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1. Introduction. Let p be an odd prime, Z the ring of integers, Z,
the ring of all rational numbers which are p-integral, o,,(X) the Mirimanoff
polynomaal, i.e.,

p—1
om(X)=)_i" X' (me)
i=1
and B,, the n-th Bernoulli number defined by
X B
B(X) = =Y ZExk,

eX -1 k!
k=0

Also we denote by [f(v)]én) the value of d"{f(v)}/dv™ at v = 0 for a differ-
entiable function f(v) of v.
We consider the equation

(1.1) a’ +yP +2 =0, pN\wyz,

where z, y and z are non-zero integers prime to each other.
Let g = (p—3)/2 and

It is well known that if the equation (1.1) holds, then ¢t € W is a solution of
the system of congruences ([7], see also [10])

P—l(X) =0 (HlOd )7
(K) {ggn@p_gn(X) =0 (}r)nodp), n=12,...,g.

On the other hand, it has been shown by Mirimanoff [9] that this system
is equivalent to

¢p—1(X) =0 (modp),
(M) {gpl()logpp_l(X)EO(modp), 1=2.. . .g+1.
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This fact follows easily from the relation

—2—m
1+ X 1-x7 p—1—-m
e+ S (M) B0

2 m—+1 = 7
m—+1 m
== 3 (")) X)epa(X) (modp) (el ).
=2

where X # 1 (modp) and m is any integer with 1 <m <p —4.
The congruences in (K) and (M) are the so-called Kummer—Mirimanoff
ones, which have many kinds of interesting variations and consequences.
Let B, = {(1—2%)/i}B; for i > 1. It is clear that the system (K) implies

(K/) @pfl(X) =0 (modp),
B, op—2n(X) =0 (modp), n=12,...,9.

We easily see that if 2 is a primitive root mod p, then this system is
equivalent to (K).

For m > 1 and n > 1 let S,,(0) = S},(0) = 0, Sy,(n) = 377, i"™ and
S(n) =31 (=1)"~%™. Also, denote by |n| an integer such that n = |n|
(modp) and 0 < |n| < p—1, and by n an integer such that nm = p — 1
(modp) and 1 <m<p-—1 for a given integer n with p\ n.

The main results of this paper are the following:

THEOREM 1. Let X # 41 (modp). Then t € W is a solution of the
system (K) if and only if t is a solution of any one of the systems of con-
gruences

(I z_:iSpgﬂik])Xi =0 (modp) (1<k<p-1);

(ID) > ™Sy 2 m(ik)X* =0 (modp) (m=2m'—1,1<m' <g,

and m =p — 3;k is any fized integer with 1 <k <p—1);

(I11) pZSp_z(uk\)Xi =0 (modp) (1<k<p-1);
(IV) ZSP 2(likDX =0 (modp) (1<Ek<p-—2).

THEOREM 2. Let X # +1 (modp). Thent € W is a solution of the
system (K') if and only if t is a solution of any one of the systems of con-
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gruences
p—1
(r) S is (k) X* =0 (modp) (1< k<p—1);
i=1
ZZ LIS, o ([ik[)X* =0 (modp)  (m=2m' -1,
1<m' <g; kis any fized integer with 1 <k <p—1);

(11r') Z (i) X" =0 (modp) (1<k<p-1);

av’) Z (k)X =0 (modp) (1<k<p—2).

Further, we shall give some assertions relating to the equation (1.1),
as consequences of the Kummer—Mirimanoff congruences and the theorems
stated above.

We note that Theorem 1 has been essentially proved by Agoh [3] and
Thaine [11]. For Theorem 2 we shall use the same method of proof. There-
fore, in Section 3 we shall recall the proof of Theorem 1 and use its idea in
Section 4 to prove Theorem 2.

2. Preliminaries. First we note that ¢ Z 0,1 (mod p) for each t € W
because p\_xyz, and also we may replace ¢t by any element of the set

1 t—1 ¢ (nmdm}

1
H=<t-,1-1 : :
{’f 1t ot Tt-1

because x +y + 2z = 0 (modp). Denote by #*H the number of elements
of H. If t> =t +1 = 0 (modp), then #H = 2. However, by a result of
Pollaczek this case does not occur (see e.g. [10]). If t = —1,2,1/2 (mod p),
then #H = 3, hence H = {—1,2,1/2} (mod p). In other cases the elements
of H are pairwise non-congruent modulo p, i.e., #H = 6. Therefore, we see
that if ¢ = —1 (mod p), then we may take another element ¢ € H such that
t' £ —1 (mod p).

Next, we shall give some elementary lemmas which will be needed in the
following sections.

The theorem of von Staudt—Clausen completely describes the denomi-
nator of B,,. That is, if m > 2 is an even integer, then

(2-1) By = Ym — Z 17

pfl\mp
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where v, is an integer and the sum is taken over all primes p such that
p—1|m.

LEMMA 1. Let m > 2 be an even integer. If p — 1\ m, then By, € Z,.
If p—1|m, then pB,, € Z,, more precisely pB,, = —1 (modp).

