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Representing measures for the disc algebra
and for the ball algebra

by RAYMOND BRUMMELHUIS (Madrid)
and JAN WIEGERINCK™ (Amsterdam)

Abstract. We consider the set of representing measures at 0 for the disc and the
ball algebra. The structure of the extreme elements of these sets is investigated. We give
particular attention to representing measures for the 2-ball algebra which arise by lifting
representing measures for the disc algebra.

Introduction. Let X be a compact Hausdorff space, C'(X) the algebra
of continuous functions on X with the supremum norm, A a function algebra
on X and @ a multiplicative linear functional on A. The set of all probability
measures on X which represent @ is denoted by Mg. As is well known,
Mg is a nonempty, weak*-compact, convex subset of the set of all regular
Borel measures, M (X), which is viewed as the dual space of C(X). For a
compact X C C", the function algebra P(X) is defined as the closure of the
holomorphic polynomials in C'(X).

Let B = B™ be the unit ball in C", n > 2, S its boundary. Next, D is the
open unit disc in C, D its closure and T its boundary. Traditionally P(D)
is called the disc algebra and denoted by A(D) while P(S) is called the ball
algebra and denoted by A(B). Note that by our definition a representing
measure for A(D) will be defined on D, while a representing measure for
A(B) will be defined on S. The motivation is that in this way we obtain
an interesting set of representing measures for A(D), all of which can be
“lifted”, to furnish representing measures on the sphere. From now on @
will be point evaluation at a point a, usually 0, of the unit ball or disc and
we will write M,S, respectively M, D, or when no confusion is possible M,,
instead of Mg.
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In this paper we are mainly interested in the extreme points of My in
the case of the ball algebra or the disc algebra. In Section 2 we study MyD.
A complete description of its extreme points would be very interesting. We
have some positive results in this direction. We prove among other things
that extreme elements of MyD which have a real-analytic, nontrivial trace on
the unit circle, have finite support in D. It is observed that this situation can
really occur. This answers a question in [Ry] negatively. Various examples
of extremal representing measures are given.

Sections 3 and 4 are devoted to MyS. This is the case in which we are
interested mostly. One reason for this is the Fatou problem for the unit ball,
which reads as follows: Let f be a bounded holomorphic function on B and
w € MyS; does f has radial limits a.e. [u]? We are far from solving this,
but we wish to point out that by Choquet’s theorem it suffices to solve this
problem for extremal elements of MyS. Section 3 deals with representing
measures for A(B?) which arise from lifting elements of MyD. We give a
necessary and sufficient condition under which a lifted measure is extreme.
In Section 4 we investigate representing measures on S which arise from
embedded discs and prove a density result.

We wish to express our gratitude to John Ryff, who provided us with
some useful references, and in particular to Peter de Paepe, who greatly
influenced this paper. By our standards he should have been coauthor, but
we failed to convince him.

2. Extreme elements of MyD

2.1. We shall denote the unit point mass (“Dirac measure”) at a point
x € D by d,. The representing measures MyD were studied by J. Ryff. He
obtained the following result.

THEOREM [Ry]. Let p € MoD, u # §o. Then there is a simply connected
domain 2 C D that contains the origin, such that 02 C Supp u C 2 where
012 is the boundary of 2. In fact, 2 is the component of the origin of the
interior of the polynomially convex hull of Supp p.

He also observed that with {2 C D as above, harmonic measure on 92
evaluated at 0 is an extreme element of MyD and asked whether these are
the only extreme elements of MyD. We shall see shortly that there are much
more.

In view of the above result and the Riemann mapping theorem we shall
restrict ourselves to the case where 2 = D.

2.2. DEFINITION. Let p be a finite real measure on D. The Poisson
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transform of p is defined by

1 2 22 1
PO =g [ [ 2B e =5 [ e

It is easy to see that P, is a harmonic function on the complement of the
support of . Using Fubini’s Theorem one shows easily that Pu| 7€ LY(T)
(compare [K], p. 336]. If u is positive, then so is P, on the complement of
D. If the support of p is a compact subset K of D, then P, is a real analytic
function on T

C+z
C_Zalu(z).

2.3. LEMMA. Let f # 0 be a nonnegative real-analytic function on the
unit circle T and let v be a positive finite measure on D such that Supp pND
is infinite. Then there exists a simple function g # 0 supported on a compact
subset K of D such that |P,,| < f.

