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Lp-Lq-Time decay estimate for solution of the Cauchy
problem for hyperbolic partial differential equations

of linear thermoelasticity

by Jerzy Gawinecki (Warszawa)

Abstract. We prove the Lp-Lq-time decay estimates for the solution of the Cauchy
problem for the hyperbolic system of partial differential equations of linear thermoelas-
ticity. In our proof based on the matrix of fundamental solutions to the system we use
Strauss–Klainerman’s approach [12], [5] to the Lp-Lq-time decay estimates.

0. Introduction. We consider the Cauchy problem for the hyperbolic
system of partial differential equations of linear thermoelasticity (cf. [13]):

ρ∂2
t u−µ∆u− (λ+ µ) grad div u+ β grad ∂tT = 0 ,(0.1)

β div ∂tu+ ρτ∂2
t T − k∆T = 0 ,(0.2)

with initial conditions

(0.3)
u(+0, x) = u0(x) , (∂tu)(+0, x) = u1(x)

T (+0, x) = T 0(x) , (∂tT )(+0, x) = T 1(x)

where u = (u1, u2, u3) is the displacement vector field of the medium, T the
temperature of the medium, t ≥ 0, x ∈ R3, ∂t = ∂/∂t, ∆ =

∑3
j=1 ∂

2
j ; ρ, µ,

λ, β, τ , k are positive physical constants; u0, u1, T 0, T 1 are given functions.

R e m a r k 0.1. The system (0.1)–(0.2) is the principal part of a hyper-
bolic system of partial differential equations describing the evolution of a
thermoelastic medium (cf. E. S. Suhubi [13], p. 199, formulae (2.7.36)). For
the sake of simplicity we assume in system (2.7.36) that γ = 1 and T0 = 1.

Under the assumption that the Cauchy data u0, u1, T 0, T 1 are smooth
enough (cf. [4], formulae (5.1)–(5.3)) the solution of the problem (0.1)–(0.3)
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is given by

(0.4) U(t, x) = (u(t, x), T (t, x)) = H(t, ·) ∗ g(x) + ∂tH(t, ·) ∗ h̃(x)

where g(·) = g̃(·) +D(∂)h̃(·), g̃(x) = (u1(x), T 1(x)), h̃(x) = (u0(x), T 0(x)),

D(∂) =


0 0 0 β∂1

0 0 0 β∂2

0 0 0 β∂3

β∂1 β∂2 β∂3 0

 ,

∗ denotes the three-dimensional convolution in R3 and H(t, x) is the matrix
of fundamental solutions of the system (0.1)–(0.2) constructed in [4] of the
form

Hjk(t, x)(0.5)

= (32π7!ρ4τ)−1

{
δjk(1− δk4)

[
A1

a2
1

1
|x|
δ

(
t− |x|

a1

)
− A2

a2
2

1
|x|
δ

(
t− |x|

a2

)
− B

b2
1
|x|
δ

(
t− |x|

b

)]
+ δjkδk4

[
A3

a2
1

1
|x|
δ

(
t− |x|

a1

)
− A4

a2
2

1
|x|
δ

(
t− |x|

a2

)]
+ δjj(1− δk4)

[
A5

a2
1

xjxk
|x|3

δ

(
t− |x|

a1

)
− A6

a2
2

xjxk
|x|3

δ

(
t− |x|

a2

)
+
B

b2
xjxk
|x|3

δ

(
t− |x|

b

)]
− δjj(1− δk4)

[
A7t

(
δjk
|x|3
− 3xjxk
|x|5

)[
ε

(
t− |x|

a1

)
− ε

(
t− |x|

a2

)]
+A8t

(
δjk
|x|3
− 3xjxk
|x|5

)[
ε

(
t− |x|

b

)
− ε

(
t− |x|

a1

)]
+A9t

(
δjk
|x|3
− 3xjxk
|x|5

)[
ε

(
t− |x|

b

)
− ε

(
t− |x|

a2

)]]
+A10

xj
|x|3

[
ε

(
t− |x|

a1

)
− ε

(
t− |x|

a2

)]
δ4j(1− δkj)

