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In this paper, we study rational approximations for algebraic functions
in characteristic p > 0. We obtain results for elements satisfying an equation
of the type a = (Aa? + B)/(Ca? + D), where q is a power of p.

1. Introduction and notations. Let K be a field, and let K((T1))

be the field of formal Laurent series in 1/T. For f € K((T~1)), deg(f) is
the integer defined by f = Zie:gﬁfol a,T", with ageg(ry 7 0. We define an
absolute value on K((T~1)) by |f| = |T|4°8(f), where |T| > 1. For each
f € K((T™1)), there exists a polynomial E(f) in K|[T)] (integral part of f)
such that |f — E(f)| < 1. We denote |f — E(f)| by ||f]]-

Let o € K((T™1)). For any real number j, define

Bla, ) = liminf | Q]| Qall.
|Q[—o0
We define the approxzimation exponent of o by

v(a) = sup{p | B(a, ) < oo}
Clearly B(a,1) < 1/|T, hence v(a) > 1 for every a. Let (Qn)nen be the
sequence of the denominators of the convergents in the continued fraction
expansion of a. One has

v(a) = limsup deg(Qn+1)/ deg(Qn) -

It is easy to see that v(«) may be any real number v > 1 or v = +o0.

It is well known that if K has characteristic 0, Roth’s Theorem remains
valid ([7]), i.e. v(a) = 1 for every algebraic irrational element « of K ((T71)).
On the other hand, if K has a positive characteristic, p, Roth’s Theorem
fails. The Liouville Theorem holds, i.e. v(a) < n — 1 if « is algebraic, of
degree n > 1, over K(T). But this result is the best possible, as many
examples show. For instance, let g be a power of p, and ¢ > 2. Let a =
T 4. +T 7 4. ; this element satisfies the equation a? — a+ T~ ! =
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0, and v(a) = ¢ — 1 (Mahler’s example). Osgood’s example is « such
that a?~! = 1 4+ T~ for which v(a) = ¢ — 2 (¢ > 3). One can also
cite a = L/?—i— 1/ T14+...4+1/T? + ...; this element « satisfies
a?t + Ta—1=0, and v(a) = q (for ¢ > 2).

Nevertheless, there exist in K((7!)) algebraic elements o of degrees
> 2 for which v(a) = 1. The first example was obtained by Baum and
Sweet ([1]): in Fo((T1)), a such that o® + T~ 'a+1 = 0 is a cubic element
for which v(a) = 1 (and B(a,1) = |T|72). Other examples were given by
W. H. Mills and D. P. Robbins ([4]), for other characteristics. Examples of
algebraic elements « such that 1 < v(a) < d(a) —1, where d(«) is the degree
of a over K(T'), were also found by Y. Taussat ([6]): for a € F3((T~!)) such
that o +T"'a—1 = 0, one has v(a) = 23/19 (and B(a, v(a)) = |T|721/19,
d(a) =4). See also [8].

We always suppose K to be of positive characteristic p, and we prove
the following result:

THEOREM. Let o be an irrational element of K((T~1)). Suppose that
there exist a power ¢ = p® of p (s integer, s > 0), and polynomials A, B,C, D
in K[T], with AD — BC # 0, such that « = (Aa? + B)/(Ca? + D). Then

v(a) is a rational number, and B(o,v(a)) # 0, # oo.

Of course, this result is also true when ¢ = 1 and C # 0, for then « is
quadratic. Hence we suppose g > 1.

It was already proved by J. F. Voloch ([8]) that for such an algebraic ele-
ment «, one has B(a,v(a)) # 0, but this result is also a direct consequence
of the proof of the above theorem.

Let us remark that every algebraic element o in K((T~1)) of degree 3
over K(T) satisfies an equation as in the Theorem. One can take ¢ = p,
since the elements 1, o, o, aP™! are linearly dependent over K (T').

All the examples of algebraic irrational elements in K ((T~1)) for which
the value of v(«) is known satisfy an equation as in the Theorem. Never-
theless, there exist algebraic irrational elements which do not satisfy any
equation of this type. For instance, let f(X) be the following polynomial
over K(T):

FX)=X" + T2XP —~T°X +T.