Proof. Real-analytic functions on T" have only finitely many zeros and
these are of finite multiplicity. Let aq,...,ax be the zeros of f, with mul-
tiplicities Iy, ..., [y respectively. Let n =1+ 25:1 l;. We can find disjoint
compact subsets K1, ..., K, of Supp uND such that p(K;) > 0,5 =1,...,n.
Let p; = xjpu, where x; is the characteristic function of K; and let F; = P, .
By linear algebra there exist nontrivial Aq,..., A, which solve the following
system of n — 1 equations:

(1) STNEP(a,) =0, 1<p<k 0<q<l,—1.
=1

(2) g:(2) = ¢ Z Axa(z) -
=1

Note that P,_, = ¢ Z;;l A Fy. By compactness of T' and because P,_,
is a real-analytic function on 7" which by (1) has at least the same zeros as f
(counting multiplicities), there exists a small € such that |Py_,| < f, which
proves the lemma.

We shall now study My = MyD. First recall that the rotation invariant
probability measure |d¢|/27 is the unique representing measure for 0 which
is supported on T'.

2.4. LEMMA. Let p € My. Write p = 1 + p2, where py is concentrated
on D and o is concentrated on T'. Then

(3) p2 = (1/2m = P, (€)) [d¢|-
In particular, we have py = s(¢)|d¢| with s € L>*(T), 0 < s < 1/2wx. On

the other hand, if py is any positive finite measure and if po defined by (3)
is nonnegative, then p = p1 + ps € My.
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Proof. Using Fubini’s theorem we find, for harmonic polynomials h,

(4) h0)= [ hdp= fhdu2+ fhdul

= fhdMQ—F f f C,Q ¢) [d¢| dp
= fhdu2+ f ¢)ld¢].

The right hand side apparently defines a representing measure for 0
concentrated on T', which equals |d(|/2m, because of uniqueness. This yields
(3). From (3) and the positivity of s and P,, we conclude that s, which is
in L1(T) to begin with, has its values in [0, 1/27].

For the last part of the lemma, we compute [ hdp as in (4). Combining
with (3) we see that p € M.

We shall call the function s(¢) the trace of pon T.

2.5. We shall make use of the following criterion for extremality, which
is a special case of Theorem 1 in [D], although the idea seems to go back to
Naimark. For convenience of the reader we include the short proof.

THEOREM (Douglas’ Criterion). Let A be a function algebra on a compact
Hausdorff space X, and ® a multiplicative continuous linear functional on
A. Then

(5) 1 € Mg is an extreme point < Re A is dense in Ly, (1) .

Proof. Suppose that ; € Mg is not extreme and has nontrivial decom-
position p = (p1 + p2)/2, p; € Mg. Then the p; are positive and absolutely
continuous with respect to u. Hence there exist nonnegative h; € L'(u)
with p; = h;u, so that hy + he = 2, h; # 1. In particular, h; € L>(u). Now
1 — hy is a nontrivial element of L>°(u) = L'(u)* which annihilates Re A.
Therefore Re A is not dense in Li,(u). On the other hand, if Re 4 is not
dense in L% (1), then there exists a nontrivial h € L>(u) which annihilates
Re A. We can assume that h is real-valued and |h| < 1. Now we can write
= ((1+h)u+ (1 —~h)u)/2, which shows that u is not extreme.

Remark. Sometimes it will be convenient to complexify the right hand
side of (5): Abusing the notation, Re A will then stand for Re A & iRe A,
and (5) is equivalent to “Re A is dense in L!(u)”.

2.6. THEOREM. Let u be an extreme element in My and suppose that the
trace of  on T is real-analytic and not identically equal to 0. Then there is
a finite subset K of D such that Suppu =T UK.
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Proof. Let K = Supppu N D. Suppose K is infinite. Let p; = ,LL’K and
let f be the trace of pon T. By Lemma 2.4, f =1/27—P,,. By Lemma 2.3
there exists a simple function g # 0 on K such that |P,,, | < f.

Choose a simple function x(z) on K such that [, k(z)g(z)du = 1. We
extend k by 0 outside K; then x € L'(u). By Douglas’ criterion we can
approximate x with harmonic polynomials h in L'(u). Let ¢ > 0 and let
[ |h—kldp < €; then also [} |h—k|dp < e and [, |h(¢)|f(¢)d[¢] < e. This

implies
1=| [ wgau| <| [ hgdu| +llgl [ 10— rldp
K K K

<| [ hPu| +2lgloe < [ 1R FE) 2]+ llglloe < =+ elglloe
T T

which is a contradiction.

