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1. Introduction. The purpose of this paper is to present some results
related to squarefree values of polynomials. For f(z) € Z[z] with f(x) # 0,
we define Ny = ged(f(m), m € Z). For computational reasons it is worth
noting that

Ny =ged(f(m),m € {0,1,...,n})

where n denotes the degree of f(x). This observation is due to Hensel
(cf. [1, p. 334]) and follows in a fairly direct manner after using Lagrange’s
interpolation formula to deduce that

oy =S () () g,
= j n—j
where m is any integer > n. We will be interested in estimating the number
of polynomials f(x) for which there exists an integer m such that f(m) is
squarefree. This property should hold for all polynomials f(x) for which Ny
is squarefree. However, this seems to be very difficult to establish. Nagel [8]
showed that if f(x) € Z[z] is an irreducible quadratic and Ny is squarefree,
then f(m) is squarefree for infinitely many integers m. Erdés [2] proved
the analogous result for irreducible cubics. Nair [9] has shown that in the
case of an irreducible polynomial f(z) of degree n, one may obtain a similar
theorem for k-free values of f(z) provided that k > (v2 — 3)n. Of related
interest are the papers of Hooley [5], Nair [10], and Huxley and Nair [6].
The problem of determining whether there exists a polynomial f(x) € Z[z]
of degree > 4 for which there are infinitely many integers m such that f(m)
is squarefree is open.

Our interest is in the simpler problem of showing that many polynomi-
als take on at least one squarefree value. If one can show that (i) every
polynomial f(x) € Z[z] with Ny squarefree is such that f(m) is squarefree
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for at least one integer m, then it will follow that (ii) every polynomial
f(z) € Z[z] with Ny squarefree is such that f(m) is squarefree for infinitely
many integers m (cf. the proof of Theorem 2 in [3]). In fact, (i) implies that
(iii) every polynomial f(x) € Z[xz] is such that f(m)/Ny is squarefree for
infinitely many integers m. Our goal is to show the weaker result that almost
all polynomials f(x) with Ny squarefree take on at least one squarefree value.

To clarify our results, we define
Sp(N) = {f(x) :Zajzj € Zlx] : |aj| < N for j :O,l,...,n}.
§j=0

Thus, |S,(N)| = (2[N] + 1)"*!. We say that almost all polynomials f(x)
have a certain property P if for every nonnegative integer n,

(1) lim {f(z) € Sp(N) : f(x) satisfies P}| _

1.
N—oco S ()]

Results associated with almost all polynomials go back to van der Waer-
den [12]. He showed that for almost all polynomials f(x) the associated
Galois group is the symmetric group on n letters where n = deg f(x). In
particular, this implies that almost all polynomials are irreducible. A proof
of this latter fact can be found in Pélya and Szegé [11, p. 156]. Other related
results can be found in Gallagher [4] and the author’s [3].

We make a brief historic remark on the phrase “almost all” in this con-
text. Van der Waerden’s Algebra I includes a comment on his result above
[13, p. 204]. The German edition states that the Galois group is the symmet-
ric group for asymptotically “100%” of the polynomials rather than using
a German equivalent for “almost all”. This led to a mistranslation in the
English edition [14, p. 200] where a statement is made asserting that the
Galois group is the symmetric group for “all” polynomials. The earliest
editions of van der Waerden’s Algebra I do not refer to his result above.

At times we will restrict our attention to polynomials f(x) for which Ny
is squarefree. An almost all result for such f(z) will mean that (1) holds
with S, (V) replaced by {f(z) € S,,(N) : Ny squarefree }. We will prove

THEOREM 1. Almost all polynomials f(x) with Ny squarefree are such
that f(m) is squarefree for some integer m.

THEOREM 2. Almost all polynomials f(x) are such that there is an integer
m for which f(m)/Ny¢ is squarefree.

We will actually prove stronger results (see Section 3). As a conse-
quence of the stronger results, we note that almost all polynomials f(z) =
> i—gajz’ are such that f(m)/Ny is squarefree for some positive integer
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m < t(maxo<;<n{|a;|}), where ¥(x) is any function which tends to infinity
with z.

2. Preliminaries. Throughout this section and the next we make use
of the notation established in the introduction. We view n as being a fixed
nonnegative integer so that, in particular, other quantities such as € may
depend on n. We will, however, stress when such a dependence is necessary.
We reserve p for denoting primes.

