 3.9
and 3.10.

)+ 0({Iogx)2)).

4. Proof of Theorem 1. In Lemma 3.2, let t, = 2n/,. We can make this
choice because there is no singularity inside the rectangle o> Go»
lto—tl < 7 (x=10/2). We fix P=[T°] where ¢ >0 is an arbitrary small
positive constant. We choose T such that totTt<T and MP=T, ie.
M = [(1—¢)(log T)/log!].

Since M = [xe®*], we choose x = (l1—e¢)(logt,)/(e**logl), where a is
a positive constant to be chosen later. We note that x < t1/® and so the error in
Lemma 3.7 is o(1).

Now from Lemmas 3.3, 3.9, 3.10 and 3.11, we have

4amax(Re F (s+s5,, —0))

Irl <z
=0
2n) (2sinh(a(l —og))* __(1—e)'"*
> cos = .
COS( !l )( 1_60 ) eZMI‘ﬂa}(log0|—an(logto)
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Put 2a(1 —0,) = 6. Then

max (Re F,(s+s,, —0)) = ot
|,|=$-J( ¥ % ) 2(l0g!‘)l 1—0'0

lcos(ZJt/f) (1—e)'~ ""{ —e”

a2
\/5 } (logto)l—do

cos(2m/l) 1 c (logtg)t o0

(log [)l o0 ]

(by choosing & > 0 such that (1 —e“’)/\/g is maximum) where ¢, is any positive
constant less than ¢, = 2y,/(2y,+1)%, where y, is the root of the equation
€’ = 2y,+1. This proves the theorem (since ¢ is arbitrary).

5. Some lemmas on the line o, = 1. Throughout this section a will be
a variable. We assume that 10 < « < 10loglogt, where ¢, = 1000 and 7 = t,/2.
Let s =o+it, 5o = 1 +it,.

LEMMA 5.1. Let k be any fixed real number and let 0 < |k|0 < 2r. Then we

have
1+io0

6 F — olk+ 2)i6
>t | _[‘m F,(s+5g, kO)F4(s, O)ds = ¢ n+;§‘-z~ (n+ﬁ)‘°

— 2k 1ib(i0_ o~ it o—log(n+ p)).
( )n+§‘§e°‘ (H + ﬁ)ﬂ'( g( B))

Proof. The proof follows from Lemma 3.4.
LEMMA 5.2. Let k be any fixed real number and let 0 < |k|8 < 2r. Then we

(2 —log(n+ B))

have

=— | Fi(s+s0, kO)F;(s, O)ds = O(e**(logt,)/7).
27 (s,
a=1

Proof. The proof follows from the fact that
C(s, By=0(logt) forae=1,t=2.
Lemma 5.3. We have

(i)

Y (20( —log(n+p)) = 24>+ 0(a),

n+psel=
(i) )
n+ﬂ£e" +ﬁ

Proof. In (i), replacing n+f by n gives an error O(a) and the result
follows from the fact that

(x—log(n+ pP)) = «?/2+ O(w).

elx

> %(Za—logn)= ] ;(2a—log v)dv +O(a).

n<el= 1

Now (ii) follows from (i) by replacing a by «/2.
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LemMMA 5.4. We have for 0 <0 <2n

2 [ Fy(s, 0)ds = 20+ 0(1/7).

21 <,

a=0
Proof. We have
1
5ai N_Lr Fi(s, 0)ds = O(1/7)
=0
and
1 i 1+ie
5 __[ Fi(s, 0)ds = 5 1__[_ F,(s,0)ds =2a (by Lemma 34),

which proves the lemma.

LEMMA 5.5. Let 0 < 0 < 2n. Then we have
max (Re F,(s+s,, —0)) = acos?(6/2)+ 0(a/1) + 0(e**(log t,)/7).

lt}=«
a=0

Proof. From Lemmas 5.1 and 5.2, we have, as before,

1 it
i j F (s +s5g, kO)F4(s, 0)ds

=ir

=kt § cos(tolog(n+ B)) —isin(t, log(n + f))

oo n+P alogin+f)

—2elk+ DG _p=it) 3 cos(tolog(n+ B))—isin(t, log(n+ B))

n+f=se” ﬂ+ﬁ (a_log(n—i_ﬁ))

+0(e**(log ty)/7).