2.7. COROLLARY. Let pu be an extreme element in My and suppose that
Suppp =T U K, where K is compact in D. Then K is finite.

Proof. Let x be the characteristic function of K. Since P, is real-
analytic on T, so is the trace of p on T' which equals 1/27 — P,,,, and
Theorem 2.6 applies.

Remark. It follows from the proof that an upper bound for the number
of points in the intersection of D and the support of 1 can be read off from
the number of zeros of the trace of y on T'. This leads to:

2.8. EXAMPLE. Suppose i is an extreme element of My. If Suppp C
{T'N[e,1—¢l}, then there exists an x € [e,1—¢| such that Supp p C TU{x}.

Proof. Easy estimates of the Poisson kernel show that the trace of u
on T has at most a zero of order 2 at 1. Also for every subset K of [¢,1 —¢]
with p(K) # 0 and putting x = xx, Py, will have a maximum at 1, and an
inequality like the one in Lemma 2.3 can be obtained using only two subsets
of [e,1 — €]. Now one copies the proof of Theorem 2.6.

Next we shall give some examples of more or less pathological represent-
ing measures. The first one answers Ryff’s question negatively:

2.9. EXAMPLE. Let x € D, x # 0. There exists an extreme element of
My with support equal to T U {z}.

Proof. Obviously, if u € My is supported on T'U {z}, then p = &d, +
(trace of p)d|C|/2m. Hence by Lemma 2.4, for small enough ¢ > 0, p. =
d|¢|/2m — ePs,(C) d|C| + €b, will be a representing measure with support
T U {z}. Applying the Krein—-Milman theorem to the set of representing
measures supported on T'U {z}, we can find an extreme element of M)
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with support containing x. In fact, this extreme element is p.,, where
g0 = maxeso{e : 1/2mr —ePs, > 0}. One can check Douglas’ criterion
explicitly for p.,. Note that the measures p. are representing measures
which are not Jensen measures: log|z| > [log|z — x| dpe..

2.10. The following example shows that there are extreme elements of
My of quite different nature. At least part of it, if not all, has been known.
We could not find a reference for the observation about extreme elements
in this example.

Recall that since C'(X) is separable, the unit ball in C'(X)* is metrizable
and so is My. Hence we may apply Choquet’s theorem (cf. [A] or [P]) which
reads as follows.

THEOREM (Choquet). Every point q in a metrizable compact conver set
K can be represented as ¢ = [1d(z) dr(x), where Id is the identity mapping
on K and 7 is a probability measure concentrated on the Gs-set consisting
of the extreme points of K.

Thus, for every affine continuous function f on K, we have f(q) = [ fdr.
In fact, it is another theorem of Choquet that the latter statement is also
true if f is only an affine function of the first Baire class, that is, a pointwise
limit of continuous functions, on X (cf. [P, p. 100]).

EXAMPLE. Let A = {a,} be a sequence of distinct points in D without
interior limit points. Suppose that almost every point of T is a nontangential
limit point of A. Theorem 4 of [BSZ] states that for every z € D there
exists a (complex) representing measure p € M, which is concentrated on
A. Next by Theorem 2.2 in [G, Ch. 2] (see also [HR]) there exists a positive
f € LY(|pu|) with flu| € My. Obviously, flu| = > ¢;jd,,, where ¢; > 0.
Selecting a subsequence A’ we may asume c¢; > 0, while still 7" C A’, since
otherwise 0 would not be in the polynomially convex hull of A". Now we
use Choquet’s theorem. This gives for f|u| the existence of a probability
measure 7 = 7y, Which is concentrated on the set of extreme points F
of My, and for all affine functions ¢ of the first Baire class on My the
representation

g(flu)= [ gdr.

My

Let x denote the characteristic function of A’. This gives rise to an affine
function x* on My, defined by x*(v) = fD x dv. It is easily seen that x* is
a pointwise limit of continuous functions on My. Thus we obtain

L=x"(flu) = [ x*dr.
E
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Since x* < 1 on My, it follows that x*(v) = 1 a.e. 7, in other words, since T
is concentrated on E, [ pXdv=1ae. 7. We infer that there exist extreme
elements of My concentrated on A’.

EXAMPLE. There exist representing measures in My which are concen-
trated on a countable dense subset of D.

Proof. Pick a countable dense sequence of circles {T}}, all centered
at 0, and a sequence {b;} such that b; > 0 and ) b; = 1. By scaling the
previous example, there exists u; € My concentrated on a countable set
with limit points T;. Now > b;p; is the required measure.