Proof. This is an easy consequence of (2.1). m
LEMMA 2. Let U(v) = 1/(e” +1). Then for m >0
U™ = B €2,
Proof. By Lemma 1 and Fermat’s little theorem, clearly B, € Z), for
all m > 0. On the other hand, since vU(v) = B(v) — B(2v) we have (m—l—l)
@I = [B) ~ BEK™ = (12" )By i = (m 4 DBy
LEMMA 3. Letm > 1 and l > 1. Then

CREEAUEDY <T> By (L4 1) 4 (1= (1) By
=0

Proof. By using the identity
1

v{ Zei”} = B(v)e™*1 — B(v),

i=0
we have

(m 4+ 1)Sm(l) = [B)e T — (B

i(m“) (14 1)m 1,

1=

On the other hand, since
!

S (=D = U)el T — (—1)F U (),
i=0

by Lemma 2 we have

S’ (l) [ ( ) (l+1)v](m) ( 1)l+1U(U)

Z( )B;+1Z+1>m@+{1 (1)) Bl . m
=0

LEMMA 4. Form > 1 andn > 1,

0 (mod p) if p—1N\m,
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Proof. Set l =np—1in (1) of Lemma 3. Then the result clearly follows
by Lemma 1. =

LEMMA 5. Form > 1 andn > 1,
Sp(np) = =Sy, (np — 1) = —{1 — (=1)"} By, 11 (modp).
In particular,

Sp-a(np) = =8, »(np —1) = {1 = (=1)"}¢,(2) (modp),
where q,(r) is the Fermat quotient with base r, i.e., gy(r) = (rP~1 —1)/p.
Proof. The congruence S/, (np) = —5S),(np — 1) (mod p) is trivial. Set
I =np—1in (2) of Lemma 3. Since B;,, € Z, for all i > 0, we have

m—1

St =1 = 3 (") Blao)™ 4 1 (1)} B

i=0
={1-(=1)"}By,4, (modp).
In particular, letting m = p — 2 we have from Lemma 1
Spa(np —1) ={1—(=1)"}B, , ={1 - (-1)"}¢,(2)pB,_,
=—{1—-(-1)"}gp(2) (modp). =
LEMMA 6. Let D(a,b) = () (i = a,a+1,...,b; j = 0,1,...,b — a;
1<a<b<p-1) be a square matrix of order b—a+ 1. Then det(D(a,b))
# 0 (modp).

Proof. Since det(D(a,b)) is of Vandermonde type, the result clearly
follows. m

LEMMA 7. Let o and s be integers with p™_ «. Then
S
gp(a) — gp(sp —a) = o (mod p) .

Proof. Since
p—1 _
aplop— ) = (1)) + gyfa) (modp),
the lemma is trivial. m
This lemma shows that if g, () = 0 (mod p), then g, (sp — ) = 0 (mod p)
if and only if p| s. In other words, if p™\ s, then we cannot write sp = a+ 3,
where g,(a) = ¢,(8) =0 (mod p).

3. Proof of Theorem 1. In this section the proof of Theorem 1 is
given. To prove the assertion for the system (IV) we shall employ Thaine’s
ingenious method, in a different form.



78 T. Agoh

Proof of Theorem 1. In [3] we showed the equality
p—1

fkp 2, 1(X)

. Zm (P B0}

=(p-1-m Z " Sp—2—m (ik) X

where k£ and m are integers such that 1<k<p—landm<p-—3. In
particular, if m = p — 3, then the sum on the left hand side vanishes.
If p— 1N p—2—m, then by Lemma 4 we have
Sp—2—m(ik) = Sp—2—m(|ik|) (mOdp) .

Hence from (3.1) we can deduce

(3.1)  KFTITMpp(X) +

(3.2) ko, 1(X) = QZip_?’Sl(Hk‘])Xi (mod p)

and
(33) KPP, 1(X)

2 " p—1-—m p—1l—m—1i
Ly - > , k {Bivp-i(X)}

=2
p—1
= ZZimSp_g_mﬂikDXi (modp) (0<m<p—4).
=1

Note that the above congruences are valid unless X = 1 (modp). In
fact, if X # 1 (modp), then ¢,(X) = (X? — X)/(X —1) =0 (modp).

Suppose that ¢t € W is a solution of the system (K). Noting that B; =0
for an odd integer i > 3, from (3.2) and (3.3) we have

(3.4) Zz Sp—o_m(lik))t* =0 (modp) (0<m <p-—3).

Conversely, if (3.4) holds, then from (3.2) and (3.3)
(3.5) pp-1(t) = 0 (modp),
(3.6)  KPTET Mgy (t)
2 P2 p—1—m
= kp—l—m—i Bz 7it
o o (e e

=0 (modp) (0<m<p-—4).
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(1) (K)=(I). Take m = 1 in (3.4).
(2) (I)=(K). Observe (3.6) for m = 1 and k = 1,2,...,p — 1. From

Lemma 6 the result clearly follows.

(3) (K)=(II). The congruences in (II) for X = ¢ are included in (3.4).
So the result is obvious.