LEMMA 1. Let € > 0, and let B = B(N) be a function which increases
to infinity with N. Suppose further that B(N) = o(N). Then there exists
No = No(n, e, B) such that if N > Ny, then the number of pairs (f(z), m)
with f(x) € Sp(N),m € ZN[1,B], and f(m) squarefree is in the inter-
val

6 6
1—e)—(2N)""'B,(1+¢)—(2N)""'B| .
(1—2) o (AN B, (14 2) 5 (2N)
Proof. Let ¢ > 0. Fix mg to be a positive integer satisfying mqo >
(1/€") + 1 so that if m > my, then

m
mt 4+ +m+1= <em™.

For the moment fix m to be an integer in [mg, B], and consider an integer
d such that

(2) |d| < (1—¢)Nm".
If ap,ai,...,a,—1 are arbitrary integers in [N, N] and N is sufficiently
large, depending only on &', we get
(3) ld = (ap_1m™ ' 4+ ...+ aym +ao)| < Nm™.
We successively choose ag,aq,...,a,—1 as above with ag = d (modm) and
for j €{1,2,...,n— 1},
aj=(d—ag—...—a;_ym’~)/m? (modm).
Thus, the total number of choices for (ag,as,...,a,—1) is

(2[N]m+1 +0(1)>n _ <g>n+on<i\:_i) .

By (3), we can now find a unique a,, € [-N, N] such that
d=a,m"+...+arm+ag.

The above steps may be reversed. More specifically, given m and d as
above, we must have that ag,...,a,_1 satisfy the congruences above, and
this uniquely determines a,, as above. Thus, for m fixed in [myg, B], each
integer d satisfying (2) has (2N/m)™ + O, (N"~/m™~1) representations of
the form f(m) where f(z) € S,,(N).
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We now let m vary over all the positive integers m < B. We divide the
pairs (f(x),m), where f(z) € S,,(N) and 1 < m < B, into 3 sets S1, S2, and
S3. The set Sy consists of those (f(x), m) for which d = f(m) is squarefree,
m € [mo, B], and (2) holds. The set Sy consists of those (f(x), m) for which
d = f(m) is nonsquarefree, m € [mg, B], and (2) holds. The set S3 consists
of the remaining pairs (f(x), m). Then since for any ¢ > 0 the number of
squarefree numbers < t is (6/7%)t + O(\/t), we get

1S,] = ) <Z;<B <<2N>n62(1 — &)2N)m™ + O, (N™m) + O(N”+1/2)>

m ™

(6/7%)(1 — ) (2N)"B 4+ O, (N"1my)
+ 0, (N"B?) 4+ O(N"*1/2B),

|Sa| = (1 — :2) (1—€)2N)"™'B + 0, (N""'my)

+ O, (N"B?) + O(N"*'/2B)
and
1S3 = (2[N] + 1)" " [B] — [S1| — | S|
= &' (2N)""'B + 0, (N""'mg) + 0, (N"B?) + O(N"*/2B)

Now, |S1| gives us a lower bound on the number of pairs (f(z),m) with
f(m) squarefree and m € [1, B]. An upper one is

|S1] + |95 < (6/772)(1 + 8/)(2N)n+lB + On(Nn—Hmo)
+ 0, (N"B?) 4+ O(N"T'/2B).
Thus, taking ¢’ = ¢/2 and N sufficiently large, the result follows.

The proof of Lemma 1 given above is similar to the proof of Lemma 1 in
[3]. Lemma 1 asserts that the f(z) € S,(IN) on average take on ~ (6/72)B
squarefree values as x ranges over the positive integers < B. We note that
this is true despite the fact that a positive proportion of the f(z) € S, (V)
take on no squarefree values. More specifically, observe that Ny is divisible
by p? if and only if

fl@)=2*(x-1)*...(z— (p—1)*g(x)
+px(z—1)...(z - (p—1))h(z) (modp?),

for some polynomials g(z) and h(x) € Z[z]. Thus, if p > n + 1, then
f(x) = 0 is the only such f(x) modulo p?; if (n+ 1)/2 < p < n, then
there are exactly p"~PT! incongruent such f(z) modulo p?; and if p < n/2,
then there are exactly p?”~3P*2 incongruent such f(x) modulo p?. A simple

application of the sieve of Eratosthenes implies that for N sufficiently large,
the proportion of f(z) € S, (N) for which N is nonsquarefree is asymptotic
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to

I Cew) J () ()

p<n/2 (n+1)/2<p<n p>n+1

1
21—1'[(1—]03]0) = 0.015675. ..

p

Thus, the polynomials f(z) € S, (N) which take on at least one squarefree
value as x ranges over the positive integers < B on average take on >
(6/72)B (1.0159...) squarefree values. This curiosity is due to the size of
the coefficients of the polynomials under consideration in comparison to B.

