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Natural transformations between T?T*M and T*TZM

by MIrROSLAV DOUPOVEC (Brno)

Abstract. We determine all natural transformations TET* — T*T7 where Tf M =

Jg (Rk ,M). We also give a geometric characterization of the canonical isomorphism g
defined by Cantrijn et al. [1] among such natural transformations.

The spaces T7 M of one-dimensional velocities of order r are used in
the geometric approach to higher-order mechanics. That is why several
authors studied the relations between T77T*M and T*17M. For example,
Modugno and Stefani [7] introduced an intrinsic isomorphism s between
the bundles TT*M and T*TM. Recently Cantrijn, Crampin, Sarlet and
Saunders [1] constructed a canonical isomorphism v, : T T*M — T*TT M,
which coincides with s for = 1. From the categorical point of view, .. is
a natural equivalence between the functors T77T™ and T*T7, defined on the
category Mf, of m-dimensional manifolds and their local diffeomorphisms.
Starting from the isomorphism s, Kolar and Radziszewski [5] determined all
natural transformations of 7T into T*T. In the present paper we determine
all natural transformations T27* — T*T? and interpret them geometrically.
Further we show that the natural equivalence 15 can be distinguished among
all natural transformations by a simple geometric construction.

1. The equations of all natural transformations T2?T* — T*T?.
We shall use the concept of a natural bundle in the sense of Nijenhuis [8].
Denote by Mf,, the category of m-dimensional manifolds and their local dif-
feomorphisms, by FM the category of fibred manifolds and by B : FM —
Mf,, the base functor. A natural bundle over m-manifolds is a covariant
functor F': Mf,, — FM satisfying B o F' = id and the localization condi-
tion: for every inclusion of an open subset ¢ : U — M, FU is the restriction
to py (U) of pas : FM — M over U and Fi is the inclusion p,} (U) — FM.
If we replace the category Mf,, by the category Mf of all manifolds and
all smooth maps, we obtain the concept of bundle functor on the category
of all manifolds. A natural bundle F' : Mf, — FM is said to be of order r
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if, for any local diffeomorphisms f,g: M — N and any « € M, the relation
J"f(z) = j"g(x) implies F f|F, M = Fg|F,M, where F, M denotes the fibre
of FM over x € M.

A k-dimensional velocity of order r on a smooth manifold M is an r-
jet of R¥ into M with source 0. The space Tp M = J§(R¥, M) of all such
velocities is a fibred manifold over M. Every smooth map f: M — N
extends to an FM-morphism T} f : T/ M — T} N defined by T} f(j59) =
Jo(f og). Hence T} : Mf — FM is an rth order bundle functor. The
simplest example is the functor T}, which coincides with the tangent func-
tor T

The cotangent bundle T*M is a vector bundle over the manifold M.
Having a local diffeomorphism f : M — N, we define T* f : T*M — T*N by
taking pointwise the inverse map to the dual map (7, f)* : T]T( x)N — TxM,
x € M. In this way the cotangent functor 7™ is a natural bundle over
m-manifolds.

We are going to determine all natural transformations T2T* — T*TZ.
The canonical coordinates z° on R™ induce the additional coordinates p;
on T*R™ and &' = dx*/dt, X' = d*x"/dt?, m; = dp;/dt, P; = d*p;/dt* on
T2T*R™. Further, if y' =dz®/dt, 2* =d?z"/dt? are the induced coordinates
on T?R™ then the expression o; dw'+; dy'+7; dz* determines the additional
coordinates o;, g;, T; on T*Tme. Set

(1) I=p&, J=pX' +m¢.

Let G7, be the group of all invertible r-jets of R™ into R™ with source and
target 0.

PROPOSITION 1. All natural transformations TET* — T*T? are of the
form

y' = F(I,J)¢",
2= F*1, ) X"+ H(I,J)¢",
T, = G(I7J)pl7

0i = 2F(I,)G(I,J)m; + M(I,J)p;,
o; = F*(I,))G(I,J)P; + [F(I,J)M(I,J) 4+ H(I, J)G(I, J)]m;

where F', G, H, M, N are arbitrary smooth functions of two variables and
I, J are given by (1).

In the proof of Proposition 1 we shall need the following result, which
comes from the book [6]. Let V' denote the vector space R™ with the stan-



Natural transformations 69

dard action of the group G, and let
Vi =V x...xVxV*x...xV*.

