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1. Introduction. Let (M, g) be a connected n-dimensional , n ≥ 3,
semi-Riemannian smooth manifold. We denote by ∇, R̃, R, S and κ the
Levi-Cività connection, the curvature tensor, the Riemann–Christoffel cur-
vature tensor, the Ricci tensor and the scalar curvature of (M, g), respec-
tively. We define on M the tensor fields R.R and Q(g,R) by the formulas

(R.R)(X1, X2, X3, X4;X,Y )

= −R(R̃(X,Y )X1, X2, X3, X4)−R(X1, R̃(X,Y )X2, X3, X4)
−R(X1, X2, R̃(X,Y )X3, X4)−R(X1, X2, X3, R̃(X,Y )X4) ,

Q(g,R)(X1, X2, X3, X4;X,Y )
= R((X ∧ Y )X1, X2, X3, X4) +R(X1, (X ∧ Y )X2, X3, X4)

+R(X1, X2, (X ∧ Y )X3, X4) +R(X1, X2, X3, (X ∧ Y )X4) ,

where

(X ∧ Y )Z = g(Y, Z)X − g(X,Z)Y ,

X, Y, Z,X1, . . . , X4 ∈ Ξ(M), Ξ(M) being the Lie algebra of vector fields
on M .

A semi-Riemannian manifold (M, g) is said to be pseudosymmetric ([4])
if at every point of M the following condition is satisfied:

(∗) the tensors R.R and Q(g,R) are linearly dependent.

A semi-Riemannian manifold (M, g) is pseudosymmetric if and only if

(1) R.R = LQ(g,R)

on the set UR = {x ∈M |Z(R) 6= 0 at x}, where L is a function on UR and

Z(R) = R− κ

n(n− 1)
G
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with G defined by

G(X1, X2, X3, X4) = g((X1 ∧X2)X3, X4) ,

X1, . . . , X4 ∈ Ξ(M).
If R.R = 0 on M , then the manifold (M, g) is called semisymmetric ([9]).

The local and global structure of Riemannian semisymmetric manifolds was
described in [9] and [10]. The class of pseudosymmetric manifolds is essen-
tially wider than the class of semisymmetric manifolds (cf. [3], [4], [2], [7]).
The study of totally umbilical submanifolds of semisymmetric manifolds as
well as the consideration of geodesic mappings onto semisymmetric man-
ifolds lead to the concept of pseudosymmetric manifolds (see [1], [5], [6],
[8]).

In the survey paper [8] the following theorem is presented.

Theorem 1.1 ([8], Theorem 3). If (M, g) is a pseudosymmetric semi-
Riemannian manifold admitting a non-trivial geodesic mapping f onto a
manifold (M, g) then (M, g) is also a pseudosymmetric manifold.

Unfortunately, the proof of this theorem is not published. On the other
hand, Theorem 1.1 is very important in the study of pseudosymmetric mani-
folds. In this paper we give a proof of this theorem.

2. Preliminaries. Let (M, g), n = dimM ≥ 3, be a semi-Riemannian
manifold covered by a system of coordinate neighbourhoods {V ;xj}. We
denote by Γhij , gij , R

h
ijk, Rhijk and Sij the local components of the Levi-

Cività connection ∇ and the local components of the tensors g, R̃, R and
S, respectively. Further, we denote by

(R.R)hijklm = ∇m∇lRhijk −∇l∇mRhijk(2)
= −RrijkRrhlm −RhrjkR

r
ilm −RhirkR

r
jlm −RhijrR

r
klm ,

Q(g,R)hijklm = ghmRlijk + gimRhljk + gjmRhilk + gkmRhijl(3)
− ghlRmijk − gilRhmjk − gjlRhimk − gklRhijm ,

the local components of the tensors R.R and Q(g,R), respectively.
For a (0, 2)-tensor fieldA on (M, g) one defines the endomorphismX∧AY

of Ξ(M) by the formula

(X ∧A Y )Z = A(Y, Z)X −A(X,Z)Y

where X,Y, Z ∈ Ξ(M). In particular, we have

X ∧g Y = X ∧ Y .
Further, for a (0, k)-tensor field T on (M, g), k ≥ 1, we define the tensor
field Q(A, T ) by the formula

Q(A, T )(X1, . . . , Xk;X,Y ) = T ((X ∧A Y )X1, X2, . . . , Xk)
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+T (X1, (X ∧A Y )X2, . . . , Xk) + . . .+ T (X1, . . . , Xk−1, (X ∧A Y )Xk) ,

where X,Y,X1, . . . , Xk ∈ Ξ(M). Evidently, putting in the above formula
A = g, T = R we obtain the tensor field Q(g,R).

Let (M, g) and (M, g) be two n-dimensional semi-Riemannian manifolds.
A diffeomorphism f : M →M which maps geodesic lines into geodesic lines
is called a geodesic mapping. It is known that in a common coordinate
system {x1, . . . , xn}, Christoffel symbols and curvature tensors of (M, g)
and (M, g) are related by

Γhij = Γhij + δhi ψj + δhj ψi ,(4)

Rhijk = Rhijk + δhj ψik − δhkψij ,(5)

where

(6) ψij = ∇jψi − ψiψj ,

(7) ψi =
1

2(n+ 1)
∂

∂xi

(
log

∣∣∣∣det g
det g

∣∣∣∣) .