This polynomial is irreducible over K(T'), since it is a T-Eisenstein polyno-
mial. It has p roots in K((T~1)) since the polynomial T2 f(X) becomes
XP — X in the residue class field K. A root o of f(X) in K((T!)) may not
satisfy an equation of the type a = (Aa? 4+ B)/(Ca? 4+ D). Indeed, there
exist polynomials Ag, By, Cs in K[T, for each s > 0, with

o = AzaP + Bsa + O
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and, by induction, it is easily seen that for s > 2,

deg(As) = deg(Bs) =2(p* ' —1)/(p—1).
Hence A, # 0 for every s > 1. But

Pt = APt + Boo? + Cua

and the elements 1,a, a?,...,aP™! are linearly independent over K(T). So

the elements o 1, a?" a,1 are linearly independent over K (T) for every
s> 1.

To prove the Theorem, we will construct chains of rational approxima-
tions of a in the following way: starting from a rational approximation
Py/Qo, we take

P1/Q1 = (AP§ + BQ{)/(CP§ + DQJ) ,

and then we iterate the process. Let P/, Q" be relatively prime polynomials
in K[T] such that P/ /Q’, = P,,/Q,. A critical point is to calculate deg(Q,).
The next section is devoted to this.

2. Iterated sequences. Admissible equations

LEMMA 1. Let E be a complete field of positive characteristic p, with a
discrete valuation. Suppose that the residue class field K of E is a finitely
generated extension of F,. Let A, B, C and D be elements of E such that
AD — BC # 0. Let ¢ = p® with s integer, s > 0. Set E' = EU{o0}, and
consider the map ¢ : E' — E', defined by ¢(z) = (A29+ B)/(Cz% + D).
There ezists an integer h > 0 (depending only upon @) such that for every
sequence (Up)nen in E' for which u, = ¢(up—1) for each n > 1, either
the sequence (Upy)nen is convergent in E', or for each a € E, the sequence
(Jup, — a|)nen is constant, except for two values of n at most. (The last
eventuality is possible only when K is infinite.)

Proof. Let us begin with the particular case C' = 0, i.e. ¢ of the type
©(z) = a1z + by, where a1,b; are elements of E, a; # 0. Since we may
replace E by an extension of finite degree, we can suppose that there exists
z1 € E such that ¢(z1) = z1. Define ¢(z) = a129. Then p(2)—21 = ¢p(z—21)
for every z € E’, thus the sequence u, = w, — 2 satisfies u, = ¢(ul,_;)
for n > 1. We can furthermore suppose that there exists zo € E such
that z; ¢ = a;. Then the sequence u/ = u, /z satisfies v/ = (u”_)%.
Accordingly, we have u// = (ufl)?" for each n. Hence if |ujj| < 1, we have
limu) = 0; if |uj| > 1, we have limu!, = co. Now suppose |ug| = 1. Since
the residue class field K is finitely generated, the set of the elements of K
algebraic over F, is a finite extension F, of F,. Let h be a positive integer
such that F,. C F » (one can take for h the degree of IF,. over FF),). Denote by
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u;y the image of u) in K. If ug is algebraic over F,, we have (uj)? = ug.
That means that
h
|(ug)? —ug| < 1.

Since

hn h hn
|(ug) — (ug)* | =1(ug)” —ugl® ",

the sequence (uf/, )nen is convergent in E. Finally, if uf is transcendental

qh(n+1)

over F,, we have (uf)* # (uj)’ for each pair (k,7) of distinct integers. Let
be E. If |b] # 1, we have |u!! — b| = max(|b|,1) for every n € N; if || = 1,
let b be the residue class of b (b € K). There exists at most one integer
n > 0 such that (u)?" = b, so |u” — b| = 1 for every integer n > 0, except
possibly for one value of n. Accordingly the sequence (u,,) satisfies the same
condition, i.e. either the sequence (upy,)nen is convergent in E’ or, for each
a € E, |u, — a| is constant except for one value of n, at most.