The above results lead us to

2.11. CONJECTURE. Let p € My be extreme and T C Supppu. Then
Supp N D is a discrete subset of D.

Some additional support for this conjecture is given by the following.

2.12. PROPOSITION. If u is extreme, with Lebesgue decomposition p =
fA+ v with respect to Lebesgue measure A, then f > ¢ > 0 is impossible on
an open set.

Proof. Indeed, if not, then f would be positive on two tiny, concentric
annuli A1, As. It is easy to see that u is a convex combination of uy, o,
where p; is obtained by replacing f by f + ex1 F dx2, and € and J are
suitably chosen positive numbers, while y; is the characteristic function of
A;.

2.13. Recall that p € My has minimal support if v € My, Supprv C
Supp i = Supp v = Supp . At first glance one might think that minimal
support and extremality are connected. Indeed, for the disc algebra it follows
from Ryft’s theorem that a representing measure with minimal support is
harmonic measure for some domain and therefore extreme. On the other
hand, Example 2.9 also provides an example of an extreme element of M
which does not have minimal support. For other algebras an example of a
representing measure with minimal support but not extreme is quite easy.

EXAMPLE. Let A°(D) be the function algebra on T spanned by {22, 23}.
For f € A°(D), we have

J IO =), [ fedz=0, [ [ =0,
T T b

2miz?

On parametrizing T with e, the last two equations give

f f(e®)cos HdO = 0.

—T
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The conclusion is that for —1 < o <1, (1 + acos §)df/2r is a representing
measure with minimal support. It is, however, not an extreme element for
-1l<a<l

This example will be modified in the sequel to provide a similar example
for A(B).

3. Circular representing measures

3.1. There is a natural way to pass from representing measures for
A(D) to representing measures for A(B) and vice versa (cf. [R]). In fact, let
m € MyD. We consider D as BN {z =0,...,2, = 0} and define m® on S
as follows. For any continuous v on S,

[vdm® = [ dm(z1) [ v(z1,v/1=]2¢)do((),
S D S’
where o(z’) denotes the rotation invariant probability measure on the sphere
S’ in the 2’ = (z2,...,2,) space. This process will be called lifting m and
m© will be called a circular measure.

On the other hand, if m© € MyS, then we define m € MyD by

f vdm = f vdm®
D s
for all v € C(D) (on the right hand side v is considered as a function on S,
only depending on the first variable). This will be called projecting m®.
Of course we have a similar lifting procedure relating representing mea-
sures supported on a (full) ball in C* to representing measures supported
on the sphere in C**7. In the sequel we shall mainly study the case where

B = B? is the unit ball in C2. What happens if one circles an extreme
element of MyD?

3.2. THEOREM. Let pn € MoD and S the unit sphere in C%, put r(z) =
1 — |z]2. The measure u© obtained by lifting p is extreme in MyS if and
only if p is extreme in MyD and the holomorphic polynomials are dense in
LY(D,r(2)u(2)).
Proof. Let z,w be the coordinates in C? and view D as BN {w = 0}.
Suppose p© is extreme. If p = %m + %uz, wi € MyD, then p® =
%,ulc + %ug, hence u$ = p, therefore, yu; = p and p is extreme. Next we
apply Douglas’ criterion. If f € L*(D,r(2)u(z)), then fw € L*(S,u), so
for every € > 0 there exists a pluriharmonic polynomial P(z,w) (which may
be complex-valued!) with [|f(2)w — P(z,w)|du® < e. Expand

N —1
P(z,w) = Po(2) + > _ Pi(z)w’ + > Pi(2)w’
j=1 j=—N
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where Py is a harmonic polynomial and P; are holomorphic polynomials if
j # 0. Now, with w = |w|e!® = r(z)e’® on S, we have

J 15 = PilrGydn(z) = [ [ 1)~ Pi() o2 r(2) d()

= | IO due)

< [ [ 1fEw—Pew)sE dutz)
= f\f(z)w—P(z,w)|d,uC<€.