(4) (II)=(K). Take successively m =p—4, p—6,...,11in (3.6). In view
of (3.2) (hence (3.5)) the result follows.

(5) (K)=-(III). Take m = 0 in (3.4).

(6) (IIT)=(K). By means of Lemma 6 the assertion follows from (3.6)
form=0and k=1,2,...,p— 1.

We note that, as a matter of fact, in (2) and (6) it is enough to take
fewer than p — 1 k’s.

By Lemma 4 we have Sp,_2(p — 1) = 0 (modp), hence for each a =
1,2,....p—1

=S, o(p—a)+a’2=8, s(a—1)+a’"? (modp).
We now define the polynomials P (X) and Q(X) by

p—1

Po(X) =) Spa(lk) X' (1<k<p-1),
=1
On(X) = { S ()X (1<k<p-2),
0 (k=p-—1).

Since S,—2(|kk|) = Sp—2(p — 1) = 0 (mod p) by Lemma 4,

Pe(X) = Qu(X) + X Y7 Spa(|(R+ )k X} (modp).

p—E—l
]:

1
Noting that p — 1 — |jk — 1| = p — jk = j(p — k) (mod p), by (3.7) we have

Sp—2(|(k + 4)k]) = Sp-2(|jk —1]) = Sp-a(p — 1 — [k — 1)
= Sp—2(|i(p — k)|) (modp).

Also p — k = p — k, hence

(3.8) Po(X) = Qu(X) + X*Qp_i(X) (modp).



80 T. Agoh

Similarly, using (3.7) we have

p—1

P (X) = Zsp—z(P — Ik X" = Fgp_1(X)
=1
p—1

=" S, a(lik] — )X — Fpp—1(X) (modp).
=1

Here, since
Sp-a(lik] = 1) = Sy ((F + KD,
Sp—2(|(p — k)k| — 1) = Sp—2(0) = 0,
Sp—a(|(p — k +)k| = 1) = Sp_a(|ik]) ,
it follows that

p—k—1 4 k-1 ‘
PUX)= 3 Spa(I(B+ DRDX + X737 5, o(jikf) X' |
j=1 i=1
~kpp-1(X) (modp),
that is,

(3.9)  Pu(X) = Qpi(X) + XP7FQx(X) — kipp_1(X) (modp).

(7) (IIT)=(IV). Assume that P(t) =0 (modp) (1 <k <p-—1). By (6)
we have ¢,_1(t) = 0 (modp). So, from (3.8) and (3.9), (t* — 1)Qx(t) =0
(mod p), which gives Qx(t) = 0 (modp) because t Z 1 (modp). That is,
t € W satisfies the system (IV).

(8) (IV)=(III). Assuming Q(t) = 0 (mod p) (1 < k < p—1) we obviously
see Py(t) =0 (modp) from (3.8), i.e., t € W is a solution of (III).
This completes the proof of the theorem. m

Note that in the above discussion concerning the polynomials Py (X) and
Qr(X) we used notations and expressions different from Thaine’s. However,
the reasoning is essentially the same as in his paper [11]. We emphasize that
all arguments in the proof of the theorem start from the equality (3.1).

4. Proof of Theorem 2. In this section we shall give the proof of
Theorem 2 by using a similar method to that of Theorem 1.

Proof of Theorem 2. Let k and m be integers such that 1 < k <
p—1and m < p— 3. We now use the following identity:

Wi,m, x (V) = fik,m,x (V) + Vig,m,x (V)
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where
Wi x (0) = {U(0)" @ (XH)]
p—1 ik
Peym, x (V) = Z zm{ Z(—l)je(“ﬂ*j)”}Xi ,
i=1 §=0
Vi, x (0) = =omi1((=1)* X)U(v).
By Lemma 2,

U)e’]y) =1/2,  [U@e)) =1 -UE)y =-Bl, (i>1)
and also

[Pmr1(XeE)D = kipmi14a(X) (0> 0).
Therefore

l
l l —i
o O = 1m0 = 3 () Bl 6 om0}
=1

for [ > 1. Also we have
p—1
[ x ()]G = D" S{(ik) X
i=1

! k
Vi x @] = =pmr (1) X) B,
Consequently, we deduce from the above identity that if [ > 1, then
!

[ .
1K oy (X) =) (z) KBl omii-i(X)}
i=1
p—1
= 5 S (ik) X = s (—1)FX) B,
i=1
In particular, taking [ = p — 2 — m we have

p—2—m
—o—m p—2—m
e D O

>kp_2_m_i{B§+1sop—1—i(X)}
i=1
p—1 )
=S s ((R)XT = Pt (1) X)B)
i=1
Here, by Lemma 5,
s li8) = Spa kD) + (005, (|55

=S o pm(lik]) — (1) {1 — (~1)"Ph B! (modp),

p—1—-m
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where a(n) = n — [n/p|p, [n/p] being the greatest integer in [n/p|. Hence,
from the above equality we get the congruence

1D o0 3 (2 s )

‘ 1
=1
= Z p 2— m ’ZkDXZ_sOerl((_l) X)B;J 1-m

p—1

> ) I ()X By (modp)

i=1

If t € W is a solution of the system (K’), then from (4.2) we have

@3) > imS) s (i) = o (1)) B,
i=1
+{ pz_: (_l)a(ik){l _ (_1)[ik/P}}Z~mtz}BI/) . (mod p) .

