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Introduction. The problem of determining the formula for Pg(n), the
number of partitions of an integer into elements of a finite set S, that is, the
number of solutions in non-negative integers, hg,, ..., hs,, of the equation

hs;s1 4+ ...+ hs s, =n,

was solved in the nineteenth century (see Sylvester [4] and Glaisher [3] for
detailed accounts). The solution is the coefficient of ™ in

[(1—a2%).. (1 —a%)] 1,

expressions for which they derived. Wright [5] indicated a simpler method
by which to find part of the solution (at least in the case s; = 7).

The current paper gives a simple method by which the power-series ex-
pansion of a rational function may be derived. Lemma 1 is well known and
gives the general form of the solution. Lemma 2 is also well known. See, for
example, Andrews [1], Example 2, p. 98. Lemma 3 shows how the recur-
rence relation of Lemma 2 becomes of bounded degree in certain cases. The
recurrence relation is then solved, and the solution is extended from these
certain cases to all cases.

We then apply the result to investigate the growth of the difference
Ps(n) — Pr(n), where S and T are finite sets, and in particular when this
difference is bounded. The differences Pg)) (n) — Péo) (n) and Pél)(n) -

P:,(})(n) are also considered, where Péo) (resp. Pél)) denotes the number of
partitions of n into elements of S with an even (resp. odd) number of parts.

Derivation of the power series of a rational function. Let
k 1

g(z) = H(l —a;z)* and  f(z) = H (1— aix)a;:

i=1 i=k+1
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230 D. V. Lee

be any polynomials with constant coefficient 1, where the «; are distinct and
non-zero and the degree of f(z) is less than that of g(x). The power-series
expansion of f(z)/g(x) is derived (see Theorem 2).

LEMMA 1.

o0 k aifl
= oI ™
= E E g b jn’ o'
n=0i=1 j=0
where the b; j are constants and

1

—1
bi,aifl = (7 f(aZ )

g (o h)

(1—-oo; ") " =a;(—a;)"

Ew

l/:l
v#i

Proof. Write f(x)/g(x) in partial fractions:

N Y A/ - s’ iZAMZ(n:_tIl) nam,

i=1 t=1 i=1 t=1

Since ("] 1) is a polynomial of degree t — 1 in n, the form of f(x)/g(z) is

as given. Moreover,

1

bi 1 = 7141 y
,a;—1 (ai _ 1)' PLezs
as required. The second expression for b; 4,1 follows by 'Hopital’s Rule. m
Let
= Z b(n)x
n=0
LEMMA 2.
n k l
=S (Y war— > aar)bn—r).
r=1 i=1 i=k+1
Proof.
d Mooy asa;
—1 = Cant S e
T loglf(@)/g(@)] = 30 7 Z e
=1 =k+1
Hence

ni::lnb(n)x" {Z <Za,a — Zk;rl a;a§>xr—1}{§b(s)xs}7

and the result follows by picking out the coefficient of "~! on the right. m
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Write a; = —al so that

n

(Zal D)bln =)

r=1 =1

Consider the case where each «; is a root of unity. In this case, write p;
instead of «;. Let L be the least positive integer such that giL =1 for all 7,
and let Z be any positive multiple of L.

LEMMA 3.
Z-1

(1) (n+ Z)b(n+ Z) = nb(n Z (Zazgl ) (n+r).

r=0

Proof. o
(n+ 2+ 2) = 3 (Y ai} )bn+Z —1)
r=1 =1
= i(iaing)b(n—i—Z—r)
Tg:z (zl:aigf)b(n+Z—r)
r=Z+1  i=1
Z—1 n
- ;}(Zazgl ) n—i—s)—i—;(ZaZgZ) (n—t)
= S 1(2%91 ) (n+s)+nbn). m
Let

k

n

Cim =Y bij0}
=1

(where b; ; = 0 for j > a;), so that

n) = E ¢jmn’,  where m = maxa; .

Put b(n) = 377" 01 ¢jnn? in (1). Then

,_n

m— m—1 Z—1 1

Cjmrz(n+2Z)H = Zc]nnHl—I—ZZazQZ chn—l—?“ n+r)’

j=0 r=0 i=1
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Now, ¢, is periodic in n and hence bounded, so equate coefficients of n? in
the above to obtain

m—1 +1
EIED Y O L
Jj=q-1 a
= Cg—1,n T Zzazgz Z CJnJrr( )Tj_q

r=0 i=1
(rj—q — 1 when r = 0 and ] = q). Note that

L l L
:%ZZ ,JQZQZ"—*ZCj,nQI"v l1<i<k.
n=1

n=1v=1

Operate with (1/L) 2% 0, " throughout (2), 1 <p <k, to get

n=1"
m—1 ]+1 Z—1 1 m—1 ]
> o] ) S D30T o 0
j=q—1 r=0 i=1 Jj=q q
Hence
ap—1 i1 ap—1 Z—-1 1 )
0 - B E
j:q r=0 i=1

Now drop the p suffix. Observe Zf;ol(gi_ 1Q)T?”j ~9 is the coefficient of
27791 /(j — ¢)! in the power-series expansion of
2L+ (o7 06" + (o7 0P + ..+ (o 0)7 e P 7]
o0
x

= a1/ 0e" —1) = — = > (Za)" /sl

1 ez _
o; o¢ a—1

Hence Zr 0( ~10)"r7~4 is given by a polynomial in Z whose coefficient
of Z is the coefficient of 2779/(j — q)! in the expansion of x/(g; *ge® — 1).
Call this number 7; ;4. Since (3) holds for infinitely many values of Z,
the coefficient of Z on the left-hand side of the equation equals that on the
right-hand side. This gives