For f(z) € Z[z] and | € Z, we define p(I) = p¢(l) to be the number
of incongruent solutions to f(z) = 0 (mod!). The next lemma gives some
basic properties of o(1).

LEMMA 2. Let f(x) € Z[z] of degree n. Then o(l) has the following
properties:

(i) o(l) s multiplicative (i.e., if Iy and la are relatively prime integers,
then o(l1l2) = o(l1)o(l2)),

(ii) if o(p) = p, then either p <n or f(z) =0 (modp),

(iii) if o(p) < p, then o(p) < n,

(iv) if o(p?) > o(p), then f(z) has a multiple root modulo p (i.e., there ex-
ist an integer a and a polynomial g(x) such that f(z) = (z—a)?g(x)(mod p)),

(v) if o(p*) < p?, then o(p®) < pn,

(vi) if p > n and o(p") = p" for some positive integer r, then f(x) =
0 (modp").

Proof. Property (i) is an immediate consequence of the Chinese Re-
mainder Theorem. A theorem of Lagrange states that either the number of
solutions to the congruence f(z) =0 (modp) is < n or f(x) is identically 0
as a polynomial modulo p. This easily implies (ii) and (iii). Each root m of
f(x) modulo p extends to at most p roots m+kp, where k € {0,1,...,p—1},
modulo p?. Furthermore, m will extend to exactly 1 root of f(x) modulo
p? unless m is a multiple root of f(x) modulo p (cf. [7, pp. 63-69]). Thus,
(iv) follows. From the above, if o(p) < p, then (v) is a consequence of
(iii). Also, if p < n, then (v) is immediate since then o(p?) < p? < pn.
Now, suppose that p > n and o(p) = p. Then o(p?) < p? implies that
f(z) = pg(x) where g(x) is a polynomial in Z[x] which is not identically 0
modulo p. By Lagrange’s Theorem, g(z) has < deg g(z) = n roots modulo
p. Each such root m of g(x) modulo p corresponds to exactly p incongruent
roots of f(x) modulo p? since f(m + kp) = pg(m + kp) = 0 (mod p?) for
each k € {0,1,...,p —1}. Thus, (v) follows. Finally, we just note that the
proof of (vi) is similar to the proof of (v).
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LEMMA 3. For B > €°, f(x) € Z[z], and z < loglog B, the number of
positive integers m < B for which f(m) is not divisible by p* for each p < z
s equal to

I1 <1 - Q;p;)>(B+O(logB)).

p<z

In particular, there exists an absolute constant C1 > 0 such that the number
of positive integers m < B for which f(m) is squarefree is

<11 <1— Q<p2))(B+C'110gB).

p2

p<z

The proof of Lemma 3 is omitted. It is a direct application of the sieve
of Eratosthenes. The main idea in the paper is to show that for most
f(x) € S,(N) the upper bound given above is very close to the actual
number of integers m < B for which f(m) is squarefree. This is what is to
be expected since the product above converges as z tends to infinity.

LEMMA 4. Let z; € (0,1) for j € {1,2,...,7}. Then

s s

j=1 j=1

The proof of Lemma 4 is easily done by induction since by the conditions
on x;,

(1—2@)(1—;@) Zl—ixj.

LEMMA 5. As f(x) ranges over all the incongruent polynomials of degree
< n modulo p*, the average value of pf(p*) is 1.

We omit the proof of Lemma 5 as it follows in a fairly straightfor-
ward manner by using translation considerations to establish that each of
0,1,...,p*> — 1 have an equal probability of being attained as a value of
F(m) (modp?).

Our next goal is to show that for most f(x) € S, (N), if

()0

p<z

then it is not too small. We formulate this in the following manner.

LEMMA 6. Let € > 0, and let N be sufficiently large (depending on n and
). Let z < loglog N. Then there exist positive numbers ng = ng(e) and
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e’ =€'(e,n) such that the number of f(x) € Sp(N) satisfying
2 2
O II <1Qf(§)>>0 and (i) H<1Qf(§)><e/
p<n?+ng b p<z b
is < e(2N)" T,

Proof. Consider the f(x) € S,(N) for which (i) holds (where ng as
well as &’ are for the moment unspecified). Thus, o(p?) < p? for each such
f(x) and each prime p < n? + ng. Hence,

1 (-2 1 (%) 11

p<n24ng p<n2+4ng p<n?4ng

2
Now, consider any f(x) € S,(N). We find from Lemma 2(ii), (iii), and (iv)
that for n? + ng < p < z, either g¢(p?) < n or f(x) has a multiple root

modulo p. Letting
c(n, z) = H <1 - ;) ;

n24no<p<z

we see that ¢(n, z) is greater than the product

- 11(-3)

p>n2+n0

which is easily seen to converge to a positive quantity. Hence, for each

f(x) € Su(N),

I (o) 1 (-5) I (-28)

n24+no<p<z n24+no<p<z n24+no<p<z
2
*
e T (1-257).
n24no<p<z p

where []* indicates that the product is over those primes p for which f(x)
has a multiple root modulo p. We now show that this latter product is not
small for most polynomials f(z) € S, (V).