In particular, if we take m = 0 and k& = 1 in (4.3), then

p—! . ? 4+ 1
ZS;fz(i)tl = 901(—t)B;/771 = {t—i—l - 1}31/71 =0 (modp),
i=1

because t Z —1 (mod p) and B}, ; € Z,. On the other hand, by Lemma 5,

(t+1) Z (i)t _Z{ i)+ S, o(i— 1) + S _,(p— 1)t

= 90;071( ) — 2, (2)t = —2q,,(2)t (modp).
Consequently, assuming that ¢ € W is a solution of the system (K’) we get
¢p(2) =0 (mod p) (see also the proof in [1]).
(1) (K') =('). Take m = 1 in (4.3). Since B, , = 0, we know that
t € W is a solution of (I').

(2) (') =(K’). By Lemma 6 the assertion clearly follows from (4.2) with
m = 1.

(3) (K') =(II'). Since B),_;_,, =0 for m =1,3,...,p — 4, we see from
(4.3) that t € W is a solution of (II') (m = 1,3,...,p—4) for a fixed k with
1<k<p-—1.

(4) (II') =(K'). By taking successively m =p—4, p—6,...,1in (4.2)
we obtain the result, since Bj; , ; =0 (i > 1).
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(5) (K’) =(IIT"). We take m =0 in (4.3):
(4.5) Z o (|ik|)t

E901((—1)’%)3;_1+{Z(—1)a“’”{1 (—1)lEk/7] }tl} ', (modp).

=1

Here B!

1= —4p(2) =0 (modp) as stated above. Therefore,

(4.6) Z _o(Jik])t" = 0 (mod p),

ie., t € W is a solution of the system (IIT").

(6) (IIT") =(K’). We see from (4.4) that if ¢ € W is a solution of (IIT'),
then ¢,(2) = 0 (mod p). Hence, by (4.2) with m = 0 it follows that

P

sk 20, (t) — Z<p i 2>kp 2T Biapp-1-i()}

=1

Z L(lik)t = o ((-1) ) By,

_ {pz_: (_1)a(ik){1 _ (—1)[ik/p]}ti}Bl’)_1
= Z LoD+ a2 {14+ 3 ()T 1 ()
=0 (modp).

By Lemma 6 the assertion follows.

(7) (K') =(IV’). If t € W is a solution of (K’), then we may assume
that (4.6) holds.

Since S, _5(p —1) = —2¢,(2) (modp) by Lemma 5, we have, for each
a=1,2,....p—1,

p—1—a
T (=D a4+ (-1)7 2, (2)
=1

= -8 5(p—1—a)+(~1)""'2g,(2)
=5 ,(p—a)+a"?+ (=1)"2¢,(2)
= —S]’J_2(a — 1) + a2 (modp).

(4.7) 5, 2(a)
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Let P/(X) and Q},(X) be the polynomials defined by
1

p—

=385, L)X (1<k<p-1),
=1

T 1g }
Qr(X) = o1 Sy ()X (1<k<p-2),
0 (k=p-1).

Since Sp*2(|El€|) =S, 2(p—1)= —2qp(2) (mod p), we can write

p—k—1

—k—
PU(X) = Q4(X) = 20,2)X" + X5 3 8,1k + kDX’ } (modp).

]:

—_

By (4.7) we have
S o(1(F + K = Syl — 1) = —S)_y(p — [j]) + (~1)¥124, (2)
= — S, 5(lilp— k))) + (—1)"*124,(2) (modp).
Also p — k = p — k, hence

(4.8) Sp—a(|(k + )k X

p—k—1

=-Q, (X)+2¢,(2) Y (-1)"MX7 (modp),

J=1

which gives

(49)  PUX) = QLX) — X*Q!_(X)
p—k—1 _
+2qp(2){ 3 (VT - 1}X'f (mod p) .

On the other hand, since
Sp—a(likl = 1) = S, 5 (|(k + j)kl),
S, a(l(p — Bk~ 1) = 5} 5(0) =0
and
Sp—2(l(p =k +0)k| = 1) = S, _5(Jikl),

using again (4.7) we obtain

Z oItk = DX = Fpp1(X)
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p—k—1

k
S Sk + k)X — xP- ’f{z (kDX }

Jj=
— kpp-1(X) (modp).
Therefore, from (4.8),

=

(4.10) Pi(X) = Q_(X) = XPFQ(X) — kpp-1(X)
p— k-1
—2q,(2) Z |] ‘XJ (mod p) .
j=1

Assume that ¢ € W is a solution of (K’). Then, as stated above, ¢,(2) =0
(modp) and P/ (t) =0 (modp). So, from (4.9) and (4.10) we obtain
(" = 1)Qi(t) = (t — 1)Qx(t) =0 (modp) .
Since ¢t # 1 (mod p), it follows that
Qu(t) =0 (modp) (1<k<p—2).
(8) (IV") =(K’). Using (4.7) we have

hoa((p—1)/2) = (—1)(p_3)/2qp(2) (mod p),

which gives

Q3(X) = 5)_5((p = 1)/2)X = (=) ,(2)X (modp).
This shows that if ¢ € W is a solution of (IV’), then ¢,(2) = 0 (modp)
because t # 0 (mod p). Hence from (4.9) we deduce P/ (t) = 0 (modp). By
the same argument as in (6) we see that ¢t € W is a solution of (K’).
This completes the proof of Theorem 2. m