For the converse implication, again by Douglas’ criterion, it suffices to
show that continuous functions can be approximated by pluriharmonic poly-
nomials in L*(S, u¢). Let f be continuous on S and & > 0. Let

f-{] oS-

0 on|z|=1

The function f — f is independent of w and can be viewed as a function on
D, supported on T, which is in L!(u). There exists a harmonic polynomial
P, € Re A(D) with

f|f—f1—P1|d,u= fIf—fl—P1|d,uC<e.
D S

Take § > 0 so small that
[ 1aldeC = [ |fldu® <e

1-6<|z[<1 1-0<|z|<1

and let x € C°(D) with 0 < x <1, x =11if |z <1—6. Put g = xf. Let
Fn be the Fejér kernel of order N. For large enough N we have on D

lg(z,7(2)e’®) — g% En(z,7(2)e) |0 <.
Here we convolve with respect to ¢. With
N ) i d¢
—(1— ig),—tk¢ 7
gn (2 k) = (1= |k[/N) [ g(z,r(2)e")e 5

and observing that r(z)/*le?*? is just the restriction to S of w* if k > 0, and
of w*l if k < 0, we have

g* Fn(z, T(Z)ei¢) = ||Z an(z, k)eikqﬁ _ Z WT’(Z)W&W
E|<N

N —1
=co(2) + ch(z)wk + Z cr(z)@*!
k=1 k=—N
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Here the ¢ are defined by the last equality. As gy = 0 if r(z) is small
enough, it follows that the ¢, are continuous and that Suppciy € D. Now
there exists a harmonic polynomial Qo(z,z) with [ |co — Qo| dp(z) < € and
for k # 0, ¢ can be approximated in L!(D,r(z)u) by holomorphic polyno-
mials. Thus there exist holomorphic polynomials Qg (z) with

[ lex = Qulrdp < /2.
But then

J levw = Quw™ | dp® = [ lex—Qulr™ dp < [ few— Qulrdp < /2.
We put

N —1
Py(z,w) = Qo(2) + Y _ Qu(z)w* + Y Qu(z)w™
k=1

k=—N
and conclude that P, € Re P(S) such that [ |xf* Fy — Pa|du® < 3. Now

f|f—P1—P2|dMC§ f|f—f1—P1|dMC+ f|f1—Xf|dNC
+ [ Ixf—xf*Fxldp®+ [ |gx Fx — Pa|dp®
< 6e.

3.3. Remarks. A typical situation of the theorem arises as follows.
Consider the curve I' = I'; U I in C defined by

N={zecC:|z>=1, Rez <1/2},
N={z=z+iyecC:2=1/2, —\/3/4 <y </3/4}.

Let po be harmonic measure with respect to 0 on I'. As is well known, g is
absolutely continuous with respect to arc length. Let x© be the measure on
S obtained by lifting pg. Since the polynomials on I' generate a Dirichlet
algebra, that is, Re P(I") is dense in C(I"), po is the unique representing
measure on I’ and therefore extreme. From the Weierstrass approximation
theorem we conclude that the polynomials are dense in L'(I%, o) so it
follows from Theorem 3.2 that u© is extreme in M;S.
Note that the support of u€ is equal to K = K; U K5, where

Ky =1 x {0},
Ko ={(1/2+iy. R(y)e'?) : 0 < ¢ < 2m, —\/3/4 <y < /3/4}

and R(y) = +/3/4 —y2. Thus the support of u¢ is a set of positive 2-
dimensional Hausdorff measure mo and moreover u¢ is not singular with
respect to mao.

Instead of the interval I and the arc 17 we can take any Jordan arc
Yo C D, 0 & 79, with different end points on T, together with a subarc 4
of T" which connects the endpoints of 5, such that O lies in the bounded
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component of the complement of the closed Jordan curve v = v U~vs. We
consider harmonic measure pg with respect to 0 on «. Lifting in the same
way as above we find a compact K C S and u© € Mg with support K. Using
Walsh’ theorem instead of Weierstrass’, we find again that u is extreme.

In particular, we can take for ~5 an arc of positive 2-dimensional measure.
Then o(K') > 0, so we have obtained an extreme representing measure whose
support has positive invariant measure. However, in view of the sequel we
remark that by a theorem in [(] pol Lebesgue measure in the plane and
hence plo. In fact, it was shown recently in [JW] that, under much more
general conditions, poLlmg, where mg (d > 1) is d-dimensional Hausdorff
measure.

Theorem 3.2 also readily gives an explicit u© € MyS which is extreme
and not Jensen: Take p as in Example 2.9 and lift.

In addition we mention the following result:

3.4. THEOREM. Let € MoD be extreme and K = Suppu®. If F =
Supp p N D is polynomially conver and has empty interior, then P(K) is a
Dirichlet algebra.

Indication of proof. Mergelyan’s theorem gives that P(F) =
C(F). Now one can repeat the converse part of the proof of Theorem 3.2
with uniform instead of L! estimates.