Now, from Lemma 5.4, we have

{2+ 0O(1/1)} max (Re F (s +s,, k0))
1<z
a=0

cos(t, log(n+ p)) cos((k+2)0) +sin(t, log(n + p)) sin((k +2)0)
nt+psel= n+ ﬁ

2

x {2a—log(n+ B)}
+4sing Y cos(t, log(n + B)) sin((k + 1)0) —sin(t, log(n + B)) cos((k + 1)6)
n+f<es n+p

+0(e**(log to)/7).

x {a—log(n+ p)}
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By choosing t, in an appropriate manner (for explanation see §6) with
$1T¢ <1, <37, from Lemma 32, we have

1 = cos(tolog(n+ B)) = cos(2n/l) = 1+ O0(1/1%)

and so

sin(tolog(n+ B)) = O(1/l).
From Lemmas 5.3 and 54, we have
{20+ 0(1/7)} max (Re F (s +s,, k0))

ltl =<t
=0
> {cos((k+2)0)+0(1/D}(2a* + O(a))
+ {4 sinfsin((k+1)0) + O(1/)}(«?/2+ O(«) + O(e**(log t,)/7).
Therefore
max (Re Fy(s+ 5o, k0)) > acosO cos((k + 1)0)+ O (x/l)+ O(e**(logt,)/7).
|t <<
o=0
One can check that k = —2 is the optimal value, which gives

max (Re F(s+s,, —20)) = acos?0 + O(a/l)+ O(e**(logty)/7).

[t =t
a=0

Now the lemma follows by replacing 0 by 0/2.

6. Proof of Theorem 2. As before in the proof of Theorem 1, we put
lo =2nl, and R = 1. We fix P = [T*] where ¢ > 0 is a small positive constant.
We choose T such that ty+7 < T and MP =T, ie.

M = [(1—e¢)(log T)/log[].

We fix M > [¢**]. Now we choose o such that e** = (1—¢)(logt,)/logl. We
have

a = (}—¢,)loglogt,.

We note that o satisfies our condition on « and now the theorem follows from
Lemma 5.5.
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APPENDIX BY THE REFEREE

In response to a question by the authors whether Rel(1+it)
= Q_(loglogt), the referee points out the following:

THEOREM. Let r, 8, ¢ be constants satisfyingr > 0,0 <0 < 2r,0< ¢ < 27,
z=re, and in o > 1, G(s) = €({(s))” where as usual s = o +it. Then as t —» 00,
we have

Re G(1+it) = Q2 ((loglogt)).

The method of proof is as follows. Let 4 be a large positive constant and
N = N(t) be a large positive integer. We prove that if ¢ = 1 + A(log N) ! then
ReG(o+it) = Q,((loglogt)). From this the theorem follows by a simple
application of the maximum modulus principle. To prove this statement about
G(o+it) we choose a large (but fixed) integer M < N and write

(1) logGlo+it) =), +Y,+) 5,
where
Yo=Y zlog(l—p; 9t +i6,
nEM
22 = Z ZIOE(I—P;S)_I and 23 = Z Zlog(l_p"—s)-l'
AEEN n>N

It is not hard to prove that ) ; =0(e *47"). Also

B~ Bero{l)

where

Ya= 2, zlog(l—p, ')~ +i6.
nsM
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In ), and ), we can (for suitable ¢ = t,— o0) replace p, " by e”* with
a total error O(N ~'*) where 0, (1 < n < N) are arbitrary real numbers by the
following:

LeMMA. For all sufficiently large N and any real numbers 0, (1 < n < N)
there exists a t in the range N <t < Exp(N®) for which

cos(tlogp,—0,) = 1 —4/N
holds for all n (1 <n<N).