5. Some propositions. In this section we shall give some propositions
relating to the equation (1.1), which are consequences of the Kummer—
Mirimanoff congruences and the theorems proved above.

(i) It is clear from (3.8) and (3.9) that a relation between Qp(X) and
Qp—1(X) may be given by

(1= X" F)Qu(X) — (1 = XF)Qpr(X) = ~Fpp-1(X) (modp),
that is,

_ yp—k _vE B
%QW() S T Qo-+(X) = —kQ1(X) (modp).

On the other hand, we can show

(5.2) Qr(1) = —Eqp(E) (mod p) .

(5.1)
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In fact, by (3.7) and Lemma 3 we have

p—2 . _
S,-a(lil) = 52— 1 =ik = = 3 (") Byt

Jj=0

YWt )

i=o N J
hence by Lemma 1,

k-1

=[S (e
= —[EB(U)](()p_l) +%°B,_1 = (k" —k)B,_1 = —kqy,(k) (modp),

i.e., (5.2) holds (see also Proposition 3 in [11]).
Set X =1in (5.1). Then from (5.2),

—(p = k)kap(k) + k(p — k)ap(p — k) = k(p — 1)gp(p — 1) = —k (modp),

which gives, for k = a,

4p(@) —gp(p—a) =a (modp) (I1<a<p-1).

This is, however, nothing but a special case of Lemma 7.
Furthermore, we can deduce

_ 1+ (=D

Q-1 = 0, 2) (mody).

To prove this, consider the identity
% 4 _ _
B(kv) (—1)Z+1ei” = (—1)kEvU(v) —{1 - (=D"}B(kv)U(v).

i=0

|
—

Here we have

[B(/w) (—1) eﬂ
0
=0
p—2 ) k—1 3
1N - : , 1\ 1- (-1
:Z<p , >(/€ij){ ()t - (p >k” 'p, iU
- J , p—1 2
j=0 =1
and also, since B;B, ; = 0 unless j = 1 or p — 1, and B, | = —q,(2)

(mod p),

()Rl (v) — {1 = (=1)"}B(Rv)U ()] PV
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- , A= (P i
Ep- 1B, — (1 (1) }g( j )k BB,

= (~1)Fg,(2) - 1(21”{( . 1) Fap(2) + (jj - 1)kB}

Il

|
—
~—

I
=
bS]
—
[\
~—
|
—_
—~
—
~—
Eal
|
ki
Jan
Ym
=
B
o
[
S
~—

Qu(-1) = k (—~1)"S, s (Jik]) = kz 17+ (* ) @nprs)

s
I
_

(-1)F—
= #kqp@) (modp).

As an immediate consequence of the assertion of Theorem 1 for the
system (IV), the simple proofs of the Wieferich and Mirimanoff criteria for

(1.1) are now given.

—
_|_

PROPOSITION 1. Let p > 3. If the equation (1.1) holds, then
¢p(2) =0 (modp) and ¢,(3) =0 (modp).

Proof. By (5.2) we have

Q3(t) = Qz(1)t = —2¢,(2)t = 0 (mod p)
and

Q3(t) = 3{Qs(1) — Q3(=1)}t + 5{Q3(1) + Q3(-1)}¢*
—34,(3)t(1 +¢t) =0 (modp),
which gives ¢,(2) = ¢,(3) =0 (modp), because t(1 +t) # 0 (modp). m

If #H = 3, then a more precise condition for ¢p(2) than in Proposition 1
may be given, namely if the equation (1.1) holds and #H = 3, then ¢,(2) =0
(mod p?). The proof is as follows:

It is well known since Fleck that if (1.1) holds, then

(5.3) Pl =yP = 2P =1 (modp?)  (see e.g. [10]).

Suppose that #H = 3, ie.,, H = {-1,2,1/2} (modp). If t = —y/z = —1
(mod p), then y? = 2P (modp?). Using (5.3) repeatedly we have y = z
(mod p?), hence y? = 2P (modp?), and so y = z (modp3). This gives
y? = 2P (modp?), therefore 0 = 2P + yP + 2P = 22P + 2P (mod p*). Since
2P(e=1) = zp(=1) = 1 (mod p*), we have 2°~1 = 20— 1gp(P—1) = (_P)P~1 =
1 (modp*). If t = —y/x = 2 (modp), then y? = —2PzP (modp?). By
Proposition 1 and (5.3) this implies 0 = 2P +yP+2P = (1-2P)a’ +2P = —x+2
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(mod p?), hence 2P = 2P (mod p?), which gives x = 2z (modp?), and so
2P = 2P (modp*). Therefore 0 = 2P + yP + 2P = y? + 2zP (mod p*), hence
op—1 = 2p=1p(0=1) = (—yP*"! =1 (modp*). By symmetry we also have
the same result for the case ¢t = 1/2 (mod p).