In the general case ¢(z) = (Az9+ B)/(Cz? + D), we can suppose that
there exists zg € E such that ¢(z9) = 2zp. Then there exists a function
of the previous form such that 1/(¢(z) — z9) = ¥(1/(z — zp)). Hence there
exists h > 0 (depending only upon ¢) such that, if we set v,, = 1/(u, — 2¢),
then either (vp,)nen is convergent in E’, or |v, — b| is constant except for
at most one value of n, for each b € E. Thus either (up,)nen is convergent
in E’, or |u, — a| is constant except for two values of n at most, for each
a € E. Indeed,

lun —al = [1/vn + 20 — a| = [(1 4 (20 — a)vn)/vnl,

and the sequences (|v,|) and (|v, + 1/(20 — a)|), when a # zp, are both
constant, except for two values of n at most.

COROLLARY. Let E be a field of positive characteristic p, with a discrete
valuation. Suppose that the residue class field K of E is a finitely generated
extension of F,. Let A, B, C and D be elements of E such that AD — BC
% 0. Let ¢ = p° where s is a positive integer. Denote by ¢ the map from
E' = E U {oo} into E’, defined by p(z) = (Az? 4+ B)/(Cz9 + D). For
any positive integer h, define o" = @ o...0 ¢ (h times). Then there exist
coefficients Ap, Bp,Ch, Dy in E, with ApDy — BpCh, # 0, such that

o"(2) = (Apz?" + Bp)/(Crz?" + D).

There is a positive integer h such that for every sequence (u,)nen in E\ {0}
h
such that u, = @(un—_1) for each n > 1 the sequences (|Cpuf, + Dp|)nen

h
and (|Ap+ Bp/u}, |)nen have both a constant finite positive value when n is
large.
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Proof. The form of ¢ is clear. We take the matrices

_|Ay By
w=[ B
satisfying
Aqh—l th—l
My = Mp_1 |:th1 thfl
We have

ApDy, — BrCy, = det My, = (AD — BC)(qh—l)/(q—l) ‘

Since we may replace E by its completion, we can suppose that FE is
complete. We choose h just as in Lemma 1; then we can suppose that h = 1.
If the sequence (uy,)nen is convergent in E’, then |Cud + D] is constant for
n large. Indeed, let 5 = lim w,. If B = oo, one has C' = 0, for p(c0) = oo,
and the result is trivial. If 8 # oo, the sequence (Cul + D) is convergent in
E to the limit CB? + D # 0, for ¢(5) = . Hence |Cul + D| = |C3?+ D|
when n is large. One sees in a similar way that |A + B/ud| is constant for
large n. If now the sequence (u,) is not convergent in E’, then |u, — al is
constant except for two values of n at most. Clearly the same is true for
|Cul + D| and for |A+ B/ul|.

We can now define an admissible equation. We return to the Theorem:
let a be an element of K((T~1)) satisfying a = (Aa? 4+ B)/(Ca? + D)
where A, B, C, D are polynomials in K[T'] with AD — BC # 0. Let II be an
irreducible polynomial in K[T]. We will use the II-adic absolute value on
K(T), which is defined by |II|;; = 1/|1I| and |f|z = 1 if f is a polynomial
not divisible by II. Consider the map ¢ of the set K((T~!)) U {oo} into
itself defined by ¢(z) = (Az? + B)/(Cz?+ D). When II is an irreducible
polynomial dividing AD — BC, we say that a = ¢(«) is a II-admissible
equation for « if the Corollary of Lemma 1 holds with h = 1 for the field
K(T) with the IT-adic absolute value. Clearly, in proving the Theorem, we
may suppose that K is finitely generated over IF,); then so is the residue class
field of K(T') for the II-adic absolute value. Then the Corollary of Lemma
1 applies, and it is clear from the proof that there exists a positive integer
hp such that the Corollary holds for every multiple h of hj;. Hence the
equation o = " () is IT-admissible for every multiple h of hy;. We say that
the equation a = () is admissible if it is IT-admissible for each irreducible
polynomial IT dividing AD — BC. Now, there does exist an admissible
equation for a. Indeed, there is only a finite number of irreducible divisors of
AD—BC, and so if h is a common multiple of the integers h 7 when IT divides
AD — BC, the equation o = ¢"(a) is admissible (since Ay, By, Cy, Dy, are
polynomials such that Ay Dy, — B, C}, is a power of AD — BC, it follows that
ApDyp, — BpChr and AD — BC have the same irreducible divisors).
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ExAaMPLES. For a € K((T71)) such that a?~! = D/A, where A, D
are relatively prime polynomials such that |A| = |D| > 1, the equation o =
Aa?/D is trivially admissible. Baum and Sweet’s equation a = T'/(Ta? +1)
over Fy(T) is admissible. So is also Taussat’s equation o = T/(Ta+1) over
F3(T). But over Fo(T), the equation o® = D/A, where A, D are relatively
prime polynomials such that |A] = |D| > 1, has the form o = D/(Aa?),
which is not admissible.