Let k = k() be a positive integer such that
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Define '
t(j) = (n* 4+ ng)¥  for j€{0,1,...,s+1},
where s is chosen so that (n? +ng)2” < z < (n2 4+ ng)2”" . Thus,
- o)\ o T . o(p?)
I (-22)=10( 1 (-4).
n24ng<p<z 7=0 *t(j)<p<t(i+1)
Let T = T(n,N) be the set of f(z) € S,(N) for which there is a j €
{0,1,..., s} such that f(z) has a multiple root modulo p for > 27k primes
p € (t(j),t(5 + 1)]. Also, we define 7" = T'(n, N) to be the set of f(z) €
Sn(N) for which gf(p?) = p? for some prime p € (n? + ng, z]. We show that
(4) ITUT'| <e(2N)"H
and then establish that [[ . (1 — of(p?)/p?) > €' for the remaining f(z) €
Sp(N). N
We deal with 7" first. By Lemma 2(vi), each f(xz) € T" is such that
f(z) =0 (mod p?) for some prime p € (n? + ng, z]. Note that the number
of f(z) € S,(N) such that f(z) =0 (modp?) for a given prime p is

(2;;] + 0(1)>n+1 = (if!)nﬂ +On(N").

The choice of z < loglog N easily implies that the total number of such

f(z) €T is
= ()" o)

n24no<p<z p

( > (g)nH)%—On(N"loglogN)

p>n?+4ng

< (2N)"+1< Z 12> + O, (N"loglog N) .

pP>no

IN

IN

For ng chosen sufficiently large (depending only on &) we get |T'| <
(e/2)(2N)" .

We now turn to considering 1. We begin by dividing up 7" into subsets
T; which are not necessarily disjoint. For each j € {0,1,...,s}, we define
T; as the set of f(z) € S,(IV) such that f(x) has a multiple root modulo
p for > 27k primes p € (¢(j),t(j + 1)]. Fix j, and set w = 27k. Let
P1,-..,Pw be w distinct primes in (¢(j),t(j + 1)]. Define Tj(p1,...,pw)
to be the set of f(z) € T} such that f(z) has a multiple root modulo p;
for each j € {1,...,w}. Note that each f(zx) € T, belongs to some set
T;(p1,--.,Pw). The number of incongruent polynomials modulo a prime p
of degree < n which have a multiple root modulo p is equal to the number of
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incongruent polynomials of the form (x —a)?g(x) where a € {0,1,...,p—1}
and degg(xz) < n — 2. Thus, the number of such polynomials is < p™.
Therefore, the Chinese Remainder Theorem easily yields that the number
of incongruent polynomials f(x) modulo pj ...p, of degree < n such that
f(z) has a multiple root modulo p; for each j € {1,...,w} is < p}'...p}.

By dividing T}(p1, ..., pw) into these < p} ... p}, congruence classes, we get
2N +1 a
T (p1s- -, pw)| < <+1> Pl
P1-.-Pw

By the definition of s we have (n?+ng)?" < z, so that for ng sufficiently large,
w < 2%k < z. Also, each p; < t(s+ 1) = #(s)? < 22 so that p; ...p, < 2%
The choice z < loglog N gives
< 2N 1
Pr.--Pw > ntl )

for N sufficiently large (depending on n). Hence,

n+1
IT;(p Pw)| < 2N+1+’%_ Py -..Dy
i\P1s---sPw)| >
! P1---Pw P1---Pw ! v

1 n+1 2Nn+1 2Nn+1
(1+ ) (2N) <e( ) .
n+1 PP P1...Pw

Since each polynomial in Tj belongs to some Tj(p1,...,py) described
above, we now get

1 w
|T]-|§e(2N)”+1< > ) < e(2N)"Flew

1) <p<t(i+1) ¥

where we can take ¢ to be any constant > log2 provided ng is sufficiently
large. Here, we have used the fact that

1
Z — =loglogy + A+ 0(1),
P
P<y
for some absolute constant A. We take ¢ = 7/10.
We are now ready to complete our estimate for |T'|. We get

s oo 7 27k c
T| <Y |Tj| < e(2N)" ! — —(2N)"H
1< 30T < et2) 2(10) < Sny

by our choice of k. The above estimates on |T”| and |T'| easily imply (4).
We now consider H22+n0<p§2 (1 — 07(p*)/p?) where f(z) € S,(N) —