Proof. (See Lemma 6 on page 162 of Titchmarsh’s book.) His version is
the case when 0, = n for all n. The proof of this lemma is the same as that of
Lemma §, starting with

F(t)=1+ Y Exp(itlogp,—i0,).

nEN

The rest of the proof of this lemma is very similar.
By this lemma, we have

- pm =i =1 4 Alog M -1/4
Z,—{Hg:”z]og(l py te™ ) +10}+0( log N +N ;

Yo={ Y zlog(1—ps°e ) 114+ O(N" 14,
M<ns<N
We put 8, = ¢—p, for n < M, where f is chosen as follows. Note that
f(B)=m{i0+ } re*log(1—p, e **¥)"1}

nEM

equals O() ,<mrps ) =0(1) where f=0 and when f=m/2 it is
rY . <amps ' +0(1). Thus for a large constant M it is possible to choose f in
such a way that f(f) = 2=l where [ is an integer. Clearly

Re ) relog(l—p, e ®*#)~1 = O(loglog M).

nsM
Now we put 0,=¢ for M <n< N and
g=Re Y re®log(l—p,°e )L
M<nsN
Clearly g = rloglog N +0(A4 +loglog M). Also putting
h=Im Y re?log(l—p,% )71,

M<n=N

we have h=0(},>up.?)=0(M""). Collecting our results and taking
exponentials in (1) we obtain

v)] G(o+it) = Exp(}., +),+) ;) = Exp(rloglog N + k)Exp(J)
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where k is real and is O(4+loglog M) and
J=0 f—mg—M+N‘”“+M“+e“"A").
log N
We now take real parts in (2) and observe that
Exp(rloglog N) = (log N) > (loglog tf

by the inequality Exp(N®) > t. Also t =t,— oo since t > N.
This completes the proof of the statement made at the beginning of the
proof and hence that of the theorem.

Note added in proof. By a modification of Lemma 4§ it is possible to prove
by the method of the appendix that if CloglogT< H < T, then

max (ReG(1+it))
T<IST+H
exceeds a positive constant times (loglogH)', where C = C(r, 6, ¢) > 0.
Moreover on Riemann hypothesis (or quasi-Riemann hypothesis), Cloglog T
can be replaced by Clogloglog T.

Received on 15.11.1990
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Zum Ellipsoidproblem in algebraischen Zahlkorpern
von

ULricH RAuscH (Clausthal)

1. Einleitung. In [7] habe ich gezeigt, daB in einem total reellen algebra-
ischen Zahlkérper vom Grade n fiir die Anzahl A,(x; a) der k-Tupel (v, ..., v)
von Zahlen eines Ideals a, deren Konjugierte dem Ungleichungssystem

(1.1) PP+ ..+ PP < x
geniigen, folgende Asymptotik gilt:

y (x,>0,p=1,...,n)

W X\ ko k.5
(1.2) A, (x; a)=wk(d—N(c-|)_2) +0(X2 ak-nF2"?%)

fir X =x,...x,>1 und jedes 6 > 0; hier bezeichnet
(1.3) w, = T/rGk+1)

das Volumen der k-dimensionalen Einheitskugel, d ist die Diskriminante des

Kérpers und N(a) die Norm von a.

[ Fiir frithere Ergebnisse im Fall k = 2 (Kreisproblem) sieche Schaal [9],

10].

Die vorliegende Arbeit(') erweitert obige Problemstellung in dreierlei

Hinsicht:

~ Der zugrundeliegende Zahlkérper braucht nicht total reell zu sein.

— An die Stelle der k-dimensionalen Kugeln (1.1) treten Ellipsoide von
beliebiger Gestalt und Lage, deren Mittelpunkte insbesondere keine Gitter-
punkte zu sein brauchen.

= Jede der Zahlen v; durchlduft ein eigenes Ideal a; j=1,...,k)

Es wird eine obere Abschitzung des Gitterrests erzielt, die im eingangs
erwihnten Spezialfall die Gleichung (1.2) dahingehend verschirft, daB dort

auch 6 = 0 zugelassen ist, und die sich im Falle des rationalen Zahlkérpers auf

—_—

(*) Diese Arbeit wurde von der Mathematisch-Naturwissenschaftlichen Fakultit der Tech-
Dischen Universitit Clausthal als Habilitationsschrift angenommen. Den Herren Professoren
L. G. Lucht (Clausthal) und W. Schaal (Marburg) danke ich fir ihre vielfiltige Unterstiitzung.
Auch danke ich der Deutschen Forschungsgemeinschaft fiir die zeitweilige Forderung durch ein
Habi]itandenstipendium.
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