3. Chains of convergents

LEMMA 2. Let a be an irrational element of K((T™1Y)) satisfying an
equation o = (Aa? + B)/(Ca? + D), where A, B,C, D are polynomials in
K|[T) such that AD — BC # 0, and q¢ = p® (where s is a positive integer).
Let P,Q be polynomials in K[T], Q # 0. Define

R=APY+ BQY, S=CP?+DQ".
Assume that
(i) o — P/Q| < |a?+ D/C|V9  if C#0
(there is no condition if C =0). Then S # 0 and
o — R/S| =|AD — BC||Ca? + D|2|a — P/Q|1.

If furthermore we have

(i) la — P/Q| < |AD — BC|~"/@=D|Ca4 + D|?/(a=1)
and
(iif) o — P/Q| < |AD — BC|~Y/(@=1) /|2

then the polynomials R and S satisfy conditions (i), (ii), (iii). The ratio-
nal fractions P/Q, R/S, are convergents of o (in the continued fraction
expansion). If P',Q',R',S" are polynomials in K[T| such that (P',Q") =
(R',S")=1and P/Q =P'/Q', R/S = R'/S’', then |S'| > |Q'].

Proof. First notice that |C(P/Q)? + D| = |Ca? 4+ D| by (i). Hence
|S| = |Cal + DJ|Q|? > 0. Now we write

a—R/S = (Aa? + B)/(Ca?+ D) — (AP?+ BQ?)/(CP?+ DQY)
hence
o — R/S| = |AD — BC||Ca? + D| ?|a — P/Q|* .
Define € and 7 by
la = P/QI=¢/IQ*, |a—R/S|=n/|S].

We have n = |[AD — BC|e?, hence 1) < ¢ by (iii). By (ii) we have |a—R/S| <
oo — P/Q)|. Thus conditions (i), (ii), (iii) are satisfied by the couple (R, S).
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Since n < € < 1, P/Q and R/S are convergents of «, and |S’| > |Q’] as
oo — R/S| < |a— P/Q).

The conditions of Lemma 2 are hereditary, so we can iterate the process.
But even if P and @ are relatively prime, R and S are not necessarily so.

In order to calculate the degree of their gcd, we have to use an admissible
equation for a.

LEMMA 3. With the notations of Lemma 2, assume moreover that the
equation o = (Aa?+ B)/(Caf+ D) is admissible. Let P and Q be relatively
prime polynomials in K[T], Q # 0. Assume that the couple (P, Q) satisfies
the conditions (i), (ii), (iii) of Lemma 2. We define sequences of polynomials
(Po)nen and (Qn)nen by

PO = Pa QO = Q7
and forn > 1:
P, =AP! |, + BQ! Q. =CP! ,+DQ? .

n—1>
Then @, # 0 for eachn. Let P), and Q), be relatively prime polynomials such
that P,/Qn, = P/ /Q. .There exist real constants C; > 0, Co, § > 1, A > 0
such that deg(Q!) = C1q™ + Co and |Q',|°||Q.all = X for all sufficiently
large n. One has 0 < Cy < deg(Q) +m/(q — 1) where |Ca? + D| = |T|™.
Moreover, 6 is a rational number.