+A10
xj
|x|2

[
δ

(
t− |x|

a1

)
− δ

(
t− |x|

a2

)]
δ4j(1− δkj)

}
,

j, k = 1, 2, 3, 4 ,

where δjk denotes the Kronecker symbol, δ(·) is Dirac’s distribution, ε(·) is
Heaviside’s function

ε(t) =
{

1 for t > 0,
0 for t < 0,
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and a1, a2, b, A1, . . . , A10, B are constants.
The aim of this paper is to prove the L∞-L1-time decay estimates for the

solution of the problem (0.1)–(0.3) using the formula (0.4), then to prove the
L2-L2-time decay estimates for this solution applying some theorems of the
theory of symmetric first order hyperbolic systems (cf. Yu. V. Egorov [3],
p. 320–333) and finally the Lp-Lq-time decay estimates using interpolation
inequalities in Sobolev spaces (cf. [10], [7], [14]).

Such Lp-Lq-time decay estimates play an important role in the proof of
global (in time) existence of solution to the Cauchy problem for nonlinear
wave equations (cf. [5], [7]).

Notation: Besides other standard notation we use the symbol Lp,m(R3) =
Wm,p(R3) (1 ≤ p ≤ ∞, m ∈ N ∪ {0}) for the well-known Sobolev spaces
with norm ‖ ·‖Lp,m(R3) = ‖ ·‖Wm,p(R3) (cf. [1], [11]); W 0,p(R3) = Lp(R3) with
norm ‖ · ‖Lp(R3).

We also write
∇f = (∂tf, ∂x1f, ∂x2f, ∂x3f)

for the space-time gradient of a function f , and

Df = (∂x1f, ∂x2f, ∂x3f)

for the space gradient of f .
[s] denotes the smallest integer larger than or equal to s for s ∈ R.

1. The L∞-L1-time decay estimates. We shall prove the following
theorem:

Theorem 1.1 (L∞-L1-time decay estimates). Let the Cauchy data u0,
u1, T 0, T 1 be functions vanishing at infinity. Moreover , let

(u1, Du0, T 1, DT 0) ∈ L1
,3(R3) .

Then the solution (u, T ) of the problem (0.1)–(0.3) given by the formula (0.4)
satisfies the following estimates:

‖(u(t, ·), T (t, ·))‖L∞(R3) ≤ C(1 + t)−1‖(u1, Du0, T 1, DT 0)‖L1
,3(R3),(1.1)

‖(∇u(t, ·),∇T (t, ·))‖L∞(R3)(1.2)

≤ C(1 + t)−1‖(u1, Du0, T 1, DT 0)‖L1
,3(R3)

for t ≥ 0, where C is a constant independent of u0, u1, T 0, T 1 and t.

P r o o f. We prove (1.2). The proof of (1.1) runs in the same way. Writing
the solution U(t, x) = (u(t, x), T (t, x)) given by the formula (0.4) in the form

(1.3) Uj(t, x) =
4∑
k=1

Hjk(t, ·) ∗ gk(x) +
4∑
k=1

∂tHjk(t, ·) ∗ h̃k(x) ,
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j = 1, 2, 3, 4, where Uj(t, x) = uj(t, x), j = 1, 2, 3, U4(t, x) = T (t, x), and
differentiating (1.3) with respect to t and xl (for l = 1, 2, 3) we get

∂tUj(t, x) =
4∑
k=1

∂tHjk(t, ·) ∗ gk(x)(1.4)

+
4∑
k=1

3∑
l=1

[
µ

ρ
∂lHjk(t, ·) +

λ+ µ

ρ
∂jHlk(t, ·)

]
∗ h̃kl (x)

−
4∑
k=1

β

ρ
∂tHjk(t, ·) ∗ h̃kj (x), j = 1, 2, 3 ,

∂tU4(t, x) =
4∑
k=1

∂tH4k(t, ·) ∗ gk(x)(1.5)