. l
q + 1 Zb <]> Zai’yi7j,q .
q i=1

Note that ;9 is 1 when ¢ = p and zero otherwise. Hence

1
(a—1—q)bg Z b; <> i—q > Wheredj_q:—Zai%,j_q.
i=1

Jj=q+1
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Let
-1
b]:< a ,>u]‘,
a—1—j
so that
s, J a—1
etne 2 (5
Jj=q+1
a—1
a—1 a—1-—
- () e
=g+l q J—4q
SO
1 a—1 CL—]_—q
(4) “q:mlz < i—q >Ujdjq forg<a-—1.
Jj=q+1
LEMMA 4. Let j <a—1. Then
(5) uj/ua—l
- > 1<a_1_j)1<a—1—j—n1>
VMY ey Ny >0 a—1- J ni a—1 —J—m n2

ni+...4+ny,=a—1—j

1 <a—1—j—z§:1ns> 1<nv>ﬁd
”'a_l_j_Zizlns Mgt ...nv " 41 Ns *

Proof. The formula is correct for j = a — 2; the right-hand side is
just dy, in agreement with (4). Assume it is correct for all values of j with
qg<j<a—1. Then

Ug/Ua—1

(SN s )

VN ey Ty >0 )
ni+...4+ny,=a—1—j

(o) )
(% oz, =)

]:qJ’_l Uynlz"'7nv>0
(j—q)+ni+...4+ny,=a—1—q

Xa—l—ql—o'—q)<a_1_fu_(j_®>

1 [, Y dg—1—¢
- 7’}7 (nv> dj_q H dns> -+ m

s=1
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S G S = ()

VN0 ey Ty >0
no+ni+...+n,=a—1—gq

1 a—1—qg—ng 1 (n,)\ do—1—4
- .. — d _—
Xa—l—q—n()( n1 ) nu<ny>1i[ ns>+a—1—q

N a—1—gq ng T ny,

nQ,..., My >0,0>0
no+ni+...4+ny,=a—1—q
and the result follows by induction. =

LEMMA 5.

a—1—j

=(a—1-j) Z H [(T!r)h’"hrl]_ldf}" .

11, (a—1—j)la-1-5 r=1
partition of a—1—j

i

Ug—1

Proof. The product of the binomial coefficients in a term of (5) is

a—1-35\ (a—1—j)!
Ny fe)  maloong!
It will suffice to show that for a given partition 171 ... w" of w,
1 1

Z wi (w1 + wa) (w1 + w2 + ws) ... (w) a HZ:1 ghohg!’

where wy,ws, ..., w; are the components of the partition, j = ) hy, and
the summation on the left-hand side extends over all decompositions of w
with these components.

This is true for w = 1 and in general for the partition w = w'. Suppose
it is true for all partitions of y with y < w. Let 17t ...w" be a partition
of w with h,, = 0. Then

w—1
Y o T @ e L 2 1
wy(wy; +wa) ... (w) w oyt wi(wy +ws) ... (w—wjy)
B, 70
w—1 w
1 B, -1
= 2 {(I o ht)o™ o, -0}
wj;=1 g=1
ha ; #0 gFw;
1 “’Zl wihe, 1
et H;U:1 ghahg! H;U:1 ghohg!’

B, 70
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since
w—1

Z Wiy, = w.

’u)jil

hwj 750

The result follows. m
THEOREM 1.

=3 e/ TL0- o)
1
V:,éz

1=

a;—1 a;—1—j dh’" ‘
D B |

hl.“(aiilij)hui—l—j r=
partition of a;—1—j

where d, is the coefficient of =" /r! in the expansion of
l
P W (y)
=Ty )
—1-0, Qze‘”’“’ h(y)

1
where y = (gie®) ™" and h(z) = [f(z)/g(x)] ™!

235

(
Proof. The form of b(n) is immediate from Lemmas 1 and 5. Note that
l

Oy
1 — oYy

y
=Y Y ay—— log —0y) =Y

l

=z
v=1 1 - Q y
as required. =m

THEOREM 2. Let a(n) be the coefficient of x™ in the expansion of

f(x)/g(w)z{li[(l—yz }/{E[l—yl “1.

i=k-+1
Let
k k
o) = > { s/ TT = wwiH™
=1 v=1
v#i
aifl 1 ai—l—j th
5 SE TD SRR ) fEve. v
]:0 1hl...(a¢717‘j)hai_l_‘j r=1 r

partition of a;—1—j
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with d,. the coefficient of x" /r! in the expansion of ij:l(a,,m/(l—y;lyie“)).
Then a(n) = b(n) holds whenever the y; are distinct and non-zero.

Proof. By Theorem 1, the result holds whenever the y; are distinct
roots of unity. Observe a(n) is the coefficient of z” in

L (S 07 T )oe)

i=k+1 =1 *n=0
so a(n) is given by a polynomial, say P(y1,...,y;). For a # 1, let

n=1
Then
oS " e "
{chm}{(a—1)+2an!}=—x,
n=1 n=1
SO
e a c
2 oy taalem D=0 forn> 1,
r=1
and so
n—1 n a
= . f >1.
o {Ze()f =

r=1

Since ¢; = 1/(1—a), ¢, is a rational function of a with denominator dividing
(1 —a)™. Hence a,z/(1 —y, ly;e®) has as coefficient of 2" a rational func-
tion of y; 1y; whose denominator is non-zero when v, # y;. When y, = y;
the coeflicient is a constant. Therefore d,. is given by a rational function in
Y1, - - -,y whose denominator is non-zero when the y; are distinct. The same
is true of Hﬁzl’u#i(l —ypy; )~%, and moreover f(y; ') is a rational func-
tion in yi, ...,y whose denominator is non-zero when y; # 0. Hence b(n)
is a rational function in yi,...,y, say Q(y1,-..,y1)/R(y1,...,y;), where
R(y1,...,y) is non-zero for y; distinct non-zero. Therefore P(yi,...,y:)
X R(y1,-..,y1) — Q(y1,...,y) = 0 holds whenever yi,...,y; are distinct
roots of unity. That this holds for any distinct non-zero y; and hence
P(yi,...,y1) = Qy1,-..,y1)/R(y1,...,y1) as required, now follows from
Lemma 6.