Proof. It is clear that the couple (P,,@,) satisfies conditions (i), (ii),
(iii) in Lemma 2, for each n. Hence @, # 0. Set deg(a — P,,/Qn) = —7p,
and deg(AD — BC) = c¢. By Lemma 2, we have r,, = qr,—1 + 2m — ¢ for
every n > 1, thus

= o+ (2m—0c)/(g—1)¢d" — (2m —c)/(¢g—1) foralln.
We are now going to calculate deg(Q’,). First we calculate deg(Q,,). Since
‘Qn| = |Caq + D||Qn—1’q 3
we have
deg(Qn) = qdeg(Qn-1) +m;

hence

deg(Qn) = (deg(Q) +m/(q —1))¢" —m/(q—1).
We are going to prove that we also have deg(Q),) = C1¢™ + C; for all large
n. It suffices to prove an analogous form for the degree of the (monic)
ng D, = (Pn7 Qn)

deg(D,,) = C3q™ +Cs (Cs,Cy real constants) .
As (Py,Qo) = 1, P, and @, have no other common irreducible divisors

than the irreducible divisors of AD — BC. It suffices to calculate |D,, |
for each element IT of the finite set of the irreducible divisors of AD — BC.



366 B. de Mathan

Denote by wy; the IT-adic valuation on K (T) such that |f|g = |[IT|~*= (/)
for all f € K(T), f # 0. Now it is clear that it suffices to prove that for
each irreducible divisor IT of AD— BC, there exist real constants F, F', G, G’
(depending upon I7) such that w(P,) = F¢"+F' and wi(Q,) = Gg"+G’
when n is large.

We write @, = (C(Pnp—1/Qn-1)? + D)Q%_,. As the equation a =
(Aa? + B)/(Ca? + D) is admissible, |C(P,—1/Qn-1)? + D|pr is constant
when n is large. Thus there exists a real constant b such that w;(Q,) =
qu(Qn—1) + b for all large n. So we have wr(Q,) = Gq" + G’ where
G, G’ are real constants, for all large n. We can proceed in the same way to
compute wyr(P,), as P, # 0 for all large n. Indeed, in K((T~!)) we have
lim P,/Q, = a. Then we can write P,, = (A + B(Qn—-1/Pn-1)?)P!_; and
apply the Corollary of Lemma 1.

Thus deg(Q’,) = C1¢™ + Cy when n is large. As lim deg(Q,) = +o00, we
have C; > 0. Moreover, Cy < deg(Q) +m/(q — 1), for deg(Q’,) < deg(@y).
Now, let § = (ro + (2m —¢)/(qg—1))/C1 — 1. Then (6 + 1) deg(Q),) — 1y, is
constant when n is large. Hence |Q’,|°||Q’,a|| is a positive constant when n is
large. We have 6 > 1, for C; < deg(Q)+m/(qg—1) < (ro+(2m—c)/(¢—1))/2
by (iii). Clearly C} is a rational number, accordingly so is §.

Now we fix an admissible equation « = (Aa? + B)/(Ca? + D) for a,
and we call a sequence (P),/Q! )nen of rational approximations of « as in
Lemma 3 a chain of convergents of a. That means that the couple (P, Q)
satisfies the conditions (i), (ii), (iii) of Lemma 2, and that

PL/Q, = (AP + BQ" )/(CP", +DQ_|) foreachn >1.

For such a chain C = (P, /Q),)nen, with relatively prime polynomials P} and
Q! for each n, it follows from Lemma 3 that there exists a rational constant
§ > 1 such that |Q’,|°||Q" | is constant when n is large. Then we say
that C is a d-chain. As the sequence (deg(Q",)) is strictly increasing, every
chain is included in a mazimal chain, that is to say, a chain (P)//Q!),en for
which there exists no rational fraction P”;/Q" such that (P))/Q.),>_1 is
a chain. Since the map z — (4274 B)/(Cz?+ D) is injective, any two chains
are either disjoint, or one is included in the other. Every chain including a
d-chain is also a d-chain. For any chain C we denote by 6(C) the constant §
such that C is a d-chain.

LEMMA 4. Let 6y be a real number, g > 1. There exist only a finite
number of maximal chains C of convergents of a with 6(C) > dg.