TV
k times [ times

Let (,):V x V* = R be the evaluation map (z,y) = y(zx).

LEMMA. (a) All G},-equivariant maps Vi,; — V are of the form

k
> 95((a,yn)zs
5=1

with any smooth functions gg : R* — R.
(b) All G}, -equivariant maps Vi; — V* are of the form

l
Z 9u((Tay Yn))Yp

with any smooth functions g, : RF — R.

Proof of Proposition 1. According to the general theory [3], if
F and G are two rth order natural bundles, then the natural transforma-
tions ' — G are in a canonical bijection with the G7 -equivariant maps
FoR™ — GoR™. Hence we have to determine all G3 -equivariant maps of
S = (T?T*R™)g into Z = (T*T?R™),. Using standard evaluations we find
that the action of G2, on S is
T=agel . X = apgeh +aixd,

A

- I = _~j_ 1l ~m=J k
i — @iPj, T = ;T — A0 a;pmé"

D
Do I =m=j k _ v ~ist ekl
Pi = a; P; — 2a;,0)" a; mm & — aj;0;0,87E

(3)
I ~m~j k ~n | ~m 1 ~Jek¢s
S Lt CLmeX + 2al Ak Oy asjaié 5 Pn
where aé, ag k> a;- 1 are the canonical coordinates on G3 and @] is the inverse
matrix of aé. Taking into account the natural equivalence vy : T2T*M —
T*T2M of Cantrijn et al. with equations

(4) yi=§i, 2= X", Ti = Pi, 0; =2m;, o0;=DF
we obtain from (3) the action of G2, on Z. The coordinate form of any map
S — Zis
yi:fi(p7§7X7W7P)7 Zi:gi(p7§7X7ﬂ7P)7 O'i:hi(p7§7X77T7P)7
Qi:li(p)£7X77r7P)7 Ti:ti(p7§>X77T7P)'

First we discuss f?. The equivariance of f with respect to the kernel of
the jet projection G3, — G2, leads to

fl(p]7§]7X]77T]7Pj) = fl(p]7€]7X]77T]7Pj - a;ljgkglpT) .
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This implies that f? is independent of P;. Now it will be useful to distinguish
two cases according to the dimension m of the manifold M.

Consider first the case m > 2. Taking into account the equivariance of f°
with respect to the linear group G}, C G2, we obtain

at fi(p;, &, X7, 7;) = fi(@pr, ale¥, al X* @)
so that fi(p, &, X, ) is a G} -equivariant map R™ x R™ x R™* x R™* — R™.
By our Lemma,
(5) Fip.&m X) = @(pi€!,p X7, mi€l m X9)E!
+(p€ p X7, i€ XT) X
where ¢ and v are arbitrary two smooth functions of four variables. One

calculates easily that the expressions I and J given by (1) are invariants
with respect to the group G2,. Replace (5) by

fr=0,J,p; X7 —m;& ,m; X)) + (1, J,p; X7 — m;& X7 ) X"

Then the equivariance of f? with respect to the kernel of the jet projection
G?, — Gl reads

6) (L, Jp; X7 — €, mXD)E + (I, J,pi X7 — i€l mi X)X

= o1, J,p; X — 760 T X )E + (1, J,p; X — 7,60, 7, X)X
where X' = X + aékﬁjfk and T; = m; — a{kpjgk. Setting £ = (1,0,...,0),
X =(0,1,0,...,0) and ¢ = 1 in (6) we obtain
(7)  w(p1,p2 + ™1, p2 — 71, m2)

= @(p1,p2 + 1, p2 — M1+ 2a7,pj, T2 — apj + WA}, — a11ai1pj)

%

+ ¥ (p1,p2 + 71, p2 — T + 2a{1pj77f2 - aélpj + Wja{1 - a’flailpj)ah :
If all a; . except a?; and a}; are zero, then (7) reads
(8)  w(p1,p2 + m1,p2 — M1, M2)

= @(p1,pa + T1,p2 — M1 + 207, p2, Mo — a3, p1 + T2aT, — atazpr) -

Putting a3, = 0 we get

@(p1,p2 + 71, p2 — T, ™2) = 9(p1, P2 + 1, P2 — T, T — A51P1) -
This implies that ¢ does not depend on the fourth variable . Then (8) with
arbitrary a?; gives ¢ = ¢(I, J).