LEMMA 6. Let F(X1,...,X,) be a polynomial which vanishes whenever
X1,..., X, are distinct roots of unity. Then F(Xy,...,X,) =0.

Proof. The case n = 1 is clear, since a non-zero polynomial in one
variable has only finitely many zeros. Suppose it is true for 1 <n <k — 1.
Set Xi,...,Xk_1 equal to distinct roots of unity, g1,...,0rk—1. Then
F(o1,...,0k-1,Xk) is a polynomial in one variable with infinitely many
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zeros, so is identically zero. Thus the coefficient of each power of X}, is zero.
But this coefficient is a polynomial in Xi,..., X;_1 evaluated at any set
of distinct roots of unity, so by the induction hypothesis this polynomial is
identically zero. The result follows. m

An application. Let S and T be finite multisets of positive integers.
Suppose Pg(n) — Pr(n) is bounded in n. Define an equivalence relation
by S ~ T when this holds. We attempt to characterise this relation. By
Theorem 2, we have

k—1 1-1
Pg(n) = Zaj,nnj ,  Pr(n)= Z bjnn’
5=0 5=0

where k = |S|, I = |T'| and a;, depends on n mod lem{S} and b;,, depends
on n mod lem{7T'}. Let Z =lem{S UT}. Then
max(k,l)—1
Ps(Zm+c) = Pr(Zm+c)= Y (ajc—bjc)(Zm+c).
j=0

This being bounded in m requires a; . = b; . for all 7 > 0. Put
Ajn = Apj0" and bj,=> Byjo"
0 )

where the sums are over all roots of unity of degree dividing Z. Hence

D (Agj = Bgj)e" =0 forj>0.
0
These equations for the A, ; — B, ; are linearly independent for 1 <n < Z
since the p are distinct (Vandermonde determinant). Therefore A, ; = B, ;
for all ¢ and for all j > 0. By Theorem 2,

—s 11 ,r
Ag,j={HsH(1—9 >} il > 11 (Y

seS  seS partitions of r=1
dls dts Ng(8)—1—j

where p is a primitive dth root of unity, Ny4(S) elements of S are divisible
by d, and ds,, is the coefficient of " /r!in ) _s(sz/(1 — 0%€*")), so

d—1
(6) dsp=>_d® Y s,
a=0 s=a (mod d)

where d\”) is the coefficient of 2" /rlin x/(1 — p%e”).
THEOREM 3. S ~ T if and only if
(i) Na(S) = Na(T') whenever max(Ny4(S), Ny(T)) > 2,
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(ii) ds, = dpy for allr with1 <r < Ng—2 for all d with Nqg = Ng(S) =
Nd(T) Z 37
(i) JTsesays 8 = Ilier,a)s t whenever Ng > 2,

(iv) [Tsesars(t—07%) =Lierar(1 — 0~ t) whenever Ny > 2, 0 a prim-
itive d-th root of unity.

Proof. Suppose S ~ T. Then
-1
Agnusy={ T s [T - o) Na(s) =11} #0,

seS  seS
d|s dfs

where Ng(S) > 1, and A, ; = 0 for j > Ng(S). Moreover,

BQ,NAT)l—{H [T —o)WNa(T) - )'}717&0,

teT teT
dlt dft

where Ng(T) > 1, and B, ; = 0 for j > Ny4(T). Hence Ngq(S) = Nq4(T)
unless Ny(S) + Ng(T') = 1, and (i) follows. It then follows that

[IsT[a-e=T[¢t][Q-¢"

s,d|s s,dts t,d|t t,dit
when Ny > 2. Now suppose Ny > 3 and 1 <r < Ny — 2. Note

Ay Ny(s)— 2—{1—[ Hl—Q Nd—Q)} 1ds,1
By Na()- 2—{1_[ [Ja-e¢ Nd*2)} 1d:r,l,

so that ds1 = dr,1. Suppose that ds ; = dr 4 for all g with 1 < g < r. Then

and

AQ,N,i(S)flfr = Bg,Nd(T)*lfr

gives

{IsII0 et 1oy (T =557 =0

and so by induction (ii) holds. To prove (iii) and (iv) we introduce Ny, (.5),
the number of elements of S such that (s,d) = a, where a|d.

LEMMA 7.
Naa(S) = Y 1(m)Nam(S).
m|d/a
| Proof. Fix d. Let f(a) = Ngq/q(S5), and g(a) = Ng/q(S). Then for
ld,
Y fla) =#{s:d/l|(s,d)} = Nap(S) = g(1) -

all
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d d
1(0)= 2 o),
a
m|d/a
as required. Since am |d, we have Ny, (S) > Ng(S) and hence Ny, (S) > 2,

whence Ny, (S) :Nam(T) Thus Ny 4(S) = Ng,o(T). Hence

Hs,d{s(l - Qis) N {H(s,d)a( B Q_S) }
Ht,d{t(l -0 H(t,d):a(l —o )’

Hence

a<d
where, for each a, the factor on the right-hand side has the same number of
factors in the numerator as in the denominator. For ﬁxed a, the numbers
1—p % and 1— p~" are associates, and so [], d’(s( )/Ht anl—o -1

is a unit. It is also positive and rational, so it is equal to unity. Now (iii)
and (iv) follow. Conversely, if (i)—(iv) hold, then

Ps(n) — Pr(n Z{H Hl—gS}

Nd>2 d\ d’fs

-1

x( ds,N,—1 B dr N,—1 > n
(Na—DUNg—1)  (Na—1)Y(Ng—1)

st Y Ao} @

Ng(S)=1 d|s dfts
- Y {0 -} o
widm de i

which is periodic in n with period Z. =

The condition [[(1 —07%) =[[(1 -0 "). Let 0, = aéo)( d) = #{s €
S:s€a (modd)}—#{teT:tca (modd)}, andlet Sp = {s € S :dfs}.