T —T'. By Lemma 2(v), for each prime p in the range of the product above,

o(p?) < mp. Also, for each j € {0,1,...,s}, there are fewer than 2/k primes
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p € (t(4),t(j + 1)] for which f(z) has a multiple root modulo p. Hence,

I C-22)=, I (=5)=0-)

t(J)<p<t(j+1) t(§)<p<t(j+1)

Thus, using Lemma 4,

T () i)

n24no<p<z Jj=

27k 27k
SPT SE-LUNPU o IR

=0 t(]) =0 (n2 + 7’LQ)2j

1
2 )
provided ng is sufficiently large. We note that we can choose ng so that
everything above holds and so that ng only depends on & (and not on n
unless, of course, ¢ depends on n). For example, by checking the cases
n < /ng and n > ,/ng separately, the last inequality above is easily seen to
hold provided that

i 27k 1

i—(1/2) 50

§=0 g 2

which, since k£ only depended on ¢, gives a lower bound on ny depending

only on e.
Combining the above, we see that for f(z) € S,(N)—T — T’ and f(x)

satisfying (i),
1) 11

p<z p<nZ+ng

Thus, the lemma follows by letting ¢’ be the right-hand side above.

LEMMA 7. Let € > 0, and let N be sufficiently large (depending on n and
e). Let z € [2,1oglog N]. Then

()

Z <H (1 Qf}ii;%)) — <H <1_])12>>(2N)n+1+0n(N"+5).

f(x)eSn(N) “p<z p<z

Proof. For each p < z, consider the p?>**2? incongruent polynomials

modulo p? of degree < n, and let wi(p),...,w.(p), where r = r(p) =
p*" T2, denote some ordering of the values of pf(p?) as f(z) ranges over
these polynomials. Let piy,...,p; represent the t = 7w(z) primes < z,
and let fi(z),..., fi(x) denote arbitrary polynomials with integral coeffi-
cients. Then the Chinese Remainder Theorem implies that the number of
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f(z) € Sy (N) such that f(z) = f;(z) (modp?) for every j € {1,...,t} is

(B om) - (25) +ol(7%))
p}...p} "\\pi...p} ’

where we have used the fact that since z < loglog IV,
(6) pf...p?ﬁ(loglogN)21°g1°gN<N€/,

where ¢/ € (0,1) and N is sufficiently large (depending on ¢’). For later
purposes, we fix ¢/ = min{1/2,¢}. If w}; denotes the number of incongruent
roots of f;(x) modulo p3, then the contribution of the f(x) = f;(z) (mod p3)
(for all j € {1,...,t}) on the left-hand side of (5) is

ﬁﬁf'>(m”ﬁfﬂﬂ%«ﬁ?gfﬁ-

Hence, summing over all f(z) € S,,(INV), we get

=)

f(z)eSn(N) p<z

() ()

(G) o (7))

Recalling the definition of w;(p) and Lemma 5, we get

r(p) wilp (o
(X (-57)) - I (w-77)

p<x Nj= p<z p*
1
2n+2
= (I ) I (- 52).
p<z p<z

Thus,

> I(-P)
f(z)€Sn(N) p<z
—HG—X%W“+%@M136)

p<z

Recalling our choice of ¢/ = min{1/2,e} in (6), we get the desired result.

3. The main theorems. We are now ready to prove Theorems 1 and
2 of the introduction. As mentioned there, we will actually be able to prove
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slightly stronger results.

THEOREM 3. Let n € ZT U {0}, and let B(N) be a function which in-
creases to infinity with N. Then the proportion of polynomials f(x) € Sy, (N)
with Ny squarefree such that f(m) is squarefree for some integer m € [1, B]
tends to 1 as N tends to infinity.

THEOREM 4. Let n € Z* U {0}, and let B(N) be a function which in-
creases to infinity with N. Then the proportion of polynomials f(z) € Sy, (N)
such that f(m)/Ny is squarefree for some integer m € [1, B] tends to 1 as
N tends to infinity.