+
4∑
k=1

3∑
l=1

k

ρ
∂lH4k(t, ·) ∗ h̃kl (x)

−
4∑
k=1

3∑
l=1

β

ρ
∂tHlk(t, ·) ∗ h̃kl (x) ,

∂lUj(t, x) =
4∑
k=1

∂lHjk(t, ·) ∗ gk(x) +
4∑
k=1

∂tHjk(t, ·) ∗ h̃kl (x) ,(1.6)

l = 1, 2, 3, j = 1, 2, 3, 4, h̃km = ∂xm h̃
k, m = 1, 2, 3. We can write (1.4)–(1.6)

in vector form as follows:

(1.7) V (t, x) = R(t, ·) ∗ V 0(x)

where

(1.8) V (t, x) = (∇u,∇T ), V 0(x) = (u1, Du0, T 1, DT 0)

and R(t, x) is a 16× 16 matrix with elements which are linear combinations
of the terms ∂lHjk(t, x) and ∂tHjk(t, x) (cf. (1.3)–(1.6)). From (1.3)–(1.6)
and (1.7) it follows that in order to prove the estimate (1.2) it is sufficient
to prove the following estimates:

‖∂tHjk(t, ·) ∗ f‖L∞(R3) ≤ C(1 + t)−1‖f‖L1
,3(R3) ,(1.9)

‖∂lHjk(t, ·) ∗ f‖L∞(R3) ≤ C(1 + t)−1‖f‖L1
,3(R3)(1.10)

for j, k = 1, 2, 3, 4 and any scalar function f(x) satisfying the assumptions of
Theorem 1.1. Taking into account the form of the matrix H(t, x) (cf. (0.5))
we get

Hjk(t, ·) ∗ f(x)(1.11)
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= (32π7! ρ4τ)−1

{
δjk(1− δk4)

[
A1

a1

∫
|z|=a1

t

a1
f(x+ tz) dSz

− A2

a2

∫
|z|=a2

t
1
a2
f(x+ tz) dSz −

B

b

∫
|z|=b

t
1
b
f(x+ tz) dSz

]

+ δjkδk4

[
A3

a1

∫
|z|=a1

t
1
a1
f(x+ tz) dSz −

A4

a2

∫
|z|=a2

t
1
a2
f(x+ tz) dSz

]

+ δjj(1− δk4)
[
A5

a1

∫
|z|=a1

t
zjzk
a3
1

f(x+ tz) dSz

− A6

a2

∫
|z|=a2

t
zjzk
a3
2

f(x+ tz) dSz +
B

b

∫
|z|=b

t
zjzk
b3

f(x+ tz) dSz

]

− δjj(1− δk4)
[
A7

∫
a1≤|z|≤a2

t

(
δjk
|z|3
− 3zjzk
|z|5

)
f(x+ tz) dz

+A8

∫
b≤|z|≤a1

t

(
δjk
|z|3
− 3zjzk
|z|5

)
f(x+ tz) dz

+A9

∫
b≤|z|≤a2

t

(
δjk
|z|3
− 3zjzk
|z|5

)
f(x+ tz) dz

]

+ δ4j(1− δkj)A10

∫
a1≤|z|≤a2

zj
|z|3

f(x+ tz) dz

+ δ4j(1− δkj)A10

[ ∫
|z|=a1

t
zj
a2
1

f(x+ tz) dSz

−
∫

|z|=a2

t
zj
a2
2

f(x+ tz) dSz

]}
where dSz is the area element of the sphere |z| = aj , j = 1, 2, or of
|z| = b.