Several other criteria for the equation (1.1) of type similar to Proposi-
tion 1 have been successively obtained by various authors (Frobenius, Van-
diver, Pollaczek, Morishima and others). These Fermat quotient criteria are
deduced as consequences of the Kummer—Mirimanoff congruences. However,
to get them with larger bases we need a refined argument and an intricate
computation.

We now suppose that if the equation (1.1) holds, then
gp(r;)) =0 (modp), i=1,2,...,m,

where r; is the ith prime (i.e., 1 = 2, 7o = 3, r3 = 5,...) with r; < p.
Here, assume that r,, is the largest known prime today satisfying the above
congruence as a criterion of (1.1).
Consider the sets
m
G = {Hr le; >0 (i:1,2,...,m)}

i=1

and

N={-1,1}U{ueZ| qy(u) #0 (modp) and p™\ u}.

PROPOSITION 2. Let p be an odd prime and s be a positive integer prime
to p. If there exist integers a,b € G and k,l € N such that

s
sp=ak+0bl and qp(k)—qp(l) # = (modp),

then the equation (1.1) has no solution for the exponent p.

Proof. Since a,b € G and ¢,(ij) = ¢p(7) + ¢p(j) (modp) if p\ ij,
taking @ = ak in Lemma 7 we have

s
ap(ak) = gp(sp — ak) = gp(k) = gp(I) = ——- (modp),
contrary to the assumption. m

As an example, take s = k = 1 and [ = £1 in Proposition 2. If p can
be written in the form p = a £b (a,b € G), then we know that (1.1) has
no solution for the exponent p. This has already been proved by various
authors. However, the question whether there are infinitely many primes in
the set {a £b | a,b € G} is still open.



Kummer—Mirimanoff congruences 89

PROPOSITION 3. Let p be an odd prime and let s1, sy be positive integers
prime to p. If there exist integers a;,b; € G (i = 1,2) and k,l € N such that

s1p=ark +bil, sop=ask+byl and sijaz # ssa; (modp),
then the equation (1.1) has no solution for the exponent p.

Proof. Similarly to the proof of Proposition 2,

Si .
w(k) ~ ap(1) =~ (modp) (i =1,2).
From these congruences for i = 1 and 2 we have sjas = ssa; (modp),

contrary to the assumption. m

We note that the condition sjas # sea; (mod p) in the above proposition
is equivalent to s1bs Z s2by (mod p).
On the other hand, we can state

PROPOSITION 4. If the equation (1.1) holds, then t € W is a solution of
the systems of congruences

V) i (— 1)l <p|l—k‘1> X'=0 (modp?) (1<k<p—1),

k—1 ‘ _1 ' k—1 '
(VI) Z (—1)|Zk\ (ka| )Xz = ZXZ (modpQ) (1 <k<p-— 2) ‘

i=1
Proof. By (5.3) it follows that o(t) = (¥ —t)/(t — 1) = 0 (mod p3).
Also we have
2 k]

p—1
|ik|
(—1)"*I{1 = pS,,_(|ik])} (modp?).
Since Py (t) =0 (modp) and Qk(t) =0 (mod p) by Theorem 1, this gives

(—1)'““+(—1)““'1p<1+1+... ! )

Y (—1)l" (p B 1)ti = 1(t) — pP,(t) = 0 (mod p?)

pt |ik|

and
k-1 ' N k-1 4 k-1 4

(5.4) Z (—1)'”“| <p]zk:| )tl = Ztl —pQ(t) = Ztl (mod p?).
=1 =1 =1

So the assertion follows. m

We may rewrite the above system (V) as follows:

pi(_l)i(pzl)XiM =0 (modpQ) (1 ékgp—l).
=1
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Indeed, if £’ is an integer such that £’k = 1 (modp) and 1 < k¥ <p—1, and
if j = |ik|, then |jk'| = ikk’ =i (mod p), which shows that the statement is
true.

We can derive the following expression for the Fermat quotient modulo
p, forr=23,....,p—1:

r—1
1 lir| (P — 1) }
5.5 qp(r E{ -1 < . —(r—1 mod p) .
59 0= {07 ) ~ o] moap
In fact, from the first relation in (5.4),

k—1

S -7 ) S E - 1= p0u1) (mod ).

=1

Letting k = 7 (so k = 7), by (5.2) we obtain the result.
In particular, take r =2 (so 7 = (p — 1)/2) in (5.5):

0@ = {0 P70 ) -1 modn).