Proof of Theorem 3. We suppose, as we may, that B(N) = o(NV)
and that N is sufficiently large (depending on e given below and n). Recall
the discussion after Lemma 1 and, in particular, that there is a positive
proportion of f(z) € S,,(N) for which Ny is squarefree. Alternatively, one
may deduce that Ny is squarefree for a positive proportion of the f(x) €
Sn(N) as a consequence of Theorem 1 in [3], which stated that for a positive
proportion of the f(z) € S,(N), there is an integer m for which f(m)
is prime. Let ¢ > 0. To obtain Theorem 3, we need only prove that if
N is sufficiently large, there are < £(2N)"*! polynomials f(z) € S, (V)
with Ny squarefree and such that f(m) is nonsquarefree for all integers
m € [1, B]. In fact, for later purposes, we prove something stronger. Using
the notation of Lemma 6 with ng = no(¢/2), we prove that the set T" of
f(xz) € Sn(N) such that (i) ged(Ny, [[,<p2in, p?) is squarefree and (ii)
f(m) is nonsquarefree for every integer m € [1, B] satisfies |T| < g(2N)"+!
(provided N is sufficiently large). Assume that |T| > ¢(2N)" L. Let 2 =
loglog B. For each f(x) € S,(IN), we denote by W(f(z)) the number of
integers m € [1, B] such that f(m) is squarefree. Then Lemma 3 implies that

W) = ] (1 -4 )>B T E(f(a)),

where

E(fe) < [ (1 o )) log B

Thus, using Lemma 7, we get

o Y wuen- ¥ (I(1-252)s+ b))

f(z)eSn(N) f(@)eSn(N) “psz

=11 (1 - 12>(2N)"+1B +E,

p<z p
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with
El = Z E(f(x))+0n(Nn+1/2B) < CQ(N”+1 logB+Nn+l/ZB)’
f(z)€SH(N)

where Cy = C2(n) and we note that F; may be negative (so that, in partic-
ular, we claim no bound on |E;| at this point). Note that

I(5) T 55) =

p<z

Recalling that z = loglog B(NN), we find that since N and, hence, B(N) are

sufficiently large,
6 1 6 &
=<1l (1‘p2) SETa

p<z
where ¢ > 0 is arbitrarily small and possibly depends on ¢ and n. Thus,

S W) = N B By,
f(@)€Sn(N)
where
By <&'(2N)"T'B.
On the other hand, Lemma 1 gives us

Y W) = %(ZN)”“B VB,
f(@)ESn(N)

where

|Es| < '2N)"*'B.
Thus, in fact,

|Ey| = |Es| < /(2N)"™'B.

Recalling how E5 was obtained, we now get

|Ey| < 2¢'(2N)" T B.

The importance of this last inequality is that, unlike the previous inequality
on Fy, we are now supplied with a lower bound on F;. More specifically,
E; > —2¢/(2N)"1B.

Recalling the definitions of 7" and E(f(x)), we get

E(f(z)) =— H (1 — Qf]g)Q))B for all f(z)eT.

p<z
>B.

Thus,

> BE(f@)=- Y H(l—gf;§2>

f(z)eT f(z)ET p<=
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The definition of T easily implies that for each prime p < n?+ng, 05(p?) <
p? for all f(x) € T. Thus, by Lemma 6, there exists an ¢’ such that

(8) 11 <1 — Qf}gfz)) > "

p<z

for all but at most (£/2)(2N)"*! polynomials f(x) € T. Since by assump-
tion |T'| > e(2N)" "1, there are > (¢/2)(2N)"*! polynomials f(x) € T for
which (8) holds. Hence,

3 E(f@) < —ge”(yv)"“B.
f(er

On the other hand,

S Bf@y e Y H<1—Qf;§2))1og3

f(z)€Sn(N) f(z)ES,(N) p<z
E(f(2))>0 E(f(2))>0

< C1]Sp(N)|log B
< C1(2N)"log B + O, ((2N)" log B) .

Thus, recalling the definition of Fjy,
B < —25”(2N)"+1B + O((2N)" ! log B) + O, (N"+1/2B).

We are still free to choose ¢’ > 0. We take ¢’ = (e”")/5. Then the above
contradicts the inequality

|Ey| < 2¢/(2N)" B = 22¢”(2N)"H1B,
completing the proof.

Proof of Theorem 4. For n = 0, the theorem is clear, so we only
consider n > 1. Let € € (0,1), and let N be sufficiently large (depending on
n and €). Assume that there exist > £(2N)"*! polynomials f(x) € S, (V)
such that f(m)/Ny is nonsquarefree for every m € [1,B]. Let T; denote
the set of such polynomials. By the proof of Theorem 3 and the notation of
Lemma 6, the number ng = ng(g/6) is such that |T5| < (¢/3)(2N)"™! where
T denotes the set of f(z) € S, (IN) for which (i) ged(Ng, [ <200, p?) is
squarefree and (ii) f(m) is nonsquarefree for each integer m € [1, B]. Since
increasing the size of ng will only decrease the number of f(x) for which (i)
and (ii) hold, we may assume that ng > 7. We do this so that later we may

use the estimate
> 5<n
2 25"