LEMMA 8. The conditions of (iv) in association with condition (i) and
Na,o(S) = Nao(T) hold if

(a) 04 +04—q = 0 for all a,
b [d:m 04 18 even and [d:/2] ac, =0 (mod d
a=1 a=1
for all d with Ng > 2.
Proof.
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by (a). Hence

Mees,(1 -0 95
Toni—gs - Lo =1

CONJECTURE 1. The conditions of this lemma are necessary.

a=1

We observe that, given (a), we cannot have d even, Zi/: 21 ac, = d/2
(mod d) and ZZ/: 21 0, odd by showing that these conditions are inconsistent
with 1d | Egd:/;l] aoy(d/2) and ng:/f] 04(d/2) even. The required result then
follows by induction. We have

[d/4] [d/4]
Y 0a(d/2) = > {0u(d) + 0urasa(d)}
) [d/4] /2
= {0a(d) = 0aja—a(d)} = D 0a(d) (mod2).

a=1
a#d/4

This is a contradiction unless 4 | d, in which case 04/4(d) is odd. If 4| d, then

d/4—1 d/2—1
0= Y af{oa(d) — d42—ald)} = Y ace(d) (mod d/2),
o=t agé:d}4

and hence 3d|$dog/4(d), which is a contradiction. Thus (b) is necessary
given (a).

If we let 7, = 04 + 04—_a, then expressing condition (iv) for d’, d’|d, in
terms of fundamental units for Z[p% 4] gives 1¢(d') — 1 homogeneous linear
equations in the 7, when d’ # 1,2. Further such equations follow from
Na,o(S) = Ng,o(T) for each a|d, a < d. The total number of equations is
[d/2], so Conjecture 1 is equivalent to the independence of these equations.
The conjecture can be proved by this method when d is a prime power,
owing to the relatively simple nature of the fundamental units in this case.

The condition dg, = dr,. We attempt to simplify the condition (ii).
Let

d’E’a) = fr(0*) and o, = O-C(LT) - Z § Z )

s=a (mod d) t=a (mod d)

so by (6) condition (ii) says

d—1
Z fr(@a)aa =0,
a=0
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for ¢ a primitive dth root of unity. However, since N; > Ny, a similar
equation holds for g a primitive ith root of unity, where [ | d, namely
d—1

-1
Zfr(@b) Z 0, =0,
b=0

a=0
which is to say a=b (mod 1)

d—1
(7) Z fr(Qa)Ua - 0 .
a=0

Hence this equation holds for all ¢ such that o% = 1.
LEMMA 9. Let h,(n) = fr(u) — fr(1). Then

(8) hr(ﬂ) = (_l)rhr(ﬂil)-
Proof. It suffices to show
x x —x —x

1—per 1—e* - l—pler 1—e=’
which is easily verified. Actually, f,.(u) = (=1)"f.(u=1) for r > 1.

COROLLARY. The equations (7) hold if
(9) 0o+ (—1)"'04—a=0
for all a, and also Zj;é 0q =0 when r =1.

Proof. Equation (7) with ¢ = 1 is vacuous if f,.(1) = 0, and is equivalent
to Zj;é 0q =01if f(1) # 0. Now f,.(1) # 0 if and only if r = 1 or r is even,
by the well-known property of Bernoulli numbers. If r is even, (9) gives

d—1

d—1 1
Zaa =3 Z(aa +04-a)=0
a=0

a=0
as required. Subtracting equation (7) with o = 1 from equation (7) with
o=p#1, pt =1, yields
d—1

D Ur(u®) = fr(D]oa =0,

a=0
or

d—1
Z hy(p*)o, =0.
a=0

Hence, by (8), equations (9) give a solution. m
CONJECTURE 2. The equations (9) are necessary.

Alternatively, the matrix (h,(u*)) 1<i<d/2, T odd, or (hy(11%7)) 1<i<d/2 5
1<j<d/2 1<5<d/2
r even, is non-singular, where p is a primitive dth root of unity.
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Instead of the bounds on i given, we could take ¢ € I, where I consists
of [(d—1)/2] of the non-zero residues modulo d such that IN—1I = (), unless
r is even and d is even, in which case I should be replaced by I U {d/2}.

The following two lemmas give some properties of f,.(u) useful for com-
putation.

LEMMA 10.
Z Fr(p) = d" fr(1),
popd=
and hence
(10) Yo =) uld/mym” (1) =d" [[(1-p ) (D).
I p:(i)r;ltitci‘\f/eldth m|d pld

Proof. This follows from

Z X - dx
1—per 1—eda’

popd=1

a consequence of the formula for d,. in Theorem 2.

LEMMA 11.
r—1 k r
_1\k—hpr—1,k AT
S o, 1, )0 -
k=0 h=0
for p # 1.

(Corollary: f(1) = Zk 0 h o’ (kih)(_l)hhr_l/y(y — 1) by (10)
with d = 2.)