The situation where p is harmonic measure on a smooth curve can be
handled very well. The next theorem states roughly that u© is extreme if
and only if the curve has points of extremely high contact with T, say like
e~ /17l touches the z-axis. The fact that (i) and (iii) in the next theorem
are equivalent is a direct consequence of harmonic measure and arc length
being comparable. This result is well known in a much more general setting.
We include the proof for convenience of the reader.

3.5. THEOREM. Let I' be a C? Jordan curve around 0 in D which bounds
a domain 2 and let p be harmonic measure with respect to 0 for 2. Then
the following are equivalent:

(i) pC is extreme.
(i) logr(z) & L' ().
(iii) logr(z) & L*(I',ds), where ds denotes arc length on I .

Proof. Let F denote a conformal map from D to {2 such that F'(0) =
0. As is well known, F extends to diffeomorphism from D to {2, and by
invariance of harmonic measure under F, |d(|/2m = F*pu, the pull-back
of u under F, and also u(z) = |(f~1)'(z)|ds, therefore (i) and (iii) are
equivalent.
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Now to show that (i) and (ii) are equivalent, first note that u is ex-
treme in MyD. By Theorem 3.2, (i) is then equivalent to the holomorphic
polynomials being dense in L'(7(z)u). Suppose that this were not the case.
Then:

The holomorphic polynomials P are not dense in L!(r(2)u) <
dh € L>®(r(2)p), h # 0, such that

<]

2w

0= fP 2) dp(z fPoFQhoF(g)roF( =, vpP.

T

Observe that ¢™ is a uniform limit on 7" of functions of the form P o F'(()
and vice versa. Hence the last statement is equivalent to

|d¢]

2T

3n' € L®(T) such that [ ¢"W/(¢)ro F(Q)5> =0, n>0.

As is well known (see e.g. [Gar]), this is equivalent to
I’ € L*°(T) such that h'roF e H*,

and by a theorem of F. Riesz (cf. [G]) this is the case if and only if 3h’ €
L*>°(T') such that log|h'r o F| is integrable. Since A’ must be bounded and
r < 1, this reduces to [logr o F|d¢|/2m > —oco or logr(z) € L'(u). Hence
we have shown that (i) and (ii) are equivalent.

In general, the condition that the polynomials be dense in L'(D, r(2)u)
seems only poorly understood. This motivates the following result.

3.6. THEOREM. Let u € MyD. Suppose that there exists F' € A(D) such

that
F(:)| = O(V1—2), =€ Suppp, |2 — 1.

Then u© is not extremal.

Proof. Let

h(z.w) = Re <zF(z)w> ’

122

F as in the theorem. We claim that h L Re A(D) in L?(u%). Since h is
real, it suffices to show that h L A(D). For this one just notes that, for all

k.l eN,
2F(2)w k, 1l 3 C
[ (325 )t =
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and, again with r(z) = (1 — |2]?)'/2,

zF(RwY o o FHF() g -1y 40
f (1_’2‘2>z w'dp® = f du(z)Wr(z) E)fe o

0 it1£1,
- f ZPHUE(2)dp(z) =0 if I = 1, since p is representing.

Finally, |h(z,7(2)e'?)| < |F(2)|/+/1 — |2|2, which is bounded on Supp p by
the assumptions. So h € L, (u®) and h annihilates Re A(D) with respect
to u. Hence Re A(D) is not dense in L' (u®). By Douglas’ criterion we are
done.

We now return to C". Again ¢ is normalized rotation invariant measure
on S. In view of Proposition 2.2 we see that if u¢ = fo+v, vLo, is extreme,
then f cannot be bigger than a positive constant on an open set. This is
true for all extreme elements of MyS.

3.7. THEOREM. Let pn € MyA(B). Suppose that u = fo+v, where vlo

and f € L'(0), f > ¢ > 0 on an open subset of S. Then u is not extreme
m Mo.