Here we have

(7 700) = CO 20— 05, (o= 1/2)) (o),

which gives
(5.6) 4p(2) = —5Sp—2([p/2]) (modp).

Next, take r = 3 in (5.5). If p =1 (mod3), then 7 = (p — 1)/3. Since 7
is even, we have

ap(3) = 31p{ <(pp__1)1/3> T <2(;—_11)/3> B 2}

2 {<( . 1/3> - 1} = —35p-2((p—1)/3) (modp).

IETARNCESY
If p =2 (mod 3), then 7 = (2p — 1)/3, which is odd. Hence

()5

— () 1} =~ 3Seal - 1)/3) (o).

Consequently, for any odd prime p > 3 we have

(5.7) 4p(3) = —3Sp—2([p/3]) (modp).
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More generally, if r is an odd integer with 3 < r < p — 2, then
(T 1)/2
=—— Z Sp—2(6(i,7)) (modp),

where §(i,r) € {|iT|,|(r—1)7|}, and if r is an even integer with 4 < r < p—1,
then
r/2—1

1 . _
(5:8) @) =—{2 D S2(386.1) + S,-2(1(/2)7) | (modp).
These congruences easily follow from (5.5), because p — 1 — |iF| = |(r — i)T|

and hence
(pli_ﬂl) - <|<f _ i1)r|> (~1)°"7 {1 = pS,,_5(5(i,1)} (modp?).

Of course, we may deduce the above expressions for g,(r) directly from
(5.2).
Using (5.6), (5.7) and (5.8) we now arrive at Lehmer’s criteria from [8]:

PROPOSITION 5. Let p > 3. If the equation (1.1) holds, then for n =
2,3,4 and 6

Sp-2([p/n]) = 0 (modp).

Proof. By Proposition 1, ¢,(2) = ¢,(3) = 0 (mod p), hence we see from
(5.6) and (5.7) that the result follows for n =2 and 3. Let r =4. If p=1
(mod4), then 7 = (p — 1)/4, so |7| = [p/4] and |(r/2)7| = [p/2]. If p =3
(mod4), then 7 = (3p — 1)/4, so |(r — 1)7| = [p/4] and |(r/2)T| = [p/2].
Hence from (5.8),

tp(4) = — {25, —2([p/4]) + Sp—2([p/2])} (modp).
Next let r = 6. If p =1 (mod6), then 7 = (p — 1)/6, so |F| = [p/6], |2T| =
[p/3] and |(r/2)7| = [p/2]. Similarly, if p =5 (mod6), then 7 = (5p — 1)/6,
so |(r —1)7| = [p/6], |(r —2)7| = [p/3] and |(r/2)7| = [p/2]. Therefore we

have, from (5.8),

0p(6) = —5{2{Sp—2([p/6]) + Sp—2([p/3])} + Sp-2([p/2])} (modp).

Since g, (ij) = ¢, (1) + qp(j) (modp), we deduce ¢,(4) = ¢,(6) = 0 (mod p),
which shows, by the above congruences, that the result follows also for n = 4
and 6. m

Lehmer [8] has proved this proposition in another way.
Incidentally, from the congruences in the proof above we obtain

Sp—2([p/4]) = —3¢,(2) (modp),
Sp—2([p/6]) = —24,,(2) — 3¢,(3) (modp).
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Further, assuming the Frobenius—Vandiver criterion g,(5) = 0 (mod p)
(cf. [10]) for (1.1) with p > 5 we can derive the same statement as in Propo-
sition 5 also for n = 5, ie., S,_2([p/5]) = 0 (modp). For brevity, set
¢ = Spa([5il) (i = 1,2,3,4). Since deg(Qs(X)) = 4, if Qs(t) = 0 (mod p)
for all t € H and ¢; # 0 (modp) for at least one of i = 1,2,3,4, it fol-
lows that #H # 6, i.e., #H = 3. If ¢,(5) = 0 (modp) and #H = 3, i.e.,
H={-1,2,1/2} (modp), then

Q5(1) =c1 +ca +c3+cy = —5¢,(5) =0 (mod p),

Qs(~1) = —c1 + 2 — ez + e = {(1 4 (=1)")/2}g,(2) = 0 (mod p) ,
(1/2)Q5(2) = ¢1 + 2¢2 + 4cs + 8¢, = 0 (mod p) ,
24Q5(1/2) = 8c1 + 4cy + 2¢3 + ¢4 = 0 (modp).

Since
1 1 1
101 -1 1) . .
det 5 4 8 =2-3#0 (modp),
8 4 2 1

it follows that ¢; = ¢ = ¢3 = ¢4 = 0 (modp). For each case p = 1,2,3
and 4 (mod 5) we have 5= (p—1)/5, (3p—1)/5,(2p —1)/5 and (4p — 1)/5,
respectively. Therefore, [p/5] € {|5¢] | i = 1,2,3,4}, i.e.,

Sp—2([p/5]) € {ei | i=1,2,3,4}

for all p > 5, which shows S,_2([p/5]) =0 (mod p).

Conversely, it is easy to show that S,_2([p/5]) = 0 (modp) implies
¢p(5) =0 (mod p).

