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On the generalized Avez method

by ANTONI LEON Dawipowicz (Krakéw)

Abstract. A generalization of the Avez method of construction of an invariant mea-
sure is presented.

0. Introduction. In [9] Lasota and Pianigiani formalized the method
of construction of an invariant measure used by Avez in [1]. In the present
paper some generalization of this method is presented. This method can also
be used for construction of an invariant measure in the situation considered
by Schweiger [10].

1. Construction. Let T : X — X be a measurable transformation of
a compact topological space X. Let (£2; Z'; P) be a probability space. Let
{S.}wen be a family of continuous right inverses of T such that w — S,
viewed as a map to the space C(X; X) with the topology of uniform con-
vergence is measurable. To construct a T-invariant measure we first define
a sequence of functionals on C(X) by

(1) Anf= [ f(Sur .- Su,) Pldwr)... P(dwn)
on

where z is an arbitrary point in X. We define Af to be the Banach limit of
{Anf} (2], i.e

(2) Af=Lim A,f.

From the linearity and contractivity of the Banach limit it follows that A

is a bounded linear functional on C(X) and in consequence there exists a
measure g on X such that

(3) Af = [ f(y) u(dy).
X
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PROPOSITON. The measure constructed above is T-invariant, i.e.
w(T~YE)) = u(E) for every E € B(X).

Proof. It is sufficient to prove that for every continuous function f
on X

[ fw)ndy) = [ F(Ty)p(dy).
X X
This is equivalent to

Af = A(foT).

To prove the latter formula it is sufficient to notice that

An(foT) = ffTSwISwz. .S, ) P(dw ) P(dws) . . . P(dwn)

f F(Su, - Su. ) P(dwy)P(dws) ... P(dwy) = Ap_1f
and that Lima, = Lima,_;. =

2. Properties of the generalized Avez measure

THEOREM 1. If for every nonempty open set U C C(X; X) (in the sense
of uniform topology) there exists n such that P(S,, ...S,, € U) > 0 then
the measure u is positive on nonempty open sets in X.

Proof. It is sufficient to prove that Af > 0 for each nonnegative func-
tion f positive on some nonempty set. Let f be such a function and let
€ > 0 be such that U = {z : f(z) > €} # 0. Let I' = {(w1,...,wn) :
VY, Su,--.Sw,y € U} and let k > n. Then

Apf = f f(Su, - Su,z)P(dwy) . .. P(dwy)

- f( [ £(Su---Suz )P(dwnH)...P(dwk))P(dwl)...P(dwn)
" gk-n

- ( f i )( [ £(5u, - - 80, 2) P(dwns1) . .
™\ pk-n
.. P(dwk))P(dwl) ... P(dwy)
> eP(Vy, Su,...Su.y€U).

Since {S : Vy, Sy € U} is open and nonempty in C(X; X), Arf is greater
than some positive constant independent of k, which completes the proof. a
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3. Examples

ExampLE 1. If 2 = {1,...,n} and P is the classical probability we
obtain the construction given in [9].

EXAMPLE 2. Let X = W) from (8], i.e. X is the set of all continuous
functions defined on [0; 1] vanishing at 0 and satisfying |v"(z)| < |z|*~2 for
all . Let Tyv(z) = e*v(ze~?) and let S, be the right inverse to Ti, 2 given

by
_ [27*(22), z€[0;3),
(4) Swv(:l:) - {2—)\[1)(1) + vl(l)(wz_ %)] + u_)[)\()\ - 1)]—1(1: - %)A’ z> %»

where w € 2 = [0;1]. Considering {2 with the Lebesgue measure we obtain
an invariant measure for T, 5.

ExXAMPLE 3. Let V, be the set of all absolutely continuous functions
defined on [0;1] vanishing at 0 and satisfying |v'(z)| < a|z|*~! where A >
1 is given. Let Tyv(z) = e*wv(ze~?). In [4] an invariant measure for Ti,2
is constructed by the following method. Let {p;}i—12.. be a sequence of
positive numbers such that Zzl p; = 1. We construct a sequence of maps
kn : [0;1] —» N with m({z : ki1(z) = i1,...,ka(x) = in}) = pi, ... pi, for
every i1,...,i,. We also consider some sequence of polynomials {op }n=12,. .
such that the formula

Spvu(z) = {

27 y(2x) for z < 1,

27%(1) + 0,(2z — 1) for z > 3,

defines a right inverse to T. It is proved in [4] that for every z € [0;1] the
set (Vo1 Ski(z) - - - Ska(z)(Va) has exactly one element. The unique element
of this set is denoted by #(z). The T-invariant measure is defined as the
transport of the Lebesgue measure by &.