Proof. We have

me (D)t ad A=t

1—p’

It follows easily by induction that there exist constants a, j such that

r—1
(11) Frlp) = arpn® /(1= )"
k=1

By (11),
Skttt = = woo(r\ u
— )\ - Z Gm,j N\
(1—p) : (L=p)\m/1

¥ mm (") 3 i e
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r—1 r—1k—

leZZam,( ) ( __11 _]>(—1)’“‘j‘lu'“/(1 — )"

1

" r—1—m T
kjl . am,; and ajo=1.
0 k—1—3 m ’ ’

m=1 j=

Hence

We show by induction on r that

k
T
Ap | = ZT(k - h) (—].)k_hhr_l .

h=0
This satisfies a1,0 = 1. Suppose it is correct for all m with 1 <m <r —1.
Then

m=1 j=0
= r—l—m\ /1) < m
E S [Pt R T
=1 1=0 k—1—3 m) —~ j—nh
r—1

I
ol
L
|
gl
L
|
=
>
>
[
N
NA%
|
—_ =
|
<. 3
~_
N\
<.
I3
>
~__
N
3 =
~
3
>
3
L

x> >
I
- o
I
=
<
I
>

Il
\
=
T
>
|H
7N\
>
|3
—
| =
>
~_
TN\
3 =
N~
>
3
L

SO

as required. m
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Note that it follows from (8) and f,(1) = 0 for odd > 1 that a, ) =
Qp r—- If gr(:“/) = (1 - M)Tfr<,u)7 then

gr(p) = (1 —p)"=t7m (;) 1gm (12)

so that g,(1) = rg,—1(1) and hence g,(1) = r!. Thus we see that Z;;é ar
=l
The following is a generalisation of Lemma 10.
LEMMA 12.
_ T r e
a= 3wt =3 <.>fj(1)d]l j
Iz i=o M
pt=1

for1 <1<d-—1. Also ¢; = (=1)"¢cq—; for 1 <1 <d—1, and

1 _
fr(p) = g{00+/¢01+---+ud fear}
Proof. This is a consequence of
lx
o, r  dze
zﬂ:,u [ jer ~ 1ok for 0<I<d-—1.m

pi=1

For pu # 1, the denominator of f.(u) divides (1 — p)". For r > 1, odd,
f-(1) = 0, so if p, prime, divides the denominator of ¢; then p|d. The
denominator of f;(1) is square-free for all j and fy(1) = —1, fi(1) = 1/2,
so ¢; is an integer congruent to

lda, 2|d
_r 2% )
l mod{d’ 24d.

Note that the congruence is also valid for r even and r = 1, although ¢; may
not be an integer.

We may also note that f,.(u) is the analytic continuation of the power
series 7y, 1" 71! convergent for [u] < 1. To see this, observe that

Zfrf!ﬂ)xr :xzzo(ﬂex)m 2} Z“m(m-gf)

m=0 j=0 J:

for |ue®| < 1, and equate coefficients. It follows immediately from this
comment that, for example,

Z fr(op) = drfr(ﬂd> .

0,0%=1
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The conjecture for small d

d = 1: Nothing to prove.

d = 2: Something to prove when r is even. The conjecture holds if and
only if h,.(—1) # 0 for r even, but by (10) h,(—1) = (2" — 2)f(1) # 0 as
required.

d = 3: We need h,(0) # 0, 0>+ o+ 1 = 0. We have h, (g)—l—h( 2) =
(3" = 3)f,(1) and h,(0) = (=1)"hr(0%), s0 for r even h.(0) = 5(3" —3)fr(1)
# 0. For r > 1, odd, ¢*f-(0) + of+(¢*) = —1 (mod 3) by Lemma 12, so
hr(g) ()7&0 For r =1, we have hy(0) = (1 —0)~' — 5 #0.

d = 4: We require h,(i) # 0 when r is odd, and

B(i)  ho(—1)

he (1) he(1)
when r is even. For r even we require h,.(—1) # 0, since h,.(1) = 0, and this
holds as for d = 2. For r > 1 odd,

—ifr()+ifr (=)= fr(=1)+f(1) = =1 (mod 2) and f.(1) = f,(—=1)=0,

so h,-(i) = fr(i) # 0. Also hq(i) # 0.

d = 5: Werequire h,.(0)h,(¢*)—h,(¢*)* # 0, or equivalently (—1)"h,(0)*
— h(0%)? # 0. Suppose this is not so. Let z; = h,.(¢%). For r > 1, odd, we
have z; = 4iz9, and s0 21 = 29 = 23 = 24 = 0, since i € Q(0). Hovvever,
Zle p~ 'z = —1 (mod 5), so we have a contradiction. For 7 even we have
21 = F29. If 21 = —25 then f,.(0) + f-(0%) = 2£,(1), and hence ¢y = 5f,(1).
But ¢g = 5" f-(1) and f.(1) # 0, which is a contradiction. If z; = 29, then
C1 = C2 = C3 = C4, SO

s = 2eo - a1 ;2 ()5 —;g (})swe -1

since Z;;é (;)fj(l) = 0. By (10), we have z; = (5" — 1)f.(1). We
shall show that these two formulae for z; are incompatible. Suppose 2%||r.
If 2!||4, then 2k—min(kD) | (;) and 2!*2||(5/ — 1). Hence the numerator of
(5) f;(1)(5/ =1) is divisible by 2¥7/~ 12 = 2841 Hence (5" — 1) f-(1) has
numerator divisible by 21, and so 2+ | (5" — 1), whence 2¥*2 | r, contra-
dicting 2F||r.