If p>5and #H = 6, then ¢; = 0 (modp) for all i = 1,2,3,4. So we
have Q5(1) = 0 (modp), which gives ¢,(5) = 0 (modp) by (5.2). In this
case it is also obvious that S,_2([p/5]) = 0 (modp).

By observing in particular the case m = —1 in (3.1) we know that (K)
is equivalent to the following Fueter system (see (VI) and (VII) in [5], and
also Theorem 3 in [3]):

Z qp (i =0 (modp),
(F)

pl ik
Zz[p]Xz—O(modp) 2<k<p-1).
i=1

ii) From (4.9) and (4.10) we may give a relation between Q). (X) and
k
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;—k(X):

(5.9)  (L+XPF)Q4(X) — (1 +XF)Q!_(X)
= — o 1(X) +2¢,(2) X"

—2¢,(2)(1 + X%) (—1D)P* X7 (mod p).

For k=1,2,...,p — 2 we can show

k—1

(5.10) Qi) = -0, T (-1™ } (modp).

i=1
In fact, from Lemma 3 and (4.7) it follows that
. . ik
p-2(lik]) = = S, 5 (p = 1= |ik]) = (=1)"*12g,(2)

p—3

p—2 o p—2—
==X (") Bt ik
0

=
{1+ <—1>'““‘}BL1 ~ <—1>""€'qu<2>

p—3

-2
=0

+{1 = (=1)"*"1g,(2) (modp).

We now use the identity

(5.11) vU(Ev){ eiv} = B(v) — 2U (kv)B(v).

<.

(m)

Since [U(kv)], = = EmB;nH for m > 0, it follows that

k-1 k-1

wE{ X e} = -G T
- -] 5 (" Q)lezH(li"”l) L

_ (p;2)k13;+1( 2 z)+qp( ) (modyp).

3
=0 i=1

93
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On the other hand, since B;»HBp_l_j =0 unless j =0or p— 2,

[B(v) — 2U (ko) Bw)" " = B,_ 1-22( >k B/ \Bpi;

—1 p—1\=-p-
p_1—2{<p0 )B;_Bp—1+ (p_2>kp 2B;]_Bl}

—p—2
=%"""q,(2) (modp).
Therefore, from (5.11),

p=3 p—2\—i+1 [l — —p—2
( z )k Bl (Y7 ) = k1 - ) 2)
=0

l i=1

which implies

k—1
7 ik
Z Lo(lik]) = (1= F)gp(2) + D {1 — (=1)"}g,(2)
i=1
k—1
ik
= —{ > (~1)*} (modp),
i=1
as required.
Furthermore, for k =1,2,...,p — 1 we obtain
1- (—UE S p)likl+s
/ — (2 7
612 Qu-n =g 5 =3 (014} (modp)
To prove this we use the following identity:
k—1 _ _
{ Ve } = (=) KU (v) + {1 + (=1)"JRU (ko) U (v) .
1=0

k:m+1B7ﬁ,L+1 (m > 0), we have

{3 el =5 (0 ) a3 oy
FuE il, .

=0 =0

p—2 p—1 k
k B _—
+<p—2) pl{ 2

M
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and also
[(—1)F R0 (v) + {1 + (= 1) YRU (o) U (0)) P2

p—2
F—17 ® p—2\-i+1
=(-1)""kB,_; + {1+ (-1) }Z ( I )k BB, 1.
1=0

Hence it follows that

Z o(lik]) (1)’

i.e., (5.12) is proved. B
We immediately conclude from (5.12) that if k is even, then

k-1

(5.13) Qu(=1) = =4,{ 3 (=)™} (modp).

1=
Independently of the above argument, we may infer from (5.9) that if &
is odd, then

(5.14) Q(~1) = p(2)(F — 1) (mod p)
PROPOSITION 6. If the equation (1.1) holds, then @)} (1) =0 (modp) and
Q. (—1) =0 (modp) fork=1,2,....,p—2.

Proof. Since g,(2) =0 (modp) by Proposition 1, the result is immedi-
ate from (5.10), (5.13) and (5.14). =

From (4.1) we may deduce that (K’) is equivalent to the system of con-
gruences

Zz o m(ik)X'=0 (modp) (1<m<p-3),

where k is any fixed even integer with 2 < k <p — 1.
This fact can be easily seen by taking successively m =p—3,p—4,...,1
n (4.1).
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In [2] we treated a special case for m = —1 in (4.1) and proved that
t € W is a solution of (K’) if and only if ¢ is a solution of the system of
congruences

(A) ig’—l’“X’éO(modp) (1<k<p-1),

‘ 2
=1

where ¢, = 1 if |n| is odd and ¢, = 0 otherwise, i.e., g, = {1 — (—1)‘”'}/2.
The system (A) essentially coincides with the following variation, due to
Granville (see Theorem L3-(h) in [6]), of Benneton’s system from [4]:

p—1
1
(BG) Z - X'=0(modp) (1<k<p-1).
i1 °
lik|>[p/2]
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