In the sequel such a geodesic mapping of (M, g) onto (M, g) will be
denoted by f : (M, g)

ψ−→(M, g) and the manifolds (M, g) and (M, g) will
be called geodesically related. A geodesic mapping f : (M, g)

ψ−→(M, g) is
called non-trivial on M if the covector field ψ with the local components ψi
is non-zero.

R e m a r k. If f : (M, g)
ψ−→(M, g) is a geodesic mapping, then f(UR) =

UR. We can prove this using the fact that the Weyl projective curvature
tensor W , defined by

W (X,Y )Z = R̃(X,Y )Z − 1
n− 1

(S(Y, Z)X − S(X,Z)Y ) ,

X, Y, Z ∈ Ξ(M), is invariant under geodesic mappings and that W vanishes
at a point of M if and only if Z(R) vanishes at this point.

Lemma 2.1. Let f : (M, g)
ψ−→(M, g) be a geodesic mapping of a pseu-

dosymmetric manifold (M, g) onto a manifold (M, g) and let the condition
R.R = LQ(g,R) be satisfied on UR. Then in a common coordinate system
{x1, . . . , xn} on UR and UR

(8) (R.R)hijklm =
1
n
η(ghlRmijk − ghmRlijk)

+BilRhmjk −BimRhljk +BjlRhimk −BjmRhilk +BlkRhijm −BkmRhijl

+ FilGhmjk − FimGhljk − FjlGhimk − FjmGhilk + FlkGhijm − FkmGhijl ,

where

Bij = −Lgij + ψij ,
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Fij = − 1
n
Aij −

1
n
Lgrs(ψrsgij − grsψij),

Aij = ψirS
r
j − ψrsR

r
ij
s ,

η = grs(−grsL+ ψrs) .

P r o o f. Using the Ricci identity and (5) we obtain

∇m∇lR
s
ijk −∇l∇mR

s
ijk = ∇m∇lR

s
ijk −∇l∇mR

s
ijk

+ ψilR
s
mjk − ψimR

s
ljk + ψjlR

s
imk − ψjmR

s
ilk + ψklR

s
ijm − ψkmR

s
ijl

+ δsk(ψirR
r
jlm + ψjrR

r
ilm)− δsj (ψirR

r
klm + ψkrR

r
ilm)

+ δsl ψmrR
r
ijk − δsmψlrR

r
ijk ,

which, by making use of (5), (R.R)sijklm = LQ(g,R)sijklm and (3), turns
into

∇m∇lR
h
ijk −∇l∇mR

h
ijk = −L(δhl Rmijk − δhmRlijk)

+ δhl Emijk − δhmElijk + δhk (Eijlm + Ejilm)− δhj (Eiklm + Ekilm)

+ ψilR
h
mjk − ψimR

h
ljk + ψjlR

h
imk − ψjmR

h
ilk + ψklR

h
ijm − ψkmR

h
ijl

− L(gil(Rhmjk + δhkψmj − δhj ψmk)− gim(Rhljk + δhkψlj − δhj ψlk)

+ gjl(Rhimk + δhkψim − δhmψik)− gjm(Rhilk + δhkψil − δhl ψik)

+ gkl(Rhijm + δhmψij − δhj ψim)− gkm(Rhijl + δhl ψij − δhj ψil)) ,

where
Emijk = ψmrR

r

ijk .

But this, by contraction with ghs, gives

(9) (R.R)hijklm = −L(ghlRmijk − ghmRlijk)

+ ghlEmijk − ghmElijk + ghk(Eijlm + Ejilm)− ghj(Eiklm + Ekilm)

+ ψilRhmjk − ψimRhljk + ψjlRhimk − ψjmRhilk + ψklRhijm − ψkmRhijl

− L(gil(Rhmjk + ghkψmj − ghjψmk)− gim(Rhljk + ghkψlj − ghjψlk)

+ gjl(Rhimk + ghkψim − ghmψik)− gjm(Rhilk + ghkψil − ghlψik)

+ gkl(Rhijm + ghmψij − ghjψim)− gkm(Rhijl + ghlψij − ghjψil)) .

Symmetrizing (9) in h, i we obtain

ghlEmijk − ghmElijk + gilEmhjk − gimElhjk

+ ghk(Eijlm + Ejilm) + gik(Ehjlm + Ejhlm)
− ghj(Eiklm + Ekilm)− gij(Ehklm + Ekhlm)
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+ ψilRhmjk − ψimRhljk + ψhlRimjk − ψhmRiljk

− L(gilRmhjk + ghlRmijk − ghmRlijk − gimRlhjk)
− L(gil(Rhmjk + ghkψmj − ghjψmk) + ghl(Rimjk + gikψmj − gijψmk)

− gim(Rhljk + ghkψlj − ghjψlk)− ghm(Riljk + gikψlj − gijψlk)
+ gjl(ghkψim − gimψhk + gikψhm − ghmψik)
− gjm(ghkψil − gilψhk + gikψhl − ghlψik)
+ gkl(ghmψij − gijψhm + gimψhj − ghjψim)
− gkm(ghlψij − gijψhl + gilψhj − ghjψil)) = 0 .