Proof. We will apply Douglas’ criterion. Let E C S be open and such
that f > ¢> 0 on E. Then we have, for every g € C(S), P € Re A(B),

1
Sf\g—P\d/iZc]!!g—P]da.

Hence it suffices to prove that Re A(B) is not dense in L'(ygo).
We may assume that (0,...,0,1) € E. Let A = A, 5 denote the family
of complex lines L of the form

L={(a,...,apn—1,8)2+(0,...,0,1 —0): z € C},

where > Ja;|* + &2 = 1. There exist 9,6 > 0 such that for 0 < & < &,
if L € A, then the intersection L NS C E. Note that any two of these
lines have only (0,0,...,1 —¢) in common. This is the centre of all circles
obtained by intersecting S and L. Now take A; and A5 to be disjoint subsets
of A such that E; = Jyc,, LN E is open for i = 1,2 and dist(£1, E2) > 0.
Take g € C(S) such that g = 1 on F; and ¢ = 0 on Es. Using the mean
value property we obtain for pluriharmonic polynomials P

[lg=Pldo> [ ...+ [ .. z’ f(g—P)da‘—l—‘ f(g—P)do)
E E1 Es5 FEq Eo

= |o(By) — 1 P(0,...,0,1 = 8)| + |2 P(0,...,0,1 = 68)| .

Here ¢q,c2 > 0 depend only on E; and Es respectively, and not on P.
For the right hand side to be small, P(0,...,0,1 — ) will have to be close
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to o(L(E1))/c1 as well as to 0, which is impossible.

Note that one could also give a proof like the one of Proposition 2.12,
with E; for A;. Also a proof can be given based on the fact that plurihar-
monic polynomials are solutions of a system of tangential partial differential
equations (cf. [R], Chap. 18). Then the same would be true for a limit in
distribution sense on an open set, and a fortiori for a limit in L! (o) sense,
which would lead to a contradiction.

CONJECTURE. If uu is an extreme element in MoA(B), then plo.

Theorem 3.7 gives some support for this conjecture, while 3.3 shows that
extreme measures can be concentrated on fairly large sets.

3.8. It is easy to see that a limit point of extreme points of a compact
convex set need not be an extreme point. One can find an example in R3,
namely, the convex hull of the union of a circle and an interval through a
point of the circle, which is perpendicular to it. One might hope that the
situation is better for My, but it is not, even if we consider convergence in
the variation norm.

EXAMPLE. There exists a sequence {ujc} in MoS which converges in
variation norm to u© € MyS, such that /J,jc are all extreme but uC is not.

Again we work in C?, with coordinates (z,w). Consider

vi={z=¢e":-1/j <0 <1/5}
Uf{z=et7 4¢:-1/2<t<0,1/2< 2| <1}
U{z=¢e"Y/2:0; <|0] <7},
where a; ~ 2/j is such that +; becomes a Jordan curve. Let ;; be harmonic
measure with respect to 0 on ;. One can verify immediately that p; tends

to the representing measure u for 0 on {|z| = 1/2} in variation norm. Then
also ,ujc tends in variation norm to uC.

4. Push-forward measures. Another way to construct representing
measures is by embedding analytic discs and pushing forward representing
measures of subalgebras of the disc algebra. Consider a holomorphic map
¢ = (P1,...,9,): D — B = B", satisfying

(i) 2(0) =0,
(4.1) _
(ii) @ extends continuously to D and ¢(T') C S.
For v a measure on T the push-forward ®.(v) of v is defined by

(4.2) [ 1 d®.(v) = [ (fo®)(e)dv(e”).
S

T
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It is obvious that @,(df/2m) is in MyS. It is not true that @,(df/2w) is
always extreme (cf. Example 4.3 below), but by a small variation of this
construction one can construct extreme representing measures.

First assume, for simplicity, that 215| o is injective. Let A[®] be the uni-
form subalgebra of A(D) generated by the components @; of ¢. Then one
easily checks that v € MyA[®] implies @.(v) € MyS.

If @‘ - is not injective, A[®] fails to separate points. In that case we regard
A[®] as a uniform algebra on the compact Hausdorff space T := T'/ ~, where
z ~w iff @(z) = @(w), and Ty is provided with the quotient topology. Now
@ induces a map Ty — S, and we can define @, (v) as above, if v is a measure
on Ty (e.g., if v € MyA[D]).

4.1. PROPOSITION. Let v € MyA[®]. Then @.(v) € MyS is extreme if
and only if v is.

Proof. We restrict ourselves to the case where 525‘ o s injective and
leave the general case to the reader. First note that the map v — &, (v) is
one-to-one on M(T'): Suppose ¢.(v) = 0. Let g € C(T') and f € C(S5) be
such that f = go®~! on &(T). Then (g,v) = (P.(v), f) = 0, so that v = 0.
Hence, if v € MyA[®] is a nontrivial convex combination of v and vy, then
&, (v) is a nontrivial convex combination of @,(v1) and @, (vs).