THEOREM 2. The measure obtained in [4] satisfies the conditions of The-
orem 1.

Proof. Let 2 = N and let u(E) = Y ,.ppi. Let X = V,. From the
Arzeld lemma V,, is compact. Let U be an open set in C(V,;V,). Clearly
there exist some vy € V,, and € > 0 such that {S : Yv € V,, Sv € U(vp;e)} C
U where U(vg;e) = {v € V, : Vz, [u(z) — vo(z)| < e} CU.

Now, we prove that there exists n € N such that P(S,,...S,, €U) > 0.
Let n be such that (a/A)2™™ < e/4. Evidently |v(z) — vo(x)| < &/2 for
every v € V,. Let now kq,...,k, be positive integers such that |oy,(z) —
2XMyp(27%2427%)| < (1/n)e2 for z € [27% 271, Clearly for every v € V,,
Sk, ... Sk, v(z) = 27 Moy, (2x — 1) + 5; for T € [27% 2741, It follows that
Sk, . Sk, v € U(vg; €) for every v € V,,, and in consequence P(S,,, ... S, €
U) 2 piy - - Pha-
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Now, we must prove that the measure from [4] is the same as the measure
from the present paper. Let v be an arbitrary function from V, and let A, be
the functional defined by (1). Since S, ... Sk, (Vo) NSk, .. Skr, (Vo) = 0 for
every (ki,...,kn) # (k1,..., k), we have un(Sk1 oSk, (Vo)) =Pk, - - - Dk,
for any n > m. Moreover f X flv)u fo f(®z)dz. Let vy € V,, and let
DT = Sk, (z) - - - Ska(z)V0. It is easy to notlce that

1 1
f f(ﬁn.’l)) dr = f f(Skl(z) N Skn(,)vo) dz
0

Z Pry D, f(Sry ... Sr v0) = ff V) i (dv) .

rp=1

Since Sk, (z) - - - Sk (x) ( a) © U(Sky(z) - - - Skn(a); €) for sufficiently large n, we
have &, (z) — &(z) uniformly for every z € &. This completes the proof. =

4. An invariant measure for the tangens function. In the previous
section we have constructed an invariant measure on a compact space. This
method can also be used if the space X is only locally compact. In [11]
F. Schweiger has proved the ergodicity of the function tan with respect to
Lebesgue measure. In this paper the existence of an invariant measure is
proved, and the method of proof gives a very nice example of application of
the method presented in this paper. The author does not know if the measure
constructed is absolutely continuous. The classical theorems cannot be used,
because the derivative of this function is not strongly greater than one.

THEOREM 3. Let {pn}necz be a family of positive numbers the sum of
which is equal to 1. Then there exists a probability measure p on R invariant
with respect to the function ¢ — tanz, ergodic and such that p(—m/2 +
nm; /2 + nw) = pp, for every n € Z.

Proof. Let V(k): R — R be defined by V(k)z = arctan = + k=. Clearly
imV (k) = ((k — 3)m; (k + 1)m). Let the linear functional A, on the space
Co(R) of continuous functions with compact support be given by

(5) A= ) w(V(k1)...V(kn)Z)pk, - - - Pk,

where z is some given real number. Clearly [A,u| < ||u||. Let

(6) Au= Lim A,u.

n—oco
From the properties of Banach limits it follows that A is a positive linear

functional on Co( ). Hence there exists a positive Borel measure p such
that Au = [, u(y) p(dy). Since R is o-compact and |Au| < sup¢g |u(z)|, p
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is finite. It is obvious, by the same argument as above, that px is invariant
with respect to the function tan.

To prove that u((kw —n/2; kw+m/2)) = pi we have to consider functions
¢ and 9 satisfying
(7) ¢ < xBk) <Y

where x p(x) denotes the indicator of the interval B(k) = (kn—m/2; km+7/2)
[10]. It is sufficient to show that Ay < pp < Ay for any such ¢, 9. Clearly

An(ps Z Pk, - - - Pk, SAn’(,Z)
Skl...sanEB(k)

From the construction of the sequence {p,} it follows that V(k1)...V(k,)z
€ B(k) if and only if k; = k. Hence

(8) > Pky---Pka =Pk D Pky---Phn

Sky .Sk, TEB(K) ka,....kn €EZ
n
=Pk(ZPj) = Dk -
JEZ
Thus A,p < pr < A, and in consequence Ay < pr < Ay. Thus p((kr —
w/2;km + 7/2)) = pi, and so p is a probability measure. m

5. Some properties of the measure u. We now prove

LEMMA 1. If u is the measure constructed in the theorem, then
u(B(k1,...,kn)) = Dk - - . Pk, where B(ky,...,ky) is defined as in [10].