Further, let aj; = 1 and let the other a’s in (7) be zero. Then

9) 0 = ¥(p1,p2 + 71, p2 — 71 + 2p1, T2 + 71— p1) -

The components of ¢ in (9) are linearly independent functions, so that
1 = 0. We have thus deduced that

(10) [r=F,J)
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with an arbitrary smooth function F : R? — R.
Quite analogously one can prove that

(11) ti=G(I,J)p;
where G is another smooth function of two variables.
Now write

g'(p, &, X,m,P)=F*(I,)) X"+ 7' (p.&, X, 7, P)

with F taken from (10). Applying the equivariance of g* with respect to the
whole group G3, we find

al F2(I, )¢5 + al F?(1, ) X7 + a'g’ (p,&, X, 7, P)
= F*(I,J)(a},&¢" + ai X7) + ' (p, £, X, 7, P).
We see thatgi has the same transformation law as f¢, so that g*(p, &, X, 7, P)
= H(I,J){" and
(12) g =F*(I,J)X'+ H(I,J)¢ .
Consider now the map I; and set
Li(p, &, X, m, P) =2F (I, J)G(I, J)m; + l;(p, &, X, 7, P).
Using equivariance we get
2a]F(I,J)G(I, J)m; + a@l;(p,&, X, m, P) — 2a,@la" F(I, J)G(I, J)pm&"
=2F(1,J)G(I, J)(@lm; — dka)"@lpme™) + (5, &, X, 7, P).

Quite similarly to (10) and (11) we then deduce l;(p, &, X, 7, P) = M (I, J)p;,
so that

(13) I, =2F,J)GI,J)m; + M(I,J)p; .
Finally, assume h; has the form
hi(p, &, X, 7, P) = F*(1,J)G(I,J)P; + [F(I,J)M(1,J)
+ H(I,J)G(I,J)]m; + hi(p, &, X, 7, P).
Applying the same procedure as for g* and I; we obtain R’ (p,&, X, 7, P) =
N(I,J)p;, i.e.
(14) h; = F*(I,J)G(I,J)P; + [F(I,J)M(1,J) + H(I,J)G(I, J)|m;
+ NI, J)p;.

Thus, if the dimension m of the manifold M is > 2, then (10)—(14) prove
our proposition.

It remains to discuss the case of one-dimensional manifolds. The fact
that the map f(p,&, X, m, P) does not depend on P can be derived in the
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same way as above. Denote by (a1, az,a3) the coordinates on G3. We shall
only need the following equations of the action of G3 on S and Z:

_ 1 _
gzalga p= ;pv X:a2£2+a1X7 Yy =my,
1

_ 1 as
T=—m— —5p
a a?

Take any u € R*, so that w = iu Then f(p,&, X, m)u is a Gi-invariant
function. Let I = p¢, J = pX + ¢ and K = u€.
For any G3-invariant function F(p,&, 7, X,u) define a smooth function

U(x,y,2) = F(r,1,9,0,2). We claim that
(15) F(p,&,m, X,u) =9y, J,K).

Indeed, since F(p, &, 7, X, u) is G2-invariant, in the case £ # 0 for a; = &,
as = 0 we have

Y(Ep, Em, Eu) = F(Ep,1,¢m,0,8u) = F(p,&,m,0,u).
Further, set as = —X/£2, a; = 1. Then by invariance F(p,&, 7, X, u) =
F(p,&,m+ Xp/§,0,u) = ¥(&p, & + Xp,&u) = (I, J, K). Hence we have
proved that (15) holds on the dense subset £ # 0, so by continuity it holds
everywhere.
Now we complete the proof of our proposition. By (15) we have

f(p,f,ﬂ',X)’LL:lb(I,J,K).

Differentiating this with respect to u we obtain

(I, J, K)
x)= 050
f(p7 57 7r7 ) 82 f
where z denotes the third variable of ¢(1, J, K). Setting u = 0 on the right
side we get

f(p7€7ﬂ'7X) = SO(I7J) .5
where p(z,y) = 0¥ (x,y,0)/0z. This implies that for m = 1 the map f is of
the form (10) as well. One finds easily that (11)—(14) are also true in this
case. m