£0

Q

The case r = 1 and d = p, an odd prime. For py? =1, u # 1, we
have

2hy(p) = -— -
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Hence
ke R
1 —0q = 0
a=1 H
Using (8), write this as
p—1
14 p®
i

1<a” £0p-1)/2
where a* is the least positive integer such that aa* =1 (mod p). We derive
a condition equivalent to the condition that the numbers (1 + p®)/(1 — u®)
are linearly independent, which in turn is equivalent to the conjecture. Now
1+ p® *_
(12) (=@ = ) D)
=142+ 202 + ...+ 2 D4y

Reduce the exponents in (12) modulo p and replace pP~! by —(uP=2
+ uP™3 4+ ... 4+ 1). The coefficient of u® (and of u') is now +1 or —1
according as there does not exist or there exists r, 1 < r < a* — 1, such
that ra = —1 (mod p). This condition on r means p — a* < a* — 1, so
a* > 3(p+1). Hence the coefficient of p° (and of p') is 1. The coefficient of
u™, 2 <m < p-—2, has a contribution 42 if there exists r, 1 <r < a* — 1,
such that ar = m (mod p) and is zero otherwise (since a* < 1(p—1)). This
condition on r is equivalent to [ma*], < a* — 1, where [k], means the least
non-negative residue of £ (mod p). Note that this condition is always false
when m = 2, since

20", <a*—1&a" > L1(p+1).

Note also that [ma*],+[(p+1—m)a*], = a* (mod p) and so [ma*], < a*—1
if and only if [(p + 1 — m)a*], < a* — 1. Therefore we need consider only
3<m< i(p+1)and m=0.

When a* = 1 the coefficient is non-zero when m = 0 and zero for 3 <
m < 1(p+1), and when a* = 2 the coefficient is non-zero only when
m = %(p + 1). Hence the %(p — 1) equations obtained by varying m are
linearly independent if and only if the %(p — 5) equations corresponding to
3<m< %(p—l) are linearly independent. Halving the matrix of coefficients

for these equations gives the following theorem.

THEOREM 4. The conjecture with r =1 and d = p, an odd prime, holds
if and only if the matrix
1 when [ij], <i—1,

gz e o=y Dl
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s non-singular.

We shall show via Theorem 5 that this matrix is indeed non-singular.
Obviously a similar analysis with » > 1 is not so simple.

The case d = p, an odd prime. We choose the set I mentioned after
Conjecture 2 to be {1,9,4%,...,g® D/2=1} where g is a primitive root
modulo p. Let I = 1(p — 1) and write h; for h,(u?). Then the matrix of
Conjecture 2 becomes

hy hg hgz -+ hg
hg hg hg -+ hy
hg2 hgs hga -+ hy
hg- hy  hg - hgo
for r even,
hy hg  hg -+ hga
hg hg2 hgs -+ —hy
hg2  hgs hgs -+ —hy
hg-1 —hy —hg -+ —hg

for r odd, since h; = (—1)"h_; by Lemma 9. The determinant of the first

matrix is
-1
0" T (X w'hye )

nmt=1 =0
and that of the second is

-1
e (S
=0

nnt=—1
For w a primitive kth root of unity, k|p — 1, let (%)k = w', where a = ¢°
(mod p). Then the Conjecture 2 holds if and only if
-1

X (o

i=0.
a=g"

for all such k with kt3(p — 1) for r odd and k| §(p — 1) for r even. Noting

that
(-GGG

we obtain the following.
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THEOREM 5. The conjecture with d = p, an odd prime, holds if and only

if
p—1 1

ktz(p—1 dd
Z(a) ha 20  for all k|p — 1 such that { J(%(P ) forr odd,
- k| §(p —1) forr even.

In particular, when r = 1, the matrix of Theorem 4 is non-singular if
and only if

—

—
Z (Z) #0  for some m(k), 2<m < 3(p—1),
a=1 k

[ma]p<a—1

for all k with p=4k+1 (mod 2k).

Setting m = 2 and using the following result proves Conjecture 2 for d = p
and r = 1.

LEMMA 13. For p an odd prime, k|p — 1, k{%(p — 1), we have

(p—1)/2 m
> (%) #o

m=1
Equivalently, if x is a character to the modulus p with x(—1) = —1, then
—1)/2
Sy x(m) # 0.
Proof. Define

ep(m) = e2™/P  and 1= pz_‘j <m>kep(m).

m=1

Then, by the proof on p. 22 of [2], |7| = p'/2. From

5 (5)eom =5 (5),(5), m =),

m=1

we deduce that

. p—1
n 1 m
P/ Ti\P /g
Define
>~ /n
L(s) = () n-°.

As is well known (see [2], Chapte
k < 2, so only the simpler proof o

# 0. The lemma is trivial for
r k > 2 is needed. From the

o
e~
—_
N~—
e
o\_/
¥
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Euler product,

n=1
n odd
1/2 1 m = e,(—mn)
-(-2G)) FZG) 2 o5
2 p k Tm:l p k n=1 n

. dd
Since o

o0
1

g —2" = Llog(l+ z) — 3 log(1l — 2)
n

for |z| =1, z # £1, where the logarithms have their principal values, we get

L(1) = (1 - ;(;)I)_li{ S (—Llog(2sin 36) — 1(0 — )i

0<o<m

+ £ log(2sin 3 (0 + 7)) + 164) <m>

D/
+...+ Z (—2 log(2sin 16) — £(0 — )i
T<OL2T
1 o1 1 N
+ 5 log(2sin 5 (0 — 7)) + 7(0 — 27)i) (p) } ,
k

where 6 = 27 — 2mm/p. Hence

w=(-30))

A Gl 2, Glaes 3 () men)

m<p/2 m>p/2 k m<p/2

where Ri(m) = 1log(cot $0) and Ry(m) = 3log(—cot 16), so that, for
m < p/2,

]
AR

Ri(p—m) = §log(cot 3(2m — 0)) = L log(— cot 36).

