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Let L’[)_Ll],

[—1,1], L([)il,l} = C[_1,1) the class of all real continuous functions on [—1, 1].

1 < p < oo, be the class of real p-integrable functions on

Denote by C", ; the space of real functions on [—1, 1] which have r contin-
uous derivatives, and by C'[O_OM] the space of real functions on [—1, 1] which
are infinitely differentiable.

For f € Lfil’”, let E,(f), be the best approximation to f by polyno-
mials of degree n in LP space.

Our works [1], [5] concern the divergence phenomena of trigonometric
Lagrange interpolation approximations in comparison with best approxima-
tions in LP space; the paper [1] contains the following theorem:

Let 1 < p < oo. Suppose that { X}, X, = {z; }?QO, is a given sequence
of real distinct (by a # b we mean that a Z b (mod 27)) nodes and {\,}
is any given positive decreasing sequence. Then there exists an infinitely

differentiable function f with period 2w such that
LDy,
lim sup — — >0,
n—oo M Ex(f)p

where L:X (f,x) is the n-th trigonometric Lagrange interpolating polynomial
of f(x) with nodes X,, and E}(f), is the best approzimation to f by trigono-
metric polynomials of degree n.

Here and throughout, we write
b 1/p
_ P
Wlee = ([ 1F@Pde) ™, 1<p <o,
[flap) = Ifllzee, = max |f(z)],

[a,b] a<z<b
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1Al = Wfllzp, 0 1<p<oo.

In spite of this counterexample, there do exist several positive results
in this direction. For example, in [2], V. P. Motornyi discussed the rate
of convergence of the L, (f,z) to f(z) in L', expressed in terms of the
sequence of best approximations of the function in L'; he proved that if f is
absolutely continuous with period 27, f’ € L[10727r]7 and E2(f’); is the best
approximation to f’ by trigonometric polynomials of degree n with mean
value zero in L', then

1 = LoDy,

where L,,(f,z) is the nth trigonometric Lagrange interpolating polynomial
to f with nodes z,, ; = 2j7/(2n+1) for j =0,1,...,2n.

In L? space for 1 < p < oo, K. I. Oskolkov [3] showed the following better
estimate. Let f be absolutely continuous with period 2w, and f’ € Lf’o’%}
for 1 < p < oo; then

If = La(Plzs, ., = O E5(F))

One might ask what happens to other interpolation operators? More
generally, to “interpolation type” operators? In this paper, by “interpolation
type” operators we mean operators I (f, X, x) of the form

=0 M ognER(f)1).

r

ng
Li(f. X, x) =) > [P )i ()
k=0 j=1
for f € C[T_l 1 where X,, = U’,;:O{wfhj 7, is a sequence of real nodes
within [_17 1]7 {:U;,]} g {_17 1}7

inj:n—i—l,
k=0

and lfi’j(x), j=1,...,nk, k =0,1,...,r, are polynomials of degree not
greater than n. Furthermore, if f is a polynomial of degree < n, then
IN(f,X,z) = f(x). In particular, if r = 0,

n+1
0 () = = (@) () = [[ & — 7).

@) (& — Tny)’ .

then I7(f, X, x) becomes the nth Lagrange interpolating polynomial with

nodes {mnj};‘ill7 ifr=1,

I (%) = <1 - m(m B x”’j)) (%(»’Unf;((ﬂi’c)— mn,j))27
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l}n,j(@”):(x_i”’j)<9é( Sl ))2’

T ) (T — T j

then I7(f, X, z) becomes the Hermite-Fejér interpolating polynomial of de-

n+1.

gree m = 2n + 1 with nodes {z, ;}77;; and so on.

In the present paper we refine the idea used in [1] and prove the following

THEOREM. Let 1 < p < oo. Suppose that {X,,} is a given sequence of
real distinct nodes within [—1,1], and {\,} is any given positive decreasing

sequence. Then there exists a function f € C’f’fl 1] such that

- B
| ——
PP T NTEL(),

> 0.

Proof. Without loss of generality assume that —1 < z7, ; < 1. Fix n.