Jj=>no J
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Let T3 = Ty — Ty so that T3 consists of > (2¢/3)(2N)""! polynomials
f(z) € Ty for which Ny is divisible by p? for some p < n? + ng. Define

2 2(n®+no)
M = M(n,e) = (M)
and

B = B/(N) = AZB(%) 1

Using the notation of Lemma 6, define

B B €
ni =ni(e) = no W .
The proof of Theorem 3 implies that there are

e

< WWH((QM)"NH

polynomials g(z) € S,((2M)"N) for which (') ged(Ny, [T <p2pp, P°) i
squarefree and (ii’) g(m) is nonsquarefree for each integer m in the interval
[1,B'((2M)™N)]. We will obtain a contradiction by showing that there
are more than (g/(2(2M)" +7+2))|S,, ((2M)"N)| such g(z) (even under the
condition that ged(Ng, [[ <24, P) = 1).

We begin by restricting our attention to p < n? 4 ng. For each such p,
let k = k(p) = k(p,n,e) be the minimal positive integer such that

PP > 4(n* + no)
€
Note that ¢ € (0,1) implies that the right-hand side above is > n? + ng so
that p* < 4(n? + ng)/e. Let Ty be the set of polynomials f(x) € T3 such
that p**1 divides N ¢ for at least one prime p < n? +ng. The constant term
of each such f(z), being f(0), must be divisible by p**!. Thus, the number
of f(z) € T3 for which p**1 divides N; for a given prime p < n? + ng is

2N +1 15

< (2N 1”<7 1) _f OGN+ 4 @N+1)"
<N+ D" (S i 1) S qra e GV ) N 1)

g
< _(aNn)ntL.
_3(n2+n0)< )

Hence,
19 &
Tyl < 7(n2 & (aNynt < SNt
T < (02 o) s (2N)" < S2)

Define Ty = T3 — Ty. Thus, [T5] > (¢/3)(2N)"*1.
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For f(z) € T5, define

oo

Mf:H( H p) and Py = M; Hp.
r=1  p<n4ng p|My
p"|Ny
Note that Ny = M;Q s where ged(Qy, Hp§n2+n0 p) =1 and that Py < MJ%
By the definition of T, for each prime p < n? + ng and each f(x) € Ty, we
see that p**1 does not divide M ¢. This easily implies that each of M and
Ps is < M(n,¢) for every f(x) € Ts.

We now define a function a : 75 — S, ((2M)"N) as follows. For each
f(z) € T5 and each prime p < n? + ng, define r = r(p, f(z)) to be the
nonnegative integer such that p” divides My and p"*!' does not divide
My. In particular, p"™! does not divide Ny so that there is an integer
a = a(p, f(x)) € [1,p"!] such that f(a) # 0 (modp™*'). Necessarily,
f(a) = 0 (modp"). By the Chinese Remainder Theorem, there is a mini-
mal positive integer b = b(f(x)) such that f(b) is divisible by My and, for
each prime p < n? + ng, f(b) is not divisible by pM;. Furthermore, since
f(z) € T,

2
1<b< [ »®@ < ] ﬁ@H1§< I1 ﬁw»

p<n2+ng p<n2+ng p<nZ+ng

< M(n,e).
Define

9(x) = f(Prz+b)/Mj.
Each coeflicient of f(Pyx+b) is divisible by M, except possibly the constant
term f(b). But f(b) = 0 (mod My), and thus g(x) € Z[x]. Furthermore, it
is easily verified that each coefficient of g(z) has absolute value < N(2M)™.
We define a(f(z)) = g(x).

Note that M; and P; are uniquely determined by one another; in other
words, given My, one can determine Py, and given Py, one can determine
My. Since there exist < M(n,¢e) possible values for Py and < M(n,¢)
possible values for b, it is easy to see that for each g(z) in the image of
@, there are at most M? possible f(z) € Ty such that a(f(x)) = g(z). In
particular, since N is sufficiently large,

€
3M?
€

B 3(2n*+n) (Mn?+n+2) (2(2M)"N)"

> Ww«mww.