Conversely, suppose that @, (v) = Au1 + (1 — N pe, where uq, po € MyS
and 0 < A < 1. For g € C(T), let f be any continuous extension to S of the
function f = go®~! on &(T). Define measures v; € M(T) by

fgdl/j = ffd,uj.
T S

The right hand side is independent of the choice of the extension f: since
Supp pt; € Supp@.(v) € &(T). By definition, ®,(v;) = p;. Also v; €
My A[®], because elements of A[®] can be uniformly approximated by func-
tions P o ®, P = P(z1,...,2,) a holomorphic polynomial. Finally, v =
Avy + (1 — N)vg, since @, is injective.

4.2. Remark. The proof shows that the map @, is a bijection of My A[P]
onto the subset of MyS of representing measures whose support is contained
in ¢(7T).

4.3. ExAMPLE. We continue Example 2.13. Let ¢ = &(2) = (1/v/2) x
(22,23) : D — B?. Then A[®] = {f € A(D) : f(0) = 0}. Each element
of MoA[®] is of the form 1 + Re(ce?®)df/2r, with c € C, 0 < |¢] < 1. In
particular, @, (df/27) is not extremal, since df/2m is not extremal in A[D].
However, ®,(df/27) has minimal support.

One could hope that convex combinations of push-forward measures
&, (v) are weak*-dense in MyS, but this is probably false. However, one
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has the following weaker result, which identifies the closed linear subspace

Span MyS C M (S) spanned by M;S.

4.4. THEOREM. For k,l € N, let 1, : D — B be given by Py 1(z) =
(1/v/2)(2%,2,0,...,0), and let U(N) be the unitary group. Then

Span{(U o &y, ;).(df/27) : k,l e N\ {0}, (k,0) =1, U €U(n)}
is weak”-dense in Span MyS (here, (k,1) = g.c.d.(k,1)).

Proof. Note that @ ;(0) = 0 iff neither k£ nor [ are 0, so then &y ;
satisfies (4.1). The dual of M (S) (with the weak*-topology) can be identified
with C(5), if we identify g € C(S) with the linear functional p — (g, i).
Let g € C(S) be such that

43) [ g(Uodyy).(do/2m) =0,
S
Vk,1 € N\ {0}, (k,1) =0 and YU € U(n).

We claim that (4.3) implies that ¢ € PH(S), that is, by definition, the
harmonic extension of g is pluriharmonic. This will imply that for all u €
MyS, [gdp = g(0) =0, by (4.3), and the theorem follows by Hahn-Banach.

Let II, s denote the orthogonal projection onto the space H (r, s) of spher-
ical harmonics of bi-degree (r,s) (cf. [R], Chap. 12). Thus, to prove the
claim, it suffices to show that II, ;g = 0 if rs # 0. Let Y be the set of all
g € C(S) satisfying (4.3). Note that Y is a closed, U(n)-invariant subspace
of C(S). In this situation Theorem 12.3.6 in [R] states that I1, ;Y # {0}
implies H(r,s) C Y. However, H(r,s) Z Y if rs # 0, since z{z5 € H(r,s)
and if we take k = s/(r,s), l =r/(r,s), we find

do S
f 2125(Pr1)« (27r) = f CTkCSZ% =1.
s T
One of the motivations for studying MyS is the Cole-Range theorem,
which implies that each element in A(S)' is absolutely continuous with
respect to some measure in MyS. We give a description of A(S)* in the
spirit of Theorem 4.4.

4.5. THEOREM. Let Py denote the space of holomorphic polynomials on
C which vanish at the origin. Then
(4.4)  Span{(Pr o U).(P(e)d) : k,1 € N\ {0}, U cU(n)}

is weak*-dense in A(S)* .

Proof. Note that if ® : D — B is holomorphic and extends continuously
to D, then v € A(T)* implies ®,(v) € A(S)*. Let Y be the subspace of
all g € C(S) which are annihilated by the measures in (4.4). It suffices to
prove that Y C A(S). As before, Y is U(n)-invariant. Suppose I1, s # 0 for
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some (r,s) with s # 0. Then H(r,s) C Y and in particular, for all m > 1,
and all k,1 € N,

o 49 i df
— r=s imo — i(kr+m—1s)0
0 :!2122(4576,1)* <€ 271-> 6[@ 9

The latter expression equals 1 for a suitable choice of m,k,[, which is a
contradiction.

Remark. The same proof shows that Span{(®g; o U).(P(e?)df)} is
also weak*-dense in A(S)L, but note that @ 1(D) does not meet the origin.
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