Considering the nonnegative function
gn(x) = (1 + $)(1 _ x)(l—fﬁ,l)/(lJrva,,l) ,

we note that g,,(z) strictly increases on [~1,z7, ;] and strictly decreases on
[2},.1,1]; accordingly we can choose a sufficiently large natural number T,
such that for all z in [~1,1]\ (2}, ; — 0n, 2}, +0,) and all m > T,

1 .
g (@) < 5o max 01y (75,0)

where

O = amin ol =l = (e
=J = e

In particular, for all 2 < j < n,,

1 1
mer\ < ro|= m(,.r )
(1) In (xn,]) = 9 lg%}f’w Hln,jHLP m9n (m'ml)

Let N,, be a natural number not less than T;,, and

T

1-— Ty 1

N*

TL: r n-
1—|—$n71

Write
xr tl t’r—l

(@) =g, V(2 1) [ dty [ dta... [ gl (t,)dt,.
—1 -1 —1

Then h,, € C[r_l,l] and we clearly have

(2) 1R = R (@,1) = 1,
and for 2 < j < n,, by (1),

1 _
(3) 0< hg) (w:zg) < 57 Mn  Max Hl:ngLz}

T 2n " 1<j<n,



326 T. F. XIE AND S. P. ZHOU

On the other hand, a calculation gives
* 1
_ vz [ LQNap + DI (Nzp + D)7
I'(Npp+ Nip+2)
< Cgp (ay, )N /4P

lga"™ Iz

where here and throughout the paper, C always indicates a positive constant
independent of n which may have different values in different places. So

) 1A e < ONZY/@)
and for 0 < s <r—1,
(5) IR < 2710 < ONY2.
We now establish that
(6) | = I (hyy, X) || Lo > 20 — Cnon Ny Y/
where
= k

T <<, 02k <r—1 {1l jllze -

In fact, from the definition,

I"(hp, X, 2) = iZhW )k (2).

k=0 j5=1
By (2), (3) and (5),

b = L (B, X) | Lo = 1 —Zh(” Dl
Jj=2

r—1 ng

=D > WP DI llze — 1allze

k=0 j=1
> Ly, — CnQnNn_l/(2p) :
thus (6) is proved. Without loss suppose that A, < 1. Now choose
N, = [\ PP (402Pn 2P + 1) + T, .

Then for sufficiently large n, (6) becomes

(7) 1 = I3 (B, X) |0 = 3770
and (4) becomes
(8) 1A N 2w < O -

Because h, € C{_l 1] select an algebraic polynomial f;; with sufficiently
large degree M, > n such that (cf., for example, A. F. Timan [4]) for



INTERPOLATION TYPE OPERATORS 327

0<s<r,
(9) 1R = (£ < ™t da (L4 171D
where for bounded operators B on C|_y yj,

B := sup  {[[Bf[}.
feCi_i s IflI=1

Hence by (8) and (9),

Gz < NS =B+ 1P 20

< n_lnn)\n + O < Cnp Ay,
and similarly, from (7) and (9),
1 fn = Ln(frs X)llze = e = Iy (B, X) || 2o — (| 77 = Tl
= M5 (hn, X) = I (f7, X
> Cnn =0 (I + D)7+ [ = Conw

for large enough n. Set f,(z) = n,; ' f:(z); we thus have

(10) 1£70r = O(A).
(11) [ = L (fn, X)[r = C.
Select a sequence {m;} by induction. Let m; = 4r. After m;, choose
(12) myer = (M, V2N ™ (I, |+ 1) +my + 1],
where M = Mn(ni/n + 1). Define
F@) =) (M5, )™ fin, ().
j=1

Clearly f € C[ofl’l] (since f; is a polynomial of degree M,,;) in view of (2)
and (9). Together with (12), (11) implies that
1 = L, (s X)lle = (M, )" fony = L3 (fimy s X v

o0

= C(L, I +1) D (M )7 | fon
k=j+1

> C(My, )™™ = C(M, )" 2 > C(My, ) ™™
At the same time, by (10) and (12),

By () = O (M5, )7 1 £ ee + D7 (M5, )7 1 £5)1)
k=j+1

= Oo((M:? )—mj)\mj + (M )—mj+1/2) _ O((M;Ij)_mj)\mj)-

m; M1
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Altogether,
-7 (f,X
If - my (f ( )z SO0,
Ay oy (F))y
which is the required result. m

Remark. Considering the Theorem together with Motornyi’s and Os-
kolkov’s results, we might have reasons to guess that there might be some
connections between the interpolation approximation rate of a given func-
tion with some kinds of nodes in LP space and the best approximation rate
of a higher derivative of that function in L?.
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