Proof. Distinct maximal chains are disjoint. We will prove that if we
have N disjoint chains Cy (1 < k < N), with §(Cx) > o, then 5 1 <
q. Define Cy, = (P k/Qn.k)nen where P, and @,k are relatively prime
polynomials. For each k there exist real constants C, > 0 and Cj such
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that deg(Qn, k) = Crq™ + C}, for all sufficiently large n. We can modify the
indexation by replacing n by n + ny for each k, where n; is an integer in
Z, so that we get 1 < Cj < ¢. Notice that for k # j, the couples (Cy, C})
and (Cj, (%) are distinct. Indeed, deg(Qn k) # deg(Qn, ;) for each n, since
Cr and C; are disjoint. Thus, we can suppose that for each integer k such
that 1 < k < N, we have Cy < Cpyq or Cy = Cpyq and C), < Cp . If
Q@ is the denominator of a convergent of «, let Q* be the denominator of
the next convergent. One has ||Qal| = 1/|Q*| ([3]). Accordingly, as Cy, is a
chain with §(Cy) > d, there exists a constant o such that

deg(Qy, 1) > do deg(Qnx) — 0.

Since, for any integer k such that 1 < k < N, we have deg(Qn r+1) >
deg(Qn,x) when n is large, thus we have

deg(Qn k+1) > 00 deg(Qn ) —o  for all large n.

Therefore
Jimdeg(Qn,k+1)/ deg(@nr) = Cr1/Cy = do -

Hence we conclude that 5(1)\7 1 < ¢. One can notice, with a similar proof,
that we even have §Y < q.

4. Proof of the Theorem.The result is obvious if B(a,1) # 0 (thus
v(a) =1). If B(a, 1) = 0, it follows from Lemma 3 that there exist chains of
convergents of o (we have fixed an admissible equation for o). By Lemma
4, the numbers §(C), where C runs over the set of chains of «, achieve
a mazimum J. For every d-chain C, denote by A(C) the (constant) value
of |Q|°||Qal| when P/Q € C, with polynomials P,Q relatively prime, and
deg(@) large. Since there exist only a finite number of maximal J-chains
(when § is maximal) we can define A as being the minimum of A(C) for all
the §-chains C. Clearly A is finite, but not zero. We are going to prove that
B(a,d) = A. That will show that v(a) = ¢, and the Theorem will be proved.

Let (P,/Q,) be a sequence of convergents of «, with relatively prime
polynomials P,,Q,. We suppose that lim|Q,| = +oo, and that the se-
quence (|Q,|°||@nal) is bounded. We must prove that for all large n,
P, /Q,, belongs to the union of the d-chains. But by Lemma 3, P,/Q,
is the first term of a chain for all large n. This chain is a v,-chain, with
Vp = (0n+(2m—c)/(qg—1))/C,, —1, where g, = —deg(a— P,,/Q,) and 0 <
Cp < deg(Q,)+m/(g—1) (see Lemma 3). Since the sequence (|Q,,[°||Qna||)
is bounded, there exists a real constant 7 such that (§+1) deg(Q,)—on < —T,
and thus

vn 2 (6deg(Qn) + 7+ (m —¢)/(¢ —1))/(deg(Qn) + m/(g —1)).
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Hence lim v, = §. Then we conclude by Lemma 4 that v,, = § for all large
n, so P,/Q, belongs to the union of the d-chains. Hence it is clear that
B(a,6) = A.

5. Examples. We can now treat examples. We consider the case of
an equation X° = R, where e is a positive integer, not divisible by p, and
R € K(T). Such an equation has a root in K ((T1)) if (and only if ) deg(R)
is a multiple of e and the first coefficient of R belongs to K€¢. There exists a
positive integer s such that e divides p®* — 1 (we can take for s the order of p
in the multiplicative group (Z/eZ)*). Therefore if an element o € K ((T1))
is a root of an equation a® = R, with R € K(T), it also satisfies an equation
a?~! = R, with ¢ = p® and R’ € K(T). We can write this equation as
a = Aa?/D where A, D are polynomials such that R’ = D/A. Accordingly,
if « ¢ K(T), our result applies. Notice that the equation o = Aa?/D is
trivially admissible.

We give explicit calculations in the case p = 2, e = 3. We prove:

COROLLARY. Let a,a’, " be elements of Fo((T™1)) such that o3 =
(T3+T+1)/T3, a2 = (T*+T?>+T+1)/T*, o> = (T*+T +1)/T*. One
has: v(a) =3/2, B(e,3/2) = 1; v(a) =4/3, B(a/,4/3) = 1; v(a") = 5/4,
B(a”,5/4) = |T|73.

Proof. The first terms of the expansion of « in continued fraction are:

a=1+1/T"+T+1/T+1+1/ ...

