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RELATIONS BETWEEN OPTIMUM CHEMICAL
BALANCE WEIGHING DESIGNS
FOR v AND v +1 OBJECTS

Abstract. The incidence matrices of BIB designs for v treatments have
been used to construct optimum chemical balance weighing designs for p = v
Or p = v + 1 objects. Conditions under which the existence of an optimum
themical balance weighing design for v objects implies the existence of an
Optimum chemical balance weighing design for v + 1 objects are given. The
‘®Xistence of an optimum chemical balance weighing design for v + 1 objects
Implies the existence of an optimum chemical balance weighing design for
any p < v + 1 objects.

1. Introduction. Consider the problem of weighing p objects in n
Weighings on a chemical balance; then the design matrix X has the elements
~1,1 or 0 if the object is placed on the left pan, right pan, or is not included
In the particular weighing, respectively. The least square estimate of the
Vector of the true weights is given by

ia- - (X'X)“X'g,
Provided (X'X) is nonsingular, where w and y are the column vectors of the

Unknown weights of p objects and of the results recorded in the n weighings,
Tespectively. The covariance matrix of @ is

Var(@) = o?(X'X)"L.
DEFINITION 1. A weighing design is said to be optimal if X'X = nI,.

The problem is to choose X in such a way that the variance factors are
Minimized. Several methods of constructing X are available in the literature.
Dey [2], Nigam [4], Saha [5], Kageyama and Saha [3] and others have shown
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how optimum chemical balance weighing designs can be constructed from
the incidence matrices of balanced incomplete block (BIB) designs for p =
v objects. Saha and Kageyama [6] have constructed optimum chemic
balance weighing designs for p = v + 1 objects from incidence matrices O
BIB designs for v treatments.

In the present paper we study some relations between an optimum chem-
ical balance weighing design for p = v and p = v + 1 objects.

2. Main results. Consider two BIB designs with parameters v, b;, i, Kis
Ai, i = 1,2. Let N} denote the v x b; binary incidence matrix, and let
N; = 2N} - 1,1}, where 1, is the a X 1 vector of ones. Then

(1) X'= [Ny i Ny]

is the design matrix of a chemical balance weighing design for p = v objects
in n = by + by weighings.

LEMMA 1 (Ceranka and Katulska [1]). The chemical balance weighing
design with X given by (1) is optimal if and only if

(2) a=0,
where & = by + by — 4[(r1 — A1) + (r2 — Ag)].

Now consider the design matrices X of the chemical balance weighing
designs in the form

_|M 1s,
- N; (_1)‘lb:

In these designs we havep=v+ 1 and n = by + b,.

3) X; ] =L

THEOREM 1. The chemical balance weighing design with X; given by (3)
is optimal if and only if (2) holds and

(4) by + (=1)'by = 2[ry + (—1)'ry], i=1,2.
Proof. For the design matrix X; given by (3) we have

ry. — (bl + b2 e a)fu + a..l..u.l:r ai_l..u
deki= [ a;l, bi+by |’
where a; = —[b; + (—1)'b;] + 2[r; + (=1)*r3], i = 1,2. Since a chemical
balance weighing design is optimal if and only if X'X = nl, conditions (2)
and (4) follow, which completes the proof.
From Lemma 1 and Theorem 1 we have the following corollary.

COROLLARY 1. If a chemical balance weighing design with X given by
(1) is optimal and (4) holds, then a chemical balance weighing design with
X; given by (3) is optimal.
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THEOREM 2. If a chemical balance weighing design with X; given by (3)

is optimal, then any p < v+ 1 columns of this matriz constitute an optimum
chemical balance weighing design for p objects in by + by weighings.

Proof. A chemical balance weighing design with X; given by (3) is

Optimal if and only if X!X; = (b1 + b2)Iy41, ¢ = 1,2. This means that
2 chemical balance weighing design with Xj, ¢ = 1,2, is optimal if it is a
b+ by) X (v + 1) matrix of 1 whose columns are orthogonal, which yields

(1]

€ assertion of the theorem.
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