For simplicity we consider two typical integrals occurring on the right
hand side of (1.11) (other integrals in (1.11) are estimated similarly):

I1 =
∫
|y|=b

tf(x+ ty) dSy ,(1.12)

I2 =
∫

b≤|y|≤a

t
f(x+ ty)
|y|3

dy .(1.13)

Differentiating the integrals I1 and I2 with respect to t and xl (l = 1, 2, 3)
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we obtain (1)

I1
t =

∫
|y|=b

f(x+ ty) dSy +
∫
|y|=b

t∂tf(x+ ty) dSy ,(1.14)

I2
t =

∫
b≤|y|≤a

f(x+ ty)
|y|3

dy +
∫

b≤|y|≤a

t

|y|3
∂tf(x+ ty) dy ,(1.15)

I1
xl

=
∫
|y|=b

t∂xlf(x+ ty) dSy ,(1.16)

I2
xl

=
∫

b≤|y|≤a

t

|y|3
∂xlf(x+ ty) dy .(1.17)

Following S. Klainerman (cf. [5], pp. 53–59) we get

f(x+ ty) = −
∞∫
t

∂sf(x+ sy) ds =
∞∫
t

(s− t)∂2
sf(x+ sy) ds(1.18)

= − 1
2

∞∫
t

(s− t)2∂3
sf(x+ sy) ds ,

∂tf(x+ ty) = −
∞∫
t

∂2
sf(x+ sy) ds =

∞∫
t

(s− t)∂3
sf(x+ sy) ds .(1.19)

In view of (1.18), (1.19) we have

I1
t =

∫
|y|=b

∞∫
t

(s− t)∂2
sf(x+ sy) ds dSy(1.20)

−
∫
|y|=b

t
∞∫
t

∂2
sf(x+ sy) ds dSy

= t−1
[ ∫
|y|=b

∞∫
t

t(s− t)∂2
sf(x+ sy) ds dSy

−
∫
|y|=b

∞∫
t

t2∂2
sf(x+ sy) ds dSy

]
for t > 0.

Taking into account that

(1.21) |∂2
sf(x+ sy)| =

∣∣∣ 3∑
j,k=1

∂2
xjxk

f(x+ sy)yjyk
∣∣∣ ≤ 1

2b
2|D2

xf(x+ sy)|

(1) We use the notation ∂tI
j = Ijt , ∂lI

j = Ijxl , j = 1, 2.
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for |y| = b and t(s− t) ≤ s2, t2 ≤ s2 for 0 ≤ t ≤ s ≤ ∞ we get

(1.22) |I1
t | ≤ t−1b2

∫
|y|=b

∞∫
t

s2|D2
xf(x+ sy)| ds dSy .

Using the spherical coordinates we have

(1.23) |I1
t | ≤ bt−1‖D2

xf‖L1(R3) for t > 0 .

Acting in the same way we get

(1.24) I1
xl

= −
∫
|y|=b

t
∞∫
t

∂s[∂xlf(x+ sy)] ds dSy .

Since

|∂s[∂xlf(x+ sy)]| =
∣∣∣ 3∑
j=1

∂2
xlxj

f(x+ sy)yj
∣∣∣ ≤ b|D2

xf(x+ sy)| for |y| = b

we have

|I1
xl
| ≤ t−1b

∫
|y|=b

∞∫
t

s2|D2
xf(x+ sy) ds| dSy(1.25)

≤ t−1‖D2
xf‖L1(R3) for t > 0 .

Similarly

|I2
t | ≤ b−3

[ ∫
b≤|y|≤a

|f(x+ ty)| dy +
∫

b≤|y|≤a

t|∂tf(x+ ty)| dy
]

(1.26)

≤ b−3
[ ∫
b≤|y|≤a

|f(x+ ty)| dy + a
∫

b≤|y|≤a

t|D1
xf(x+ ty)| dy

]
,

|I2
xl
| ≤ b−3

∫
b≤|y|≤a

t|D1
xf(x+ ty)| dy .(1.27)

Changing the variable ty to z in the above integrals we derive

|I2
t | ≤ b−3

[
1
t3

∫
bt≤|z|≤at

f(x+ z) dz(1.28)

+
a

t2

∫
bt≤|z|≤at

|D1
xf(x+ z)| dz

]

≤ b−3

[
1
t3
‖f‖L1(R3) +

a

t2
‖D1

xf‖L1(R3)

]
,

|I2
xl
| ≤ b−3

t2

∫
bt≤|z|≤at

|D1
xf(x+ z)| dz ≤ b−3

t2
‖D1

xf‖L1(R3) .(1.29)
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Noting that 1/t3 ≤ 1/t2 ≤ 1/t for t ≥ 1 we get

(1.30) |I2
t |+ |I2

xl
| ≤ Ct−1‖D1

xf‖L1(R3) for t ≥ 1 .