2. Geometric interpretation. The canonical isomorphism sy :
T2T*M — T*T2M of Cantrijn et al. [1] corresponds to the constant values
F=1,G=1,H=0,M =0, N =0in (2). We first give another simple
geometric construction of this isomorphism. Gollek introduced a canonical
isomorphism s : T} T M — TT] M which can be viewed as a generalization
of the canonical involution TTM — TTM [2]. Let g : T*M — M be the
bundle projection and let se be the above isomorphism TTZM — T2TM.
The map 35 has a simple geometric interpretation. Every C € TTZM
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is of the form C = (9/0t)|ojév(t,7), where v is the map R x R — M,
(t,7) — 7(t,7), and j3 means the partial jet with respect to the second
variable. Then s (C) € T2T M is defined by taking the partial jets in oppo-
site order, i.e. 22(C)=32((9/0t)|oy(t, T)). Every A€ TZT*M is a 2-velocity
of a curve a(t) = (2%(t),a;(t)) in T*M. Let v € T2M be the point T2q(A).
If B € T,T?M, then s(B) is a 2-velocity of a curve 3(t) = (z(t),b'(t))
in TM. Hence we can evaluate (a(t),3(t)) for every t and the expres-
sion

d2

(000, 30

depends only on A and B. Therefore it determines a linear map T, T2 M —
R, i.e. an element of T*TZM.

Now we present a geometric interpretation of the result (2). We shall
proceed in four steps.

1. We can define the following multiplication by real numbers on the
bundle T2 N

16 k- (x® y%, 2%) = (2%, ky®, k?2%).
(16) (%, 9%, 2%) = (2%, ky”,

There is a canonical inclusion T2N — TTN, (x%, y*, 2%) — (2%, 9%, y%, 2%),
and the space TT'N carries two vector bundle structures. Taking any
(x* y*,y*, z%) € TTN, we can multiply it by k with respect to the first
structure. We obtain

(17) (2,5, ky®, k=").

Further, multiplying (17) by k with respect to the second structure gives
(2%, ky®, ky®, k?>2%). This defines the multiplication (16), which we denote
by A+ k-A. Another way of defining the multiplication (16) on TZN is to
use the reparametrization z(t) — z*(kt).

Take any element A = (x%,p;, & X% m;, P;) in T?T*M. Evaluating
the result of multiplication of A by F, we get F - A = (2%, p;, F¢', F2 X1,
Fr;, F2P;). Next, we can transform this into T*T2M by means of the
canonical transformation 2. The coordinates of 1 (F - A) are

y'=F¢, Z=FX', 1=p, o0 =2Fm, o =FP.

Moreover, multiplying to(F - A) by G with respect to the vector bundle
structure of T*TZM we obtain an element

(18) Gipo(F - A)
of T*T?M with coordinates
y'=F¢, F=F?X', 7,=Gp;, o0 =2FGr;, o;,=FGP.
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2. The bundle projection q : T*M — M determines the projection
ry: TET*M — T2M, ry = T?q. Further, let ro : TET*M — TT*M be the
jet projection and let r3 : TET*M — T*M be the bundle projection.

Denote by s the isomorphism T7T*M — T*TM of Modugno and Ste-
fani [7]. We recall the coordinate expression of s. Having the canonical
coordinates z*, ¢* = dx’ on TR™, the expression o;dx® + (;d¢* determines
the additional coordinates «;, 3; on T*TR™. Further, let 2°, p;, & = da?,
m; = dp; be the canonical coordinates on TT*R™. Then the equations of
the isomorphism s are [5]

=€, ai=m, fi=pi.
Moreover, there is an inclusion i : TEM X7y T*TM — T*TZM,
(' 9", 2" u, i) = (2 = 'y’ =y, 2" = 2% 00 = i, 00 = i, = 0).
Having an arbitrary element A = (2%, p;, &8 X% m, P;) in T2T*M, we

can evaluate i(r F'- A, s(roF'- A)). Next, multiplying this by the function M
on the vector bundle T*TZM we obtain an element

(19) Mi(riF - A, s(roF - A))
of T*T?M with coordinates
y'=F¢, P =F’X', 7,=0, o0,=Mp;, o;=FMn,.
3. Denote by j the inclusion T2M x py T*M — T*TZM,
(2%, 9", 2% ) = (2t =2ty =o', 2t = 2% 0y = s, 0 = 0,73, = 0).