(2N)" 1

1
alT5)] = 55115 =
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On the other hand, one can check that the definitions of b and g(z) above
imply that for g(x) € a(T5),

gcd (Ng, I1 p) —1.
p<n?+ng
Recall that by assumption, each f(x) € Ts C Tj is such that f(m)/Ny
is nonsquarefree for each integer m € [1, B]. Note that B'((2M)"N) =
(B(N)/M) —1. Now, if m € [1,(B(N)/M) — 1] and b is as in the definition
of a, then Pym + b is a positive integer < B(N). Also, the definition of
My implies that My divides Ny. We now conclude that if f(z) € T5 and
g(z) = a(f(z)), then g(m) = f(Pym + b)/M;y is nonsquarefree for each
integer m € [1, B'((2M)"N)].
Thus far, we have shown that there are
€
> an((QM)"Nﬂ
polynomials g(z) € S, ((2M)"N) such that ged(Ng, [[,<,24p,P) = 1 and
(i") holds. Let T7 denote the set of all such g(x). Let T3 denote the set of
all g(z) € T} such that also ng(Ng>Hpgn2+nL1 p) = 1. Tt now suffices to

prove that
€

@M
For p € (n? + ng,n? + nq], define ¥’ = k’(p) = k'(p,n,¢) as the minimal
positive integer such that

2
PF > 4(n? + ny)(2M)" 12 '

T3] > Sn((2M)"N)|.

3

Then following the argument which led to an estimate of |T5|, we find that
there are

2e

>— S, (2M)"N

> i S (M)
polynomials g(z) € T} such that if p € (n? 4+ ng,n* +n1] and p” divides N,
then r < k/(p). Let T4 denote the set of all such g(x). Note that T3 C Tj.
In fact, our goal now is to show that most of the polynomials in 7% are in
T5.

For each g(z) € T3, let
’r_ _
wp=II(  II  »)=II( II »)
r=1  n2ino<p<n+ni r=1  p<n?4n,
p|Ng p|Ng

Note that with n and ¢ fixed, so are M and k’(p) for each p € (n? +ng,n?+
n1]. Thus, M takes on a finite number of distinct values. Let M’ be one
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such value of M é. By the definition of n; and the proof of Theorem 3, we
find that there are
€ (2M)"N €
< 5 Sn < 2
2(2M ) +An+2 M’ (2M)n2+n+2(pf7)n+1

polynomials h(z) € S,((2M)"N/M’) such that ged(Np, [[,<p2in, P) =1
and h(m) is nonsquarefree for each positive integer m < B'((2M)"N/M') <
B'((2M)"N). We note that we want the above to hold for every choice of
M’, and we can do this since N is sufficiently large and there are only
finitely many values of M’. Since every prime factor of M’ is > n? +
no > n, we see by Lemma 2(vi) that each g(z) with M; = M’ satis-
fies g(x) = 0 (mod M’). But this means that g(x) = M'h(z) for some
h(z) € Sn((2M)"N/M'). The definition of M’ = M, implies that every
such h(z) satisfies ged(Np, [[,<,24,, P) = 1. Also, using the fact that
ged(Pr, [ 24 ng<p<nzan, P) = 1, one can show from the definition of My
and M, that MyM, divides Ny where a(f(x)) = g(r). One finds that
for h(x) as above, h(m) = f(Pym +b)/(MyMy) is nonsquarefree for each
positive integer m < B’((2M)"N/M'"). Therefore,

|5 ((2M)"N)

/ / * €
T3 —Ts| < Z (2M)>+nt2 (D7)t

[Sn((2M)" N)|

3

- <2M>n2+n+2(Z*W’)‘”‘l)\sn(@M)“N)\ ,

where >~ denotes that the sum is over those values of M’ which are strictly
greater than 1. Since each such M’ is divisible by some prime p > n? + ng,
we deduce that each such M’ is > n? + ng > ng. Thus, since n > 1,

Z*(Ml)—n—l < Z %’
JjZno J

which, by our choice of ng > 7, is < 4/25. Hence,

4e
/ / n
so that
T > Ty — T~ Ty > o |5, (2M)" )]
21 = 1+3 3 21 = 75(2M)n2+"+2 n )

which completes the proof.

Before concluding the paper, we note that Theorem 4 and, hence, The-
orem 2 can be improved slightly. For f(x) € Z[z], write Ny = UV,
where Vy is the largest squarefree factor of Ny. Then one may replace
the role of f(m)/Ny in the statement of Theorem 4 with f(m)/Us. The
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proof is essentially the same with the following minor changes. One de-
fines a(f(z)) = g(x) where now g(x) = f(Prx + b)/ged(Mys,Us). Then
g9(z) € a(Ts) implies that ged(Ng, [[,< 240, P*) is squarefree. One con-

siders, instead of Ty, the set Ty of g(z) € S,,((2M)"N) such that (i’) and
(ii") hold. Since Ty C T4, the lower bound for |T4| obtained in the proof of
Theorem 4 is a lower bound for |T3/|, and the desired improvement follows.
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