since kt3(p — 1), and so

m<p/2 p
The result follows from L
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Lastly in this section, suppose r is even and [ is an odd prime. The

determinant is zero if and only if Zfz_ll hi =0or hy = hy = ... = hy_1.
Note first that

p—1
> hi=@" =p)f(1) #0,
=1

so suppose that hy = hy = ... = h,_1. Then
=t —Th1) ad a=q, 1<ij<p-l,
and so
1 1 (r ‘
fi=hi+fr(1)==(co—c1) = —= ) f()p? .
p pi=\J
Hence
pr—1 12 /r
13 (1) = —= 0@ —1).
(13) L) pjzl(j)m - 1)

Now 2%||(21 + 1)2b — 1 where a = b+ 1 + ¢(b) where

0, b=0,
dw—{wa+n,b>0

Suppose 2¥|r. Then

k4+1+4c(k)—2 pr—1

2 P rh.

If 275, then () f;(1)(p7 — 1) is divisible by 2Fk-m=ttmiltelm) — gkte(m),
For m = 0, the only non-zero term has j = 1 and is r(p — 1)/2p, which has
2-adic valuation k. Hence the right-hand side of (13) has 2-adic valuation
k. Hence c(k) = 1, so that vo(l+ 1) = 1 and I = 1 (mod 4). Thus the
conjecture is valid for [ = 3 (mod 4) for r even. Also a p-adic analysis can
be used to show the conjecture is correct if d = p is a regular prime.

The case d = p?. Let p be an odd prime, set d = p?, k = %(p2 - D),
Il = L(p — 1) and let g be a primitive root modulo d. Define I =
{1,9,6% ...,d" Y, p,pg,p9°,...,pg" "'}, when for r even the matrix of Con-
jecture 2 becomes
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and for r odd,

B/
-B
A’ B’
B
B -B B ... B 0
where
hi hg gk
A hg h?z hq |
hgr—1  hy hg—2
hy Npg hpgi—
B hpg hzng hy, 7
hngl hy o+ hpg—

and A’ and B’ are formed respectively from A and B by reversing the sign of
all elements below the trailing diagonal. Note that B (or B’) is the relevant
matrix for the case d = p, so, since the determinants of the above matrices
are divisible by (det B)? and (det B’)? respectively, if the conjecture fails for
d = p it fails for d = p? also.

Examples of S ~ T. Let S = {s1,s2,...} and T = {t1,t2,...}.

(a) If N(S) = N1(S) <1 and N(T) = N1(T) < 1 then S ~ T. If the
conditions of (a) fail then N = N(S) = N(T).

(b) N =2:S5 ~ T if and only if s;52 = t1t2 and no number divides
exactly three of sy, s9, 11, ts.

(c) N=3:S~Tifand only if S =T or Z?Zl s; = Zle ti, H?Zl s; =
H?Zl t; and there exists ¢ such that (1/¢)S and (1/¢)T are each multisets
of pairwise coprime elements. An example of this is

S={m+12m—-1m2m+1)}, T={m2m+1,(m+1)2m—-1)},

for m > 3 and m # 2 (mod 3).

(d) N=4:5~Tifand only if S =T or H?zl 8 = H?Zl ti, 2?21 s; =
Z?:l t;, Z?Zl s? = Z?Zl t?, and there exists ¢ such that (1/c)S and (1/¢)T
are coprime multisets of elements such that no number divides exactly three
elements of S or exactly three elements of T. Further, if d divides, without
loss of generality, s1, s2,t1,t2 and d does not divide sz, s4, t3, t4 then, without

loss of generality, s3 = t3 (mod d) and sy = ¢4 (mod d) and s1s2 = t1ta.
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Proof. From (1 — 07 %)(1 -0 %) = (1—0")(1 -0 %) and d|s3 +
sS4 — t3 — tg, we have 7% + 975 = p7!3 4 p~'4 whence, without loss of
generality, 075 = o7 and o~ %t = p~%. An example is

S={m+6,6m+13,m(m+8),(m+2)(6m+1)},
T={m+8,6m+1,(m+2)(m+6),m(6m+13)},
where m does not belong to certain residue classes modulo 2,3,5,7,11, 13,
23,47, so that S and T are sets of pairwise coprime elements. If we relax
one of the conditions m # 2,4 (mod 5) and m # 1,6 (mod 7), however, we
still have a solution. For example, if m = 2 (mod 5), then 5| so, 3,1, t4,
S983 = t1ty, $1 =ty =3 (mod 5) and s4 = t3 =2 (mod 5).
(e) Elements of S (and therefore T') coprime in pairs and N > 3:

SNT@Hs:Ht, ZSZZtand Zszk:ZtQk for 2k < N — 2.

CONJECTURE 3. There are solutions of S ~ T with S # T in case (e)
for all N > 3.

A more general theorem. Theorem 3 easily generalises to
THEOREM 6. Ps(n) — Pr(n) = O(n?) if and only if

(i) Na(S) = N4(T') whenever max(Ny4(S), Ng(T)) > j + 2,

(ii) dg,r = dp, for 1 <r < Ng—(j+2) for all d with Nq > j + 3,
(iti) [Ises,ais s = Ilier,a| ¢t whenever Ng > j+2,
(V) Tls,aps(t = 07%) =TI a4 (1 — 0~ ") whenever Ng > j + 2.

An equivalent reformulation of the original problem. Expressing
S ~ T in terms of generating functions leads to the following result.