Proof. Consider functions ¢ and ¢ belonging to C B(R) and satisfying

(9) © < XB(ky, kn) S Y-

Since B(ky,...,kn) = B(k1) N (tan) "' B(ky, ..., k,) we have: z € B(ky,...

.., kyp) if and only if z = S,y for some y € B(ks,...,ks). By simple
induction it follows that B(ky, ..., k) = im V (k1) ...V (k,). Hence for every
m > n we have

(10) Amp < Pk, - -Pr, S Am¥,
which finishes the proof. m

LEMMA 2. The measure i does not depend on the choice of the starting
point z.

Proof. Since the sets of the form B(ky,...,k,) are a basis of the natural
topology in R and every open set in R is a countable union of such sets the
lemma is obvious. m

LEMMA 3. The measure i s ergodic.



214 A. L. Dawidowicz

Proof. We present another construction of u. Let pg be the measure on
Z given by

(11) po(A) = px

keA
and let y; be the corresponding product measure on ZN. Let & : ZN — R
be defined by

(12) ds(kl,kz,...) S ﬁ B(kl,...,kn).
n=1

The set on the right hand side is always a one-element set and & is well-
defined. From the definition of ¢ it follows that for every ki,...,kn,
&Y B(ky,...,kn)) ={k€ZN:k; =k;,i=1,...,n} and in consequence
u is the transport of py by the transformation . Let S be the shift trans-
formation on ZN, i.e. (Sk)n, = kn41 for n € N. To complete the proof it is
sufficient to notice that p; is S-invariant and ergodic and the diagram

s

ZN 2, ZN
o e
R 2% R

commutes. @

Remarks. The measure u is clearly continuous and positive on non-
empty open sets. Clearly, u is supported on the full Lebesgue-measure set
Y of all real numbers for which every iterate of the tan function exists.

6. Remarks. In the last example X was not compact. The structure of
the transformation made it possible to construct a measure by our method.
Now, we present another method of construction, which can be used in
the general case. First, consider the functional A, on a compact space X.
Clearly, there exists a measure p, such that

(13) Anf= [ fy)pa(dy).
X

This measure is the transport of the nth tensor power of P by the map
S, : 27 3 (w1,...,wn) — S, ...Su, . If the sequence {u,} is weakly
convergent to a probability measure, then this measure is equal to pu, but
otherwise we must use the method of Banach limits. Clearly, this method
can only be used if the space X is compact.

We can obtain an invariant measure in yet another way. The map &, can
be considered as a selector of the set-valued map @, : 2" 3 (w1, ...,wp) —
Swy -+ 8w, (X). Since 2™ is the image of 2" by a projection, we can consider
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&, to be defined on QE'; since P is a probability measure, y,, is the transport
of PM by a selector of &,,. Moreover, for every (w, ..., w,) € 2" the sequence
{$n(w1, ...,wn)} is decreasing (in the sense of inclusion). If we can prove
that, with probability one, $(wy, ..., w,) = Noe, $n(wi,...,wy) is a one-
element set we can also construct the invariant measure as the transport of
P by a measurable selector of ¢ (unique modulo probability 0). This method
has been used for example in [3], where the local compactness of the space is
not assumed. The method used there can be generalized. To illustrate this
situation we consider an example.

Let X be a o-compact topological space. Let {m;:}:cr be a dynamical
system on X such that there exists some compact set K C X satisfying the
following conditions:

(i) Vi>0 m(K)CintK,
(ii) dzoe X [ m(K) = {zo},
t>0
(iii) Jm(x)=X.
t<0

Let C(X;zo) be the space of continuous functions on X vanishing at g
with the topology of almost uniform convergence. Let T be the dynamical
system on C(X;z() given by '

(14) (Tyu)(z) = e*u(mz).

Let » > 0 and let i be some measure on the space Cy(K \ 7.(K)) of all
continuous functions on K \ 7.(K) vanishing on or,.(K).

DEFINITION. The measure p satisfies the condition () if and only if there
exist a sequence {p,} of positive numbers and r > 0 such that

(*1) Z one M < 00,
n=1
(x2) > u({u € Co(K \ 7. (K)) : sup u| > gn}) < 00.

n=1

Let ¢, : K — K be defined by
on(z) = ms(z), where s=inf{t> 0:m(z)€ m (K)}.
Clearly ¢y, is continuous. Let & : C(X) — Co(K \ 7,(K)) be defined by
(Pu)(z) = u(z) — (v o p)(z)

where \p = 1.
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THEOREM 4. Let p be a measure on Co(K \ 7r(K)) satisfying (x). Then
there exists a T-invariant measure v on the space C(X;zo). The measure v
has the following properties:

(a) v is ergodic with respect to Ty.
(b) v is positive on nonempty open sets (in the topology of almost uniform
convergence).
(¢c) v(Eg) = 0 where Eq is the set of all Ty-periodic points.
Moreover, if ug is a Ty-invariant measure and the measure u is defined by
#(E) = po(®7H(E))
then u = v.