From (1.23), (1.25), (1.30) we obtain

(1.31) ‖∇Hjk(t, ·) ∗ f(·)‖L∞(R3) ≤ Ct−1‖f‖L1
,2(R3)

for t ≥ 0 and j, k = 1, 2, 3, 4.
In order to obtain an estimate analogous to (1.30) for 0 ≤ t ≤ 1 we

proceed as above expressing the integrals I1
t and I2

t (cf. (1.18), (1.19)) in
the following form:

I1
t = − 1

2

∫
|y|=b

∞∫
t

(s− t)2∂3
sf(x+ sy) ds dSy(1.32)

+
∫
|y|=b

t
∞∫
t

(s− t)∂3
sf(x+ sy) ds dSy ,

I1
xl

=
∫
|y|=b

t
∞∫
t

(s− t)∂2
s [∂xlf(x+ sy)] ds dSy .(1.33)

After some calculations we get

(1.34) |I1
t |+ |I1

xl
| ≤ C‖f‖L1

,3(R3) for t ≥ 0 .

It is easy to see that for 0 ≤ t ≤ 1∣∣∣∣ ∫
b≤|y|≤a

f(x+ ty)
|y|3

dy

∣∣∣∣ ≤ b−3
∫

b≤|y|≤a

|f(x+ ty)| dy(1.35)

≤ b−3‖f‖L1(R3) ,

∣∣∣∣ ∫
b≤|y|≤a

t
∂tf(x+ ty)
|y|3

dy

∣∣∣∣ ≤ b−3
∫

b≤|y|≤a

∣∣∣ 3∑
j=1

∂xjf(x+ ty)yj
∣∣∣ dy(1.36)

≤ b−3a‖D1
xf‖L1(R3) ,∣∣∣∣ ∫

b≤|y|≤a

t

|y|3
∂xlf(x+ ty) dy

∣∣∣∣ ≤ b−3
∫

b≤|y|≤a

|∂xlf(x+ ty)| dy(1.37)

≤ b−3‖D1
xf‖L1(R3) .
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Hence

(1.38) |I2
t |+ |I2

xl
| ≤ C‖f‖L1

,1(R3) for 0 ≤ t ≤ 1 .

Thus from (1.38) and (1.34) we obtain

(1.39) ‖∇Hjk(t, ·) ∗ f(·)‖L∞(R3) ≤ C‖f‖L1
,3(R3) for 0 ≤ t ≤ 1 .

Now, in view of 1 ≤ 2(1 + t)−1 for 0 ≤ t ≤ 1 and t−1 ≤ 2(1 + t)−1 for t ≥ 1
and taking into account (1.31), (1.39) we conclude that

(1.40) ‖∇Hjk(t, ·) ∗ f(·)‖L∞(R3) ≤ C(1 + t)−1‖f‖L1
,3(R3) for t ≥ 0 .

2. The L2-L2-time decay estimates. We derive the L2-L2-time decay
estimates for solution of the Cauchy problem (0.1)–(0.3). More precisely,
we formulate the following theorem:

Theorem 2.1 (L2-L2-time decay estimates). Let the Cauchy data u0,
u1, T 0, T 1 be functions vanishing at infinity. Moreover , let

(u1, Du0, T 1, DT 0) ∈ L2(R3) .