Applying a similar procedure to step 2, we associate to any A € T¢T*M an
element

(20) N](T'lF : A, 7“3F : A)
of T*T2M. The coordinate form of (20) is
y'=F¢, #=FX', 7=0, 0=0, oi=Np.
4. Tt is well known that TZM — TM is an affine bundle associated to
the pullback p3,TM of TM — M over py : TM — M. In particular,
T2T*M — TT*M is an affine bundle whose associated vector bundle is the

pullback of TT*M — T*M over pr«p; : TT*M — T*M. Hence we have
defined the addition of vectors in TT*M to points in T2T*M:

(xiv fiv Xiapia T, P’L) + (:Uiapiv Uiv uz) = (xi7 gi, Xl + ,Uiapia T4 P + UZ) :
Using the canonical isomorphism v : T2T*M — T*T2M we can transform

this addition in the affine bundle T27T*M to an addition @ in the bundle
T*T?M:

(xi7yi7zi77—i7 Qiagi) > (xi7vi77—i7ui) - (mivyiazi + /UiaTZﬁ Q0i, 04 + uz) .
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Now we can complete the geometric interpretation of (2). Given an arbi-
trary A = (2%, p;, &, X4, 1, P;) € TET* M we have constructed geometrically
three elements (18), (19) and (20) in T*TZM. Then their sum

B = G¢2(F : A) + MZ(?"lF : A,S(TQF . A)) + Nj(?”lF . A,TgF : A)
with respect to the vector bundle structure of T*T?M has coordinates
xi:xi7 yZ:F§l7 Zi:Finv Ti:Gpi7
QiZQFGTFZ‘-l-Mpi, UZ‘:F2GP1'+FM7T¢+NPZ'.

Taking further the vector (z%, £%, p;, m;) € TT* M and multiplying by G in the
vector bundle structure TT*M — TM we get (z°, &%, Gp;, G;). Moreover,
multiplying this by H in TT*M — T*M we obtain C = (2%, HE, Gp;,
HGm;). Finally, the sum B @ C gives (2%, F¢, F2 X' + HE Gp;, 2FGm; +
Mp;, F2Gp; + FM7; + Np; + HG7;). This corresponds to (2).

3. A geometric characterization of the isomorphism 5. The
natural equivalence s : TT*M — T*TM of Modugno and Stefani can be
distinguished among all natural transformations by an explicit geometric
construction [5]. We show that a similar result is true for the natural equiv-
alence g : TET*M — T*TZM of Cantrijn et al.

Every vector field £ on the manifold M induces the flow prolongation

0
T = | (Trexpto)
0

on T¢M. Further,if w : M — T*M is any 1-form on M, then (w,&) : M — R
and we can construct T2(w, &) : TAEM — TZR. Let §1{w, ) or do(w, &) be
the second and third component of the map T (w, £), respectively. We have
T2w : TEM — T?T*M, so that oT?w : TEM — T*TIM is a 1-form
on TZM. Hence we can evaluate (oT2w, T26) : TEM — R.

PROPOSITION 2. 9 is the only natural transformation T¢T* — T*T?
over the identity transformation of T? satisfying

(21) (oTiw, T€) = da{w, €)
for every vector field & and every 1-form w.

Proof. Let #° = 2%, p; = a;(x) be the coordinate expression of w. Then
the coordinate expression of T2w is

B =a, p=ai), «Si—fi X=X,

80@ : 8@2
8.’E] é.] ) PZ fyfk

T, =

Ox Jaxk
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Applying transformation (2) with FF =1, H =0 we get

d=at, y=¢, F=X', n=Ga, o=205"%¢+Ma,
D%a; Oa; oa;  ;
= Jgk J ¢ ,
0i =Gy o 8]X + Mo €+ Naj.

The fact that F =1, H = 0 follows from the assumption that our natural
transformation is over the identity of TZ. Further, the coordinate expression
of the flow prolongation 7;2¢ is
ovt - 0%b’ 861

£, det = e ;
Oxd OxI Dk

provided the b(z) are the coordinates of a vector field £. We can write

81w, €) = (a‘“bz W)&J

da' = bi(z), dy' =

Hence (21) reads

, .
. AN o , b
G (f’@ gigh 4+ aan]> b+ Maaj + Nag' + Ma; g

Oxioxk oxI
Oai ;O o 2 '
+265 50 St 4 Gag €+ Gag X
9a; L0 0, 2h
— J k v J¢k . J¢k
Baiaak 88 T2 gk E T ai g e
L 0% 8 ' xi
8 7

This implies G=1, M =0, N=0. =
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