LEMMA 14. § ~ T if and only if
Qx) = (1 —a®) ([T -2 = [T -a)?)
s€S teT
s a polynomial of degree at most Z — 1.
Proof. For Q(x) a polynomial of degree Z—1, Q(z)/(1—z%) is a general

power series whose coefficients are periodic of period Z, and we know that
if Ps(n) — Pr(n) is bounded then it is of period Z. m

LEMMA 15. S ~ T if and only if [],cq(1 — %) — [[,er(1 — 2') has a
zero of order at least 2Ny — 1 at © = o, for o a primitive d-th root of unity,
where Ng = Ng(S) = Nq(T') > 2.

Proof. This follows from Lemma 14 together with (i) of Theorem 3. m
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The difficulties of this approach become apparent when one calculates

ddxrr H(l — 1-81') — Z (—1)Z%‘>01

ar+...+an=r

)l oo, )

’Sl
ai:O

Partitions into an odd or even number of parts. With the nota-
tion as in the introduction, Qg(n) = Péo) (n) — Pél)(n) has the generating

function
Z Qs(n)z™ = H(l + %),
SES
and hence, by Theorem 2,

9=y ¥ {I[+I0+e)

s=d/2 s#d/2

-1

© primitive
dth root of 1

Mdl Mdlj h,

x Z > I e
! (rlr) e h, 'Q
partitions

of Mg—1—j

where My = My(S) = #{s € S : s = 3d (mod d)} for d even and My = 0

for d odd, and
esrx” - sx
Z 7! - Zs: 1+ Qsesx :

T

We note, in passing, the following result for which the full force of Theorem 2
is not required, but merely that Qg(n) is bounded if and only if My < 1 for
all d, which follows from the non-singularity of the Vandermonde determi-
nant as before.

THEOREM 7. The difference between the number of partitions of n into
an even number of parts from the multiset S and the number of partitions
into an odd number of parts from S is bounded if and only if the 2-adic
valuations of the elements of S are distinct.

Proof. If 27||d, then My < Myr = #{s € S : 2771||s}, so if the 2-adic
valuations of S are distinct, then My < 1. Conversely, if My-+1 < 1, then
at most one element of S has 2-adic valuation r. =

We consider when the two equations

P (n) — PP (n)=0(1) and P (n) — P (n) = O(1)
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hold. These are equivalent to
Ps(n) — Pr(n) =0(1) and Qgs(n)—Qr(n)=0(1).

THEOREM 8. Qs(n) — Qr(n) = O(1) if and only if

(i) Ma(S) = My(T) whenever max(My(S), Mq(T)) > 2,

(ii) es, = er, for all r with 1 < r < Mg — 2 for all d with Mg =
Mqa(S) = Ma(T) = 3,

(ili) Tlizao $Tlszase(X + 07°) = Ilizajo tIliza/2(1 + ¢o~") whenever
My > 2.

Proof. Imitate the proof of Theorem 3.

TuroreM 9. P (n) — PV (n) = O(1) and PS” (n) — P (n) = O(1) if
and only if

(a) Ng(S) = Ng(T) if either is at least 2, and My(S) = My(T) if either
1s at least 2,

(b) Zg;é fr(@®)oa =0 for all r such that 1 <r < max(Ny4, My) — 2,

() Ilsass(1 = 07%) = Tlt.q4.(1 = 0~ t) where ¢ is a primitive d-th root
of unity for max(Ng, My) > 2,

(d) Hs,d|s §= Ht,d\tt if max(Na, Mg) = 2.

Proof. The conditions concerning N4(.S) and Ny4(T') are the conditions
of Theorem 3. Suppose these and the conditions of Theorem 8 hold. From (i)
of Theorem 8, we have (a). Now observe that My(S) = Ng/2(S) — Na(5),
so that if Mg(S) = Mg(T) > 2, then Ng/2(S) > 2, so Ng/2(S) = Ng/o(T)
and hence Ny4(S) = Ng(T'). Note that M;(S) > My(S) when [ |d and d/I
is odd, so if My > 2, then M; > 2 and hence N;(S) = Ni(T). If, on the
other hand, I|d and d/I is even, then [ | 3d so Ni(S) > N/(S) > 2 and so
N;(S) = Ni(T) for all [| d. Hence, by Lemma 7, Ny o(S) = Ng,o(T), and by
an argument analogous to that in the proof of Theorem 3, we obtain

(0 [[s=11t and B JJC+e*)=][0+e.
sE%d tE%d s%%d t;‘é%d
Since Ngj2(S) = Naj2(T) = 2, we have [[;5,5 = [I4/2,t and combin-
ing this with () gives Hd‘ss = Hd‘tt. Again since Ny > 2, we have
[Tajars(1 = 07 = [Taj2r:(1— 0~2") and combining with (B) gives
[aj2rs(0=07%)  Tlajape(l—07")
[T (14 07%) [Iy).(1+07")
and hence [, o4,(1—07%) = [4/24,(1 — 07 1), since Ny(S) = Ny(T). Con-

dition (c) follows on multiplying by the factor [J,_; /(1 —07%) = 2Ma on
either side.
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Finally, we deal with the equation eg, — er, = ZZ;(l) (—0%)og = 0.
Observe that

fr(p) + fr(=p) =27 f(1%)

so we have
d—1 d—1
Z QTfT(QQG)Ua - Z fr(Qa)Ua =0
a=0 a=0

However, (Q2)d/2 = 1l and Ngjo > 2, so Ei;é 2" f.(0**)oq = 0, and hence
Zz;é r(0%)oq = 0 as required.

Conversely, it is clear from the above argument that, given (a) to (d),
one could write down an explicit periodic formula for each of Pg(n)— Pr(n)
and Qg(n) — Qr(n), if one wished. m

Note that if [|d then either M; > My or Ny > My, so in (b) we have
Zz;é +(0%)o, = 0 for all g such that o = 1. It follows that all the
results and conjectures related to the conditions of Theorem 3 have obvious
analogues related to Theorem 9.
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