Then the solution (u, T ) of the problem (0.1)–(0.3) given by the formula (0.4)
satisfies the following estimates:

‖(u(t, ·), T (t, ·))‖L2(R3)(2.1)

≤ C‖(u1, Du0, T 1, DT 0)‖L2(R3) for t ≥ 0 ,
‖(∇u(t, ·),∇T (t, ·))‖L2(R3)(2.2)

≤ C‖(u1, Du0, T 1, DT 0)‖L2(R3) for t ≥ 0 ,

where C is constant independent of u0, u1, T 0, T 1 and t.

S k e t c h o f p r o o f . Following Yu. V. Egorov (cf. [3], pp. 320–322,
326–333) we reduce the Cauchy problem (0.1)–(0.3) to an equivalent Cauchy
problem for a linear symmetric hyperbolic system of first order. Next, ap-
plying the existence and uniqueness theorems (cf. [3], Theorem 3.2, p. 329)
we obtain the estimates (2.1), (2.2).

3. The Lp-Lq-time decay estimates. In this section we express the
Lp-Lq-time decay estimates for solutions of the Cauchy problem (0.1)–(0.3)
in terms of their gradient.

We consider the operator Π∗ defined as follows:

(3.1) Π∗f(x) = R(t, ·) ∗ f(x) for any function f(x)

satisfying the assumptions of Theorems 1.1 and 2.1, where R(t, x) is defined
by (1.7).
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From Theorems 1.1 and 2.1 it follows that

Π0
∗ :L1

,3(R3) −→ L∞(R3) , ‖Π0
∗‖ ≤ C(1 + t)−1 ,(3.2)

Π1
∗ : L2(R3) −→ L2(R3) , ‖Π1

∗‖ ≤ C .(3.3)

By interpolation (cf. J. Shatah [10], S. Klainerman and G. Ponce [7]) we
have

Πθ
∗ : [L1

,3, L
2]θ −→ [L∞, L2]θ ,(3.4)

‖Πθ
∗‖ = ‖Π0

∗‖1−θ‖Π1
∗‖θ with 0 ≤ θ ≤ 1 ,

where [X,Y ]θ (0 ≤ θ ≤ 1) denotes the complex interpolation space (cf. [8],
[14]) with respect to X and Y .

In order to obtain the Lp-Lq-time decay estimates (where q = 2α + 2,
p = (2α+ 2)/(2α+ 1), 1/p+ 1/q = 1, α is a nonnegative integer) we notice
that for θ = 1/(α+ 1)

[L1
,3, L

2]1/(α+1) = Lp,s0 where s0 =
[

3α
α+ 1

]
, p =

2α+ 2
2α+ 1

,(3.5)

[L∞, L2]1/(α+1) = L2α+2 .(3.6)

Hence, we have

Π
(α)
∗ : Lp,s0(R3) −→ L2α+2(R3) ,(3.7)

‖Π(α)
∗ ‖ =‖Π0

∗‖1−1/(α+1)‖Π1
∗‖1/(α+1) ≤ C(1 + t)−α/(α+1) .(3.8)

So, we have proved the following theorem:

Theorem 3.1 (Lp-Lq-time decay estimates). Let the Cauchy data u0,
u1, T 0, T 1 be functions vanishing at infinity. Moreover , let

(u1, Du0, T 1, DT 0) ∈ Lp,s0(R3) for p =
2α+ 2
2α+ 1

,

s0 = [3α/(α + 1)] and α a nonnegative integer. Then the solution of the
problem (0.1)–(0.3) given by the formula (0.4) satisfies the following esti-
mates:

‖(∇u(t, ·),∇T (t, ·))‖L2α+2(R3) ≤ C(1 + t)−α/(α+1)(3.9)

× ‖(u1, Du0, T 1, DT 0)‖Lp,s0 (R3) for t ≥ 0

where C is a constant independent of u0, u1, T 0, T 1 and t.

R e m a r k 3.1. In a subsequent paper, we shall apply Theorem 3.1 in
the proof of global (in time) existence of solution of the Cauchy problem for
the nonlinear hyperbolic system of partial differential equations describing
a thermoelastic medium.
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