Proof. We shall construct a measure g invariant with respect to 7. on
the space C(K; zg). To use the generalized Avez method we shall construct
a family of right inverses of T,. Let v € Co(K \ n,.(K)). We define S, by

e *u(r_.(z)) for z € m.(K),

(Sv)(a) = {u«p(x)) +v(z) for z ¢ . (K).

Clearly TS, = id¢(k)- Let {vn}n=12,.. be a sequence in Co(K \ 7,(K)).
Define (v, vs,...) = No; Sy - - - Su, (C(K; 20))-

We claim that this set has at most one element. Indeed, let u;,us €
Sy, - Su, (C(K; zp)). We shall consider the difference © = u; — uz on the
set K \ 7, (K). First, notice that u;(z) = hi(p(x)) + vi(z) for i = 1,2
and for some functions h;. Since ¢ is constant along the part of every tra-
jectory of the system {=;} contained in K \ 7.(K), also the difference u is
constant along the same part of that trajectory. By simple induction one
proves that u is constant on the part of every trajectory of {m;} contained
in K\ mpr(K). Since u is continuous on K and u(zo) = 0 it follows that if
Uy, U2 € 5(1}1,112,...) then u; = us.

To finish the proof it is sufficient to show that 5(1}1,02, ...) # 0 with
probability 1 (i.e. the measure of the set of all sequences (vy,v2,...) for
which 5(1}1,112,...) # 0 is one). Let (vi,v2,...) be a sequence such that
|vn(2)] < on for n > ng. We claim that then 5(1}1,112, ...) # 0. Define

hz) = vi(z) for z € K\ m(K),
h(z) = e XD o (1 1) () = Vn(T—r(n1) (Pn-1(2)))]
+ e XDy 1 (7 rn-2)(Pn-2()))
for z € Kn = p(n-1)(K) \ 7rn(K).

Let z € K. The maximal oscillation of A on the segment of the trajectory
of {m;} contained in K, is less than 2p,e~*"" for n sufficiently large. Hence
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the series
Y sup{jv(m(x)) — v(ms(2))| : ms(x), me(z) € Ko}

is uniformly convergent and so L(z) = lim;_, h(m:(z)) exists, is continuous
with respect to z and constant along the trajectories of {m:}. Let I(z) =
h(z) — L(z). Obviously ! € 5(1}1,1)2,...) and hence this set is nonempty
for each sequence {v,} for which |v,| < g, for n sufficiently large. But
from the Borel-Cantelli lemma it follows that this condition is satisfied with
probability one.

To prove that this measure is positive on open nonempty sets we shall use
the method analogous to that of [5]. Let G(n;e) = {v € Co(K) : [v(z)| <€,
Vz € mn(K)}. By the same argument as in [5] (Lemma 5) we can prove
that o(G(n;e)) > 0. Let A denote the set of all functions v € G(n;¢) for
which there exist a function ¢ defined on K \ 7,,(K) and constant along
the trajectories of {m¢} and a function vy € Cp(K) such that for each
z € K\ mpn(K),|v(z) — vo(z) — c(z)| < €. By the same argument as in
[5], o(A) > 0 and every open set in Co(K) has a subset of this form. To
construct a T;-invariant measure we use the natural method, i.e. we define
the measure k by the formula

w(B)= [ o(T7\(BE))dt.
0

To construct the required measure on C(X) it is sufficient to use the method
of [6].

Remark. The measure constructed in (3] is a special case of the measure
from the last theorem. Indeed, let X = Ry, 29 = 0, m(z) = ze . If X
is compact the set 3(w1, ...,wn) is always nonempty, but the choice of a
selector of & does not necessarily correspond to the map T.

EXAMPLE 4. Let Tv(z) = 2*v(x/2) on the space of all Lipschitz functions
satisfying |v'(z)| < z*~! (without the assumption that v(0) = 0). Using the
notation of [3] we can obtain, for every sequence {k,}, the set of functions
®(ky, ks,...). Choosing a function in this set satisfying v(0) = 1 we obtain
a measure which is not T-invariant.

Clearly, if X is compact we need not look for a selector, because we can
construct the desired measure by the method presented in Section 1. The se-
lector method is only necessary whenever X is not locally compact because
in this situation the Riesz theorem cannot be used. The measure in [3], [4]
is constructed by the selector method, but in the specific situation where
D(ky, kz,...) is a one-element set for almost all (k1,k2,...). This situation
is also considered in [10].
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