Contracting this with ghl and using the identity

(R.g)imjk = − gisR
s
mjk − gmsR

s
ijk = −gisRsmjk − gmsR

s
ijk

− gis(δsjψmk − δskψmj)− gms(δsjψik − δskψij)

we get

(n+ 1)Emijk + Ejikm + Ekimj(10)
+ gikAjm − gijAkm + ηRimjk − nLRmijk

− L(n(gjmψik − gkmψij) + grsgrs(gikψmj − gijψmk)
+ grsψrs(gkmgij − gjmgik) + gijDkm + gikDmj + gimDjk) = 0 ,

where
Dij = gjrg

rsψsi − girg
rsψsj .

Next, permuting (10) cyclically in the indices m, j, k, we obtain

(11) (n+ 3)(Emijk + Ekimj + Ejikm) + gikÃjm + gimÃkj + gijÃmk

−3L(gijDkm + gikDmj + gimDjk) = 0 ,

which, by contraction with gij , yields

(12) (2n+ 1)Ãmk = −3(n− 2)LDmk ,

where
Ãij = Aij −Aji .

On the other hand, (10), together with (11), implies

nEmijk + gikAjm − gijAkm(13)

− 1
n+ 3

(gikÃjm + gimÃkj + gijÃmk)

− n

n+ 3
L(gikDmj + gimDjk + gijDkm)

+ ηRimjk − nLRmijk

− L(n(gjmψik − gkmψij) + grsgrs(gikψmj − gijψmk)
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+ grsψrs(gkmgij − gimgjk)) = 0 .

Contracting this with gij and antisymmetrizing the resulting equality we
find

(2n+ 1)(n+ 1)Ãmk = −n(3n− 1)LDmk ,

which, by (12), gives

Ãmk = LDmk = 0 .

Now (13) turns into

Emijk =
1
n

(gijAkm − gikAjm) +
1
n
ηRmijk + LRmijk

+ L

(
(gjmψik − gkmψij) +

1
n
grsgrs(gikψmj − gijψmk)

+
1
n
grsψrs(gkmgij − gimgik)

)
.

Finally, substituting this in (9), we obtain our assertion.

3. Main result

Proposition 3.1. Let f : (M, g)
ψ−→(M, g) be a geodesic mapping of

a pseudosymmetric manifold (M, g), dimM ≥ 3, onto a manifold (M, g).
Then the manifold (UR, g) is also pseudosymmetric.

P r o o f. Assume that the condition (1) holds on UR. Moreover, let
{x1, . . . , xn} be a common coordinate system on UR and UR. Antisym-
metrizing (8) in h, i and symmetrizing the resulting equality in the pairs h, i
and j, k we find

4(R.R)hijklm = − 1
n
ηQ(g,R)hijklm(14)

− 3Q(B,R)hijklm − 3Q(F,G)hijklm .

On the other hand, symmetrizing (8) in h, i we obtain

0 = B̃ilRhmjk − B̃imRhljk + B̃hlRimjk − B̃hmRiljk(15)
+ FilGhmjk − FimGhljk + FhlGimjk − FhmGiljk ,

where

B̃il = Bil −
1
n
ηgil .

We now prove that the tensor B̃ with the local components B̃ij is a zero
tensor. Suppose that B̃ is non-zero at a point. Moreover, let V be a vec-
tor at this point with local components V i such that V iV jB̃ij = ε, ε = ±1.
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Transvecting (15) with V i and V l and antisymmetrizing the resulting equal-
ity in h,m we obtain

Rhmjk = −εV sV rFsrGhmjk ,
which easily gives Z(R) = 0, a contradiction.

Thus we see that (15) reduces to

FilGhmjk − FimGhijk + FhlGimjk − FhmGiljk = 0 ,

which, by contraction with ghk and gmi, yields Fil = 0. Now (14) completes
the proof of our proposition.

Let f : (M, g)
ψ−→(M, g) be a geodesic mapping of a manifold (M, g)

onto a manifold (M, g). We note that if the tensor Z(R) vanishes at a point
x ∈ M then the tensor Z(R) also vanishes at the point f(x) ∈ M . This
remark, together with Proposition 3.1, implies the assertion of Theorem 1.1.
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[9] Z. I. Szab ó, Structure theorems on Riemannian spaces satisfying R(X, Y ) · R = 0.
I. The local version, J. Differential Geom. 17 (1982), 531–582.

[10] —, Structure theorems on Riemannian spaces satisfying R(X, Y ) · R = 0. II. Global
versions, Geom. Dedicata 19 (1985), 65–108.

INSTITUUT VOOR THEORETISCHE FYSICA DEPARTMENT OF MATHEMATICS

KATHOLIEKE UNIVERSITEIT LEUVEN AGRICULTURAL ACADEMY

CELESTIJNENLAAN 200D C. NORWIDA 25

B-3030 LEUVEN, BELGIUM 50-375 WROC LAW, POLAND
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