The first convergents are Py/Qo =1, P1/Q1 = (T? +T +1)/(T? + T), and
la = P1/Q:| = |T| .

We start from the convergentP; /@1, and we construct by Lemma 2 the
sequence of convergents (P, 1/Qn.1)nen:

Poi/Qui=(T*+T+ )" /(T + )" T(T* + T+ 1) D7),
which is the sequence of rational (irreducible) fractions obtained from the
relations Py 1/Qo1 = P1/Q1 and, for n > 1,

Pt /Qna = (T?)(T° + T +1))(Pa-1,1/Qn-1,1)"
Since |a — P1/Q1| = |T|~°, we have for each n, |o — P, 1/Qn1| = |T|754".
We have deg(Qn,1) = 2-4", hence deg(Q;, ;) = 3-4". The sequence
(Pn,1/Qn,1) is a 3/2-chain (for n > 1).

Now we notice that if we write the equation for « in the (non-admissible)
form a = D/Aa? (with D = T3+ T +1 and A = T?), we see by Lemma 2(i)
that we can deduce from an approximation P/Q of «, with |a — P/Q| < 1,
the approximation DQ?/AP%. We have |a — DQ?/AP?| = |a — P/Q|>.
Hence for n > 1, we obtain from P, 1/Q,,1 the convergent

Pn,Q/Qn,Z — (T + 1)2-4" (TS + T + 1)(2~4n+1)/3/T(T2 + T + 1)2.4" .
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We have |a — Ppo/Qna| = |T|71%*" and deg(Qn2) = 4" + 1 (of course
P, 2 and @, 2 are relatively prime). Accordingly deg( ,’;2) =6-4"—1. The
sequence (P, 2/Qpn.2)n>1 is another 3/2-chain. There is no other maximal -
chain, with § > 3/2, than (P, 1/Qn,1) and (P 2/Qn,2), with n > 1. Indeed,
for each denominator of a convergent () of o such that 2 -4" < deg(Q) <
24" with n > 1, if Q # Qn.1 and Q # @2, then deg(Q) and deg(Q*)
both belong to one of the intervals [3-4™, 47T 4-1] or [6-4™ —1,2-4"1], hence
it is clear that any other maximal chain is a §-chain with 6 < 4/3. Therefore
we have v(a) = 3/2. Since [Q,.1[>?||Qnial = 1 and |Qn 2|*?||Qn2c| =
|T|°/? for each n > 1, we have B(a,3/2) = 1. It is easy to see that the
inequality |Q|*/?||Q«|| > 1 holds for any polynomial @ of degree > 3.

For o/ and o”, we only indicate sufficient chains of convergents; we
give the degrees of the denominators of these convergents and of the next
convergent.

For o':
(3-4™, 4"TH (6-4",8-4") (n>0),
((4/3)(4"*2 = 1), (4/3)(17-4" +1)) (n>0),
((4/3)(2- 472 4 1), (4/3)(34- 4" —1)) (0> 1)
For o'

((4/3)4" =1), (5-4"+4)/3) (n=0),
((4/3)(8-4™ 4+ 1), (4/3)(10-4" - 1)) (n>1),
(24771 9.4™), (4"T218-4") (n>0).

6. Open problems. We know nothing (except the Liouville theorem)
about the approximation exponent of algebraic elements o which do not
satisfy any non-trivial equation of the form o = (Aa? + B)/(Ca? + D),
where ¢ is a power of the characteristic p # 0 of K. One can ask if Roth’s
theorem v(a) = 1 holds for these elements. For instance, it is possible to
calculate, by computer — I thank Y. Taussat — many terms of the expansion
in continued fraction of both the roots in Fo((T~1)) of the equation X* +
T2X?2 + T2X +T =0 (see §1). It seems that for a root « of this equation,
one has v(a) =1 (but B(a, 1) =0).

For the algebraic elements satisfying a non-trivial equation

a=(Aa?’+ B)/(Ca? + D),

there are examples with v(a) = 1 (see [1], [4]). But no criterion is known.
For instance, we do not know whether for an irrational element « of
K((T71)) such that there exists a positive integer e with a¢ € K(T), one
may have v(a) =1 (